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Abstract: This article reports the observations made during the analysis of acoustic emissions (AE)
related to the compressive fracture process in ultra high performance concrete (UHPC) in the context
of non-extensive statistical mechanics (NESM). The UHPC specimens with different material
compositions, namely UHPC-1 (without steel fibres and coarse aggregate), UHPC-2 (with steel fibres
and without coarse aggregate), and UHPC-3 (with steel fibres and coarse aggregate) were prepared.
The specimens were tested under unconfined uniaxial compression at a loading rate of 0.004 mm/s
in the laboratory, and simultaneously the generated AE were recorded. The occurrence of inter-event
time (t) of the successive AE events was used as the fundamental seismic parameter of Tsallis entropy
(Sq). The g-exponential function for each UHPC specimen follows the complementary cumulative
distribution function (CCDF) of t. The entropic index or g-index and the relaxation parameter (fq)
were calculated by fitting the g-exponential function to a CCDF-t plot. The obtained g-index and fq
show distinct behaviour in each UHPC specimen. The mixture UHPC-1 shows a continuous decrease
in g-index reaching a low value of 1.04 near the peak load, resulting in the collapse of the specimen
due to the formation of a number of microcracks. On the contrary, a significant increase in g-index
was observed in UHPC-2 and UHPC-3 after the initial decrease. This may be due to the fibre bridging
phenomena and toughening mechanism of coarse aggregate in UHPC-2 and UHPC-3 respectively,
which resisted the further crack propagation. The variation in g-index of Tsallis entropy provided
useful insight about the fracture process using the notion of NESM and therefore, the present study
may be useful to understand the compressive fracture mechanism in UHPC.

1 INTRODUCTION

It is known that the fracture process of
cementitious materials under mechanical
loading is a complex phenomenon [1]. It is
important to understand the physical
mechanisms behind fracture to prevent the
catastrophic  failure of structures. To
accomplish this, acoustic emissions (AE) were
recorded during the quasi-static monotonically
increasing mechanical loading. From fracture
mechanics perspective, the AE may provide
useful insightful information about crack
evolution processes, such as nucleation and
propagation of microcracks within the material
and their mutual interaction to form a network

of macrocracks, which ultimately leads to
failure of the structure [2]. The AE are transient
elastic stress waves generated by the rapid
release of stored strain energy when a solid fails
due to fracture [3-6]. These waves travel
spherically inside the material and are detected
by piezoelectric (PZT) sensors mounted on the
surface of the test specimen [7].

The fracture process of specimen at the
laboratory scale is considered as a model
system similar to the rupture phenomena
occurred during earthquakes at field scale [8].
The AE recorded during the fracture process
under gradually applied mechanical load is
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analogous with the release of energy in the
earth’s crust during seismic events. Therefore,
both AE and the earthquake phenomena have
similar statistics and exhibits power-law
behaviour [9]. Such similarities include, (i)
long-range memory effects, (ii) multifractality,
and (iii) long-term correlations. These
similarities are expressed using the principles of
statistical seismology, namely, (i) Omori law,
(i) productivity law, (iii) unified waiting-time
scaling law, and (iv) Gutenberg-Richter
relationship  [11-12]. Consequently, the
methods used to study seismic phenomenon
may be applied to study fracture process in
solids using AE testing [10].

1.1 Non-extensive statistical mechanics

The complex phenomena of fracture at
laboratory scale and seismic events at field
scale encourages the use of advanced statistical
analysis methods. Therefore, non-extensive
statistical mechanics (NESM) principles are
employed to analyze the complex phenomena
in different scales. It is known that NESM was
first introduced by Tsallis in 1988 and is a
generalization of the Boltzmann-Gibbs
equilibrium statistical mechanics [13-14].
NESM, or g-statistics is based on the notion of
non-additive Tsallis entropy. It can capture
unique features which evolve during fracture
process in solids [15].

1.2 Application of NESM to recorded AE

In the present study, NESM is applied to
analyze the acoustic emission events recorded
during unconfined uniaxial compression of
ultra high performance concrete (UHPC) with
different material composition. The occurrence
of inter-event time (t) of the successive AE
events was used as the fundamental seismic
parameter of Tsallis entropy (Sg). The
complementary ~ cumulative  distribution
function (CCDF) of t was obtained and the
entropic index or g-index and the relaxation
parameter (5q) were calculated by fitting the g-
exponential function to a CCDF-t plot.

