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Abstract. In structural engineering, the integrity of concrete structures when subjected to cyclic loads
remains a significant concern, more so in the case of repaired structures or mass concrete frameworks,
wherein inherent interfacial imperfections exist. Hence, it is essential to model the fatigue crack
propagation in concrete bi-material interface in order to facilitate the evaluation of the structural
integrity of concrete constructions. This study considers the intrinsic mixed mode character of the
interface and proposes a generalised model based on Paris, law to predict fatigue crack propagation in
concrete-concrete interface by introducing equivalent stress intensity factor instead of mode-I stress
intensity factor. The prediction model is validated using the experimental data on concrete-concrete
interface from existing literature.

1 INTRODUCTION

Various concrete structures experience fa-
tigue loading during their operational lifespan,
including concrete pavements and bridge decks
that endure repetitive vehicle loads. Gravity
dams, piers, and other offshore structures are
susceptible to fatigue or cyclic loading due
to periodic variations in temperature or cyclic
wave and wind loads. Under fatigue load-
ing conditions, damage accumulation occurs
gradually, leading to the formation of microc-
racks, subsequently resulting in a deterioration
of strength. The feasibility of replacing most of
these structures is typically limited, leading to
the implementation of repair strategies. These
repair methods entail the application of new ma-
terials onto the existing structures, thereby en-
hancing their strength and extending their op-
erational lifespan. Although these repair tech-
niques are widely utilised and highly developed,

it is crucial to exercise caution to ensure opti-
mal compatibility between the new and existing
materials, as crack propagation at the interface
is rather complex and it is weaker than the ma-
terials present on either side of the interface [1].

Due to the inherent mixed-mode property of
a crack at an interface, the potential crack is
governed by the mode-mixity ratio i.e. the ra-
tio of stress intensity factor in mode-II to stress
intensity factor in mode-I, the crack follows the
complete interfacial path for a low mode-mixity
ratio [2] and for a higher mode-mixity ratio, it
may either propagate first along the interface
and kink into one of the materials or it may di-
rectly kink in to one of the materials [3]. Nev-
ertheless, the trajectory of crack propagation is
influenced not solely by the stress field magni-
tude at the crack tip, but also by the properties
of the material and interfaces involved [4]. The
stress intensity factor based criterion, proposed
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in Kishen and Singh [5], has been employed by
many researchers to determine the crack prop-
agation path in the interface between rock and
concrete for a Mode-I dominated [2] i.e. low
mode-mixity ratio. However, it is important to
consider Mode-II fracture when analysing the
propagation of interfacial cracks under mixed
Mode I-II stress circumstances. Since the es-
timation of interface resistance becomes over-
stated if only Mode I is considered [3].

So far, extensive research has been under-
taken to examine the fatigue fracture behaviour
of concrete. Bažant and his group [6–9] have
proposed a size-adjusted model for characteris-
ing fatigue crack propagation in concrete by in-
corporating the concept of transitional sizes of
concrete in traditional Paris’ law. Slowik et al.
[10] introduced an empirical model that effec-
tively computes fatigue crack propagation un-
der variable amplitude loading, considering the
influence of overload effects. Sain and Chan-
dra Kishen [11, 12] improved this model by
further considering the impact of loading fre-
quency on fatigue crack propagation. In their
study, Kim and Kim [13] demonstrated a posi-
tive correlation between the fatigue crack prop-
agation rate and the strength of concrete. The
material constants in Paris’ law were adjusted
by considering the influence of the grade of
concrete strength. Researchers have also at-
tempted to construct analytical models for pre-
dicting crack propagation under the influence of
fatigue loading by employing the fundamental
concepts of dimensional analysis and the theory
of intermediate asymptotic. The recent publica-
tion in this field, incorporated change in ther-
modynamic state [14] and considered the effect
of maximum aggregate size [15]. .

The fracture behaviour of a bi-material inter-
face under fatigue loading may exhibit greater
complexity as compared to intact concrete due
to the presence of mismatched material prop-
erties on each side of the interface. Shah
et al. [16] experimentally studied the effect
of elastic mismatch on fatigue crack propaga-
tion and Zhao et al. [17] conducted experimen-
tal investigation to examine the behaviour of

the rock-concrete interface subsequent to pre-
fatigue loading.

The recent notable efforts to expand the
scope of the Paris’ law to include mixed-mode
crack propagation in metals [18] and plain con-
crete [17] shows that conventional compliance
calibration approach becomes impractical in
mixed mode condition, therefore there is a need
to establish a new method to extend the Paris’
law to accommodate interface fractures. In this
paper attempt has been made to explore of this
imperative research gap, the objective is to de-
velop a generalised model based on Paris’ law
introducing the equivalent stress intensity fac-
tor (∆Keq) instead of stress intensity factor in
mode-I (∆KI). Finally the model is then vali-
dated using the experimental data from [16].