2 BRIEF LITERATURE REVIEW

Vallianatos and Sammonds applied non-
extensive statistical physics (NESP) concept to
the earthquake data by analyzing t and inter-
event distance (d) cumulative distributions and
the frequency-moment [16]. It was observed
that the seismic moment and inter-event time
distributions represented a sub-additive system
in which the long-range interactions have an
important role. Chochlaki et al. studied the
Tsallis entropy parameters in Earth’s seismic
zones for 1t and frequency-magnitude
distributions under the framework of NESM
[17]. Loukidis et al. studied the AE data under
uniaxial compression of rock specimens and the
T was analyzed in context of NESM [10]. It was
concluded that the deviation from the linear

relationship between g and Bi may act as a pre-
q

failure indicator and can provide insightful
information about the damage accumulation in
rock specimens. In the study carried out by
Loukidis et al. using marble and cement mortar
specimens, the T and d was examined under the
NESM concept and it was concluded that
NESM is an effective method for detecting the
phenomena of criticality [18]. Recently,
Vinciguerra et al. studied the rock deformation
using Q-statistical analysis using AE in
sandstone and granite specimens [19]. The pre-
failure processes in both types of rock were
characterized using the g-statistics.

Relatively less studies are reported on the
fracture process in concrete in context of
NESM. The variation of g-index and S with the
change in material composition are yet to be
studied more rigorously. Furthermore, the
presence of coarse aggregate and steel fibres in
UHPC which causes the toughening
mechanism may be explained under the
framework of NESM.

The aim was to study the variation of q and fq
until failure of the specimen and correlating
this variation with the crack growth
mechanisms and  compressive  fracture
processes in UHPC.

3 METHODOLOGY

Tsallis introduced a generalized entropy
known as Tsallis entropy (Sq) to describe
complex behaviour of a non-equilibrium
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stationary states of a system [13,20-21].
Consider a discrete random variable X with a
probability distribution p(X), then

w
ks
Sq= qj(l = o) ) @

i=1
or if X is a continuous random variable,

kg e .

S0= 25 (1 ey dx) @
where pi is the probability of the system being
in the i state, ks is the Boltzmann’s constant, q
is the entropic index or g-index representing the
degree of non-extensivity of the system, W is
the total number of microstates present in the
system. When q tends to 1, the classical
Boltzmann-Gibbs statistical mechanics is
recovered and the expression reduces to

w
Spec = —kg Z pi Inp; (3)
i=1

where Sgg is the Boltzmann-Gibbs entropy.
In case with g > 1, the system is considered as
sub-additive system, satisfying the relation

S;(A+B) < S(A)+5,B) (4

and for g < 1, the system is considered as super-
additive system with

Sq(A+B) > S,(A) + 5,(B) (5)

Consider two subsystems, A and B, that are
statistically independent. The non-additive
behaviour of the system is expressed using the
Tsallis entropy which satisfies

S,(A+B) = S,(A) +5,(B) + quq A)S,(B) (6)

where, S, (A) and S,(B) is the Tsallis entropy
of the subsystem A and B respectively,
Sq(A+B) is the Tsallis entropy of the
combined subsystem A and B. The last term of
the expression represents the non-additivity of
the system due to the long-range correlations.

To calculate the probability distribution, p(X)
of the random variable X, where X can be a
moment tensor, inter-event time or the inter-
event distance between two successive AE

events, the non-extensive Tsallis entropy is
maximized using the method of Lagrange-
multipliers [13]. Hence, the normalization
condition of p(X) and the generalized Q-
expectation, (Xq) is used, given by equation (7)
and equation (8) respectively.

[ po0ax=1 %
0
(X)) = f XP,(X)dx =1 (8)
where, the escort probability P, (X) is
[p(X)]*
P,(X) =— 9
a0 J, Ip(xXD]adx’ ©

The maximization of Sq using equations (7) and
(8), leads to the following probability
distribution:

[1-(1—q)BX]*1

p(X) = Z (10a)
q
p(X) = w (10b)

q

where, Z, denotes the g partition function and
By is the entropic quantity related to the
Langrange multiplier (5%*), given by equation
(10) and (11), respectively.

Zy = JO maxequ(—ﬁqx) dx (11)

= ﬁ*
cq + (1 —q)BX,

Bq (12)

where, the term Cq is defined as:

¢ = j paorax (3

The term expq (X) represents the g-exponential
function given by:

equ(x)={[1+(1—q)X]ﬁ for 1+ (L-@X20 )

0 for 1+(1—-q@)X<0

The inverse form of equation (14) is known as
the g-exponential function
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In () == (X"=1)  (15)

When g tends to 1, equations (14) and (15) will
correspond to standard exponential and
logarithmic function, respectively. When q > 1,
the g-exponential function shows power-law
behaviour with a slope of -1/(q — 1), on the
contrary, when 0 < q < 1, the g-exponential
function presents a cut-off.

In NESM, the quantity to be compared with the
distribution of the observed system is the escort
probability distribution, Pq (X) rather than the
original probability distribution, p(X) [12,22].
On this basis, the complementary cumulative or
decumulative probability distribution of the
random variable X is obtained by integrating the
probability density function, p(X), and is
expressed as the g-exponential function:

°° —X
P(>X) = fx mqu(X)dX _ equ( Xo) (16)
where,

X, ==&+ 5 (A7

4 EXPERIMENTAL PROGRAM

4.1 Test specimen

UHPC specimen with different material
composition, namely, UHPC-1 (without steel
fibres and coarse aggregate), UHPC-2 (with
steel fibres and without coarse aggregate), and
UHPC-3 (with steel fibres and coarse
aggregate) were prepared. All  UHPC
specimens were cubes having 100 mm side
length. Three cubes were tested for each UHPC
mixture. The mixture details of the UHPC
specimens are given in Table 1.

4.2 Test set up

The specimens were tested under unconfined
uniaxial compression at a loading rate of
0.004 mm/s, by following [23]. Four
piezoelectric (PZT) sensors of resonant type
were mounted using silicon grease as a couplant
on the surface of the test specimen to record the
generated AE using an eight-channel AE

monitoring system. PZT sensors (54 kHz
resonant frequency) and preamplifiers with a
gain of 40 dB were used to record AE activity.

Table 1: Mixture details of UHPC specimens

Specimen Mixture details
CM:FA:SP=1:173:0.01
UHPC-1 WI/CM = 0.18 (by weight)
CM:FA:SF:SP=1:1.73:
UHPC-2 0.14:0.015
W/CM = 0.18 (by weight)
CM:FA:CA:SF:SP=1:
UHPC-3 0.73:0.99:0.02
W/CM = 0.18 (by weight)

Note: CM = Cementitious materials (Cement + slag +
metakaolin + Micro silica), FA = Fine aggregate, CA = Coarse
aggregate, SF = Steel fibres;, W = Water,
SP = Superplasticizer, W/CM = water to cementitious ratio
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Figure 1: Experimental test set up

The AE detection threshold was set at 40 dB.
The timing parameters i.e., PDT (peak
definition time), HDT (hit definition time) and
HLT (hit lockout time) was set at 200 ps, 800
ps and 1000 ps respectively. The test setup
consisted of a servo-controlled hydraulic
loading frame of capacity 2000 kN. The
specimens were tested in the Structures
Laboratory, Department of Civil Engineering,
Indian Institute of Science, Bangalore, India.
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The test set up is shown in Figure 1.
5 RESULTS AND DISCUSSIONS

In the present study, the notion of NESP was
applied to 1, also known as waiting time,
defined as the difference of the time interval
between two consecutive recorded AE events
i.e., T = ti+1 - ti, where ti+1 and ti is the time of
occurrence of (i+1)™ and i AE event,
respectively. Therefore, the continuous random
variable, X of Tsallis entropy represents the AE
parameter of inter-event time, t.
The AE inter-event time was calculated for
different time intervals during the loading stage
for each UHPC specimen and complementary
cumulative distribution function (CCDF) of t
was obtained. The g-index and the relaxation
parameter (Bq) were calculated by fitting the g-
exponential function to a CCDF- 1 plot and their
variation was observed until the failure of the
specimen.

5.1 Total recorded AE events and time of
failure for different UHPC specimens

The total number of recorded AE events
increases as the material composition changes
from UHPC-1 to UHPC-3. Furthermore, the
number of AE events recorded before failure
was 8781, 11348, and 14102 for UHPC-1,
UHPC-2, and UHPC-3, respectively. The time
of failure (tf) recorded at the peak load for
mixtures UHPC-1, UHPC-2 and UHPC-3 was
581 s, 967 s and 826 s respectively.