2 Mixed-mode Stress Intensity Factor in
Bi-Material Interface

The interface crack tip experiences both in-
plane normal and shearing tractions, despite the
application of pure Mode I loading. For a crack
between two isotropic elastic material shown in
Figure 1 the interfacial SIFs for the mode I and
II, i.e. K1 and K2 were given in [19] as:

K1 =
√
a

{
σ[cos(ϵ log 2a) + 2ϵ sin(ϵ log 2a)]

coshπϵ

+
τ [sin(ϵ log 2a)− 2ϵ cos(ϵ log 2a)]

coshπϵ

}
(1)

K2 =
√
a

{
τ [cos(ϵ log 2a) + 2ϵ sin(ϵ log 2a)]

coshπϵ

−σ[sin(ϵ log 2a)− 2ϵ cos(ϵ log 2a)]

coshπϵ

}
(2)

where a is the crack length, σ and τ are
the normal and shear stresses along the inter-
face, respectively. The oscillatory parameter ϵ
is written in terms of Dundur’s elastic mismatch
parameter β .

ϵ =
1

2π
ln

[
1− β

1 + β

]
(3)

β is dependent on the material properties as:

β =
µ1 (1− 2v2)− µ2 (1− 2v1)

2 [µ1 (1− v2) + µ2 (1− v1)]
(4)
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where µ and v are the shear modulus and
Poisson’s ratio, respectively, suffix 1 and 2 de-
note material 1 and material 2, respectively

Figure 1: Geometry of an interface crack

The analytical solution of the geometric fac-
tor of Mode-I Stress Intensity Factor for a
homogeneous material under three-point bend
loading is given as [20]:

F1

( a

D

)
=

1.99−
(

a
D

) (
1− a

D

)
(γ)

(1 + 2 a
D
)(1− a

D
)
3
2

(5)

where,

γ =

[
2.15− 3.93

a

D
+ 2.7

( a

D

)2
]

Since the above geometric factor is valid for a
homogeneous material a correction function has
been introduced in [21] to take into account the
effect of mismatch in elasticity of bi-material
interface and size of specimen:

KI = K1F1

( a

D

)
F2

(
E2

E1

,
a

D

)
(6)

where,

F2

(
E2

E1

,
a

D

)
= Q1 +Q2

(
E2

E1

)
+Q3

(
E2

E1

)2

(7)

Q1 = 0.975 + 0.074
( a

D

)
− 0.062

( a

D

)2

(8)

Q2 = 0.023− 0.067
( a

D

)
+ 0.056

( a

D

)2

(9)

Q3 = −0.001 + 0.003
( a
D
)− 0.002

( a

D

)2

(10)

F1

(
a
D

)
is the geometric factor homogeneous

material under three point bend loading and
F2

(
E2

E1
, a
D

)
is the correction factor considered

for bi-material interface. In this study the geo-
metric and correction factor for Mode-II SIFs is
considered unity.

3 Prediction Model for Fatigue Crack
Propagation in Concrete-Concrete Inter-
face

The Paris’ law has been extensively em-
ployed to predict the fatigue crack propagation
in concrete by relating crack propagation rate
and Mode-I stress intensity factor. Other forms
of the same have been introduced by incorporat-
ing more parameters that affect crack propaga-
tion. The Paris’ law has been modified to char-
acterise the fatigue crack propagation in mixed
mode condition [22], as shown in Equation 11

da

dN
= C(∆Keq)

m (11)

Through out the literature different forms of
∆Keq have been formulated such as:

• Based on energy concept for mixed mode
fracture by Irwin [23]

∆Keq = (∆K2
I +∆K2

II)
1/2 (12)

• Based on fatigue crack propagation in
metal derived by Tanaka [24]

∆Keq = (∆K4
I + 8∆K4

II)
1/4 (13)

• Richard et al. [25] proposed

∆Keq = 0.5∆KI

+ 0.5
[
∆K2

I + 4(α1∆KII)
2
]1/2

(14)

where value of empirical constant α1 is set to
1.155.
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Table 1: Material Properties [16]

Specimen Designation Compressive strength N/mm2 Poisson’s ratio Elastic modulus N/mm2

A 34 0.2 30000

B 45 0.19 32000

C 54 0.18 34000

D 66 0.17 35000

• Based on the Dugdale’s model Chen and Keer
[26] suggested

∆Keq =
[
(∆K2

I + 3∆K2
II)

3
]

×
[
(∆K2

I +∆K2
II)

]1/8 (15)

It is to be noted that Equations 12-15, are de-
rived for metals, therefore after critical analysis
done by Jia et al. [22] concluded the direct ap-
plicability of Equation 12.

The experimental data for this work has been
taken from Shah et al. [16] which included three
sizes of geometrically similar specimen namely
small, medium and large. Interfaces were pro-
vided at the centre along with the notch with
different strengths of concrete on either side of
the interface. The material properties of the
different concrete mixes is shown in Table 1.
These were tested under step wise amplitude fa-
tigue loading until failure. The empirical con-
stants C and m are extracted from the fatigue
crack crack growth curve given by Shah et al.
[16] and are presented in Table2. A model is
then developed as given in Equation 11. Now
the process of predicting mixed mode fracture
is discussed here. First step involves the sepa-
ration of variables given in Equation 16

dN =
1

C(∆Keq)m
da (16)

Equation 16 is then integrated form 0 to Nf and right
hand side from the initial notch to the unstable crack
length. ∫ Nf