5.2 Recorded AE ring down counts and the
variation of AE inter-event time (1)

The recorded AE ring down counts (RDC)
and the variation of moving average of t is
shown in Figure 2, Figure 3 and Figure 4 for
UHPC-1, UHPC-2, and UHPC-3, respectively.
The variation for RDC and t is shown in three
different subplots with varying time intervals
upto failure. A brief explanation of these
subplots is given in the subsequent section.

5.3 Estimation of entropic index (gq) and
relaxation parameter (#q) and their variation

Based on equation (16) and (17), the CCDFs
of the AE inter-event times, P (> 1) was

obtained and is found to be obey the Q-
exponential function given by:

P(> 1) = expy (—;) (18a)
q
1

T |1-q
P>1)= [1 +(1—-¢q) T—] (18b)
q

where, tq = 1/f4.
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Figure 2: The variation of AE ring down counts and
moving average of AE inter-event time for different
time durations in UHPC-1.

Note: Notation 1 is AE ring down counts versus time
Notation 2 is moving average of AE inter-event time versus time
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Figure 3: The variation of AE ring down counts and
moving average of AE inter-event time for different
time durations in UHPC-2

Note: Notation 1 is AE ring down counts versus time
Notation 2 is moving average of AE inter-event time versus time
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Figure 4: The variation of AE ring down counts and
moving average of AE inter-event time for different
time durations in UHPC-3

Note: Notation 1 is AE ring down counts versus time
Notation 2 is moving average of AE inter-event time versus time
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Table 2: The fitting parameters of the g-exponential distribution over different time intervals for UHPC - 1 specimen

Group Time interval (s) Erthr(ipllnc dlen)gex piii:f;ﬁ;q) lozﬁl\i]z;as%zge Markers
1 0-100 1.8 7.2 0.02 Prax a-a'
2 100-200 1.32 24.4 0.1 Pmax b-b'
3 200-300 1.19 26.2 0.2 Prax c-c'
4 300-400 1.16 34.5 0.4 Pax d-d'
5 400-500 1.14 233 0.6 Pmax e-¢'
6 500-581 1.04 3.7 0.9 Piax f-f

Note: Pmax indicates the peak load or failure load.

Table 3: The fitting parameters of the g-exponential distribution over different time intervals for UHPC - 2 specimen

Group  Time interval (s) Elzg?pllrf dlen;)ex pei?:rlszgio(,rﬂlq) loﬁi\i/r?;asgi[flge Markers
1 0-100 1.62 24.2 0.01 Pax a-a'
2 100-200 1.31 22.8 0.05 Prnax b-b'
3 200-300 1.28 24.5 0.1 Poax c-c'
4 300-400 1.26 25.7 0.2 Prax d-d'
5 400-500 1.25 31.3 0.3 Pnax e-¢'
6 500-625 1.24 24.1 0.4 Py f-f
7 625-750 1.48 14.1 0.6 Py gg
8 750-825 1.86 12.2 0.8 Prnax h-h'
9 825-967 1.56 1.8 0.9 Pinay i’

Note: Pmax indicates the peak load or failure load.

Table 4. The fitting parameters of the g-exponential distribution over different time intervals for UHPC - 3 specimen

Group  Time interval (s) Erthr(ipllrf dlerigex p;jﬁ:g;o(zq) loii\iltf;asgége Markers
1 0-100 1.39 294 0.01 Ppmax a-a'
2 100-200 1.25 46.1 0.05 Ppmax b-b'
3 200-300 1.2 48.5 0.1 Prax c-c'
4 300-400 1.23 43.7 0.2 Prax d-d'
5 400-500 1.43 323 0.3 Prax e-¢'
6 500-625 1.66 25.9 0.5 Prmax f-f
7 625-750 1.78 5.8 0.7 Prmax g-g'
8 750-826 1.47 1.2 0.9 Ppax h-h'

Note: Pmax indicates the peak load or failure load.

The g-index and Sq were calculated by fitting
the g-exponential function to the CCDF-t plot.
The obtained CCDF plot for AE inter-event
time and the fitted g-exponential function in a
log-log representation is shown in Figure 5 for
all UHPC specimens. It is observed that the
CCDF is fairly described by the g-exponential
function, following equation (18). However,
the precise fittings may not be obtained

because of the highly heterogeneous nature of
concrete [24]. The obtained values of g-index
and fq and the corresponding average loading
(Pavg) stage, denoted by markers, in different
time intervals during loading of the specimen
until failure is given in Table 1, Table 2 and
Table 3 for UHPC-1, UHPC-2, and UHPC-3,
respectively. The markers a, b, ¢, d, e, f, g, h, i
and a', b', c', d', e', ', g', h', I' represents the
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Figure 5: Decumulative probability distribution plot of
AE inter-event times, t (s), and the g-exponential fitted
curves of different groups for: (a) UHPC-1 (b)
UHPC- 2 and (c) UHPC-3 specimens.

various loading stages representing the
variation of g and fq respectively. The
variability over different time intervals is
shown in Figure 6 for all the UHPC specimens.

5.3.1 Variability of g and fq
5.3.1.1 UHPC-1

It can be observed from Figure 6a that there is
a sudden drop in g-index from 1.8 to 1.32
whereas fq significantly increases during the
first 200s, upto 0.1 Pmax (point b-b'), where
Pmax 1S the peak load or failure load. This may
be due to crushing of larger pores present in the
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Figure 6: Variation of entropic index (¢g) and relaxation
parameter (f,) with time for: (a) UHPC- 1 (b) UHPC- 2
and (c) UHPC-3 specimens. The markers a-a' to i-i' on
the plots denotes various loading stages for all
specimens. Refer table 2, 3 and 4.

concrete and the initiation of cementitious
matrix cracking. This can be confirmed from
Figure 2a in which the AE activity gradually
increases upto 200 s with a simultaneous



Kashif Naukhez, R. Vidya Sagar, J. M. Chandra Kishen

decrease in t. From 200 s to 500 s, the g-index
gradually decreases to a value of 1.14 as shown
in Figure 6a at a loading stage of 0.6 Pmax
(pointe). This may be due to the further
extension of cracks in the cementitious matrix
phase. This is evident from the uniform
variation of AE activity and t as shown in
Figure 2b.

The g-index further decreases reaching a low
value of 1.04 after 500 s with a sharp decrease
in By near the peak load (0.9 Pmax) as shown in
Figure 6a. This can be attributed to the
formation of large number of microcracks on
the verge of formation of a macrocrack. This is
noticeable in Figure 2c with high values of
RDC being recorded with a simultaneous
significant increase of t in vicinity of the peak
load. However, afterwards, the specimen failed
completely because of the absence of steel
fibres and coarse aggregate and hence, no AE
activity was recorded.

5.3.1.2 UHPC-2

An instantaneous decrease in g-index is
observed during the first 200 s from 1.62 to
1.31 as shown in Figure 6b. The decrease may
be attributed due to the crushing of large pores
and cementitious matrix cracking as observed
in UHPC-1. This is evident from the increase
in the AE activity and fluctuations during the
first 200 s, shown in Figure 3a.

The decrease in g-index was gradual from
200 s to 625 s reaching a loading stage of 0.4
Pmax, Whereas an appreciable increase in fq is
observed as shown in Figure 6b (point f-f').
This may be due to extension of cracks in the
cementitious matrix phase and the sliding of
steel fibres. This is evident from Figure 3b with
significant increase in AE activity and large
fluctuation in .

The g-index shows a dramatic increase
reaching a high value of 1.86 from 1.24 at 825s
at a loading stage of 0.8 Pmax, with a sharp
decrease in fq as shown in Figure 6b (point
h- h"). This can be due to the fibre bridging
phenomena which delays the further extension
of cracks in the cementitious matrix phase.
This can be confirmed from Figure 3c with
large AE activity being observed in the time

interval of 625 s to 800 s. However, afterwards
a drop in g-index was observed near the peak
load (0.9 Pmax) which may be sliding and
debonding of fibres from the cementitious
matrix phase, resulting in the failure of
specimen. Also, the specimen did not fail
completely because of the presence of steel
fibres which resisted the further crack
propagation, contrary to the case of UHPC- 1.
Therefore, the present study may explain the
key role of steel fibres in UHPC, in distinction
to its role in steel fibre reinforced concrete
(SFRC) under uniaxial compression.

5.3.1.3 Variability of g and g4 for UHPC-3

A gradual decrease in g-index was observed
from the initial value of 1.39 with a significant
increase in fq during the first 300 s, attaining a
value of 1.2 at a loading stage of 0.1 Pmax
(point c-c'"), as shown in Figure 6c. This can be
attributed to crushing of pores, cementitious
matrix cracking, and cracking in the interfacial
transition zone (ITZ) between coarse aggregate
and cementitious matrix. This is evident from
Figure 4a in which low AE activity is observed
with a gradual decrease of t.

From 300-625 s, a significant increase in g-
index is observed reaching a value of 1.66 from
1.2, with a gradual decrease in fq at a loading
stage of 0.5 Pmax (point f), as shown in
Figure 6¢. It may be due to the toughening
mechanism of coarse aggregate i.e., aggregate
bridging which delays the further propagation
of microcracks as aggregates act as crack
arrestors. This can be confirmed from Figure
4b, where very high AE activity are recorded
with a gradual increase in .

The g-index further increases attaining a
maximum value of 1.78, however with a lesser
rate which may be due to the increased number
of microcracks in the I1TZ, in the interval of
625-750 s as shown in Figure 6c. This is
evident from Figure 4c in which huge spikes of
RDC values are observed with a gradual
increase in t. However, a sudden decrease in g-
index was observed reaching a value of 1.47
with a sharp drop in Sq values, which may be
due to the sliding of fibres and debonding of
aggregates and fibres from the cementitious
matrix near the peak load (0.9 Pmax) leading to



Kashif Naukhez, R. Vidya Sagar, J. M. Chandra Kishen

the failure of the specimen. However, the
specimen did not fail completely as in the case
of UHPC-1.
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Figure 7: Experimental value, (t)/1, and predicted
value, B(2, a))/(q — 1)? for (a) UHPC-1 (b) UHPC- 2
and (c) UHPC-3

6 COMPARISON OF ({t)/r, AND
B(2, @)/(q -1)} FOR UHPC SPECIMENS

The expectation of AE inter-event time, (t)
IS given by the expression:

(1) = ftmaxTPq (p)dt = f

Tmin 0

o)

TP, (r)dt (19)

Substituting, the escort probability distribution
from Equation (9) into Equation (19), the
following expression is obtained:

10

2—q
w P (2:=9)
Tq (q - 1)2
where, B(2, a) refers to the beta function with

a= 2;‘1 .The experimental values, © and the
q

q— T,

(20)

predicted values calculated using equation (20)
is plotted and is shown in Figure 7. It can be
observed that the experimental and predicted
values shows good agreement with a
coefficient of determination (R?) of 0.93, 0.97,
and 0.96 for UHPC-1, UHPC-2, and UHPC-3
respectively.

7 CONCLUSIONS

The following major conclusions are drawn
based on the above experimental observations:

1. The g-exponential function for each UHPC
specimen  follows the complementary
cumulative distribution function (CCDF) of 1.

2. The obtained, g-index and fq show distinct
behaviour in each UHPC mixture composition.
The mixture UHPC-1 shows a continuous
decrease in g-index reaching a low value of
1.04 near the peak load (0.9 Pmax) resulting in
the collapse of the specimen. This may be due
to the further extension of cracks in
cementitious matrix phase resulting in the
formation of a number of microcracks.

3. On the contrary, in UHPC-2, the g-index
decreased to a value of 1.24 which was
followed by a significant increase attaining a
high value of 1.86 at the loading stage of
0.8 Pmax. This can be attributed to the fibre
bridging phenomena in UHPC-2 which
resisted the further crack propagation and
hence, the specimen did not fail completely,
unlike the case of UHPC-1.

4. Similarly, an appreciable value of 1.78 for
g-index was reached in UHPC-3 at the loading
stage of 0.7 Pmax after the gradual decrease to a
value of 1.2. It may be due to the toughening
mechanism of coarse aggregate which resisted
the further propagation of microcracks.

5. The variation in g-index of Tsallis entropy
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provided useful insight about the fracture
process and also captures the toughening
mechanism of steel fibres and coarse aggregate
using the notion of NESM. Therefore, the
present study may be useful to understand the
compressive fracture mechanism in UHPC.
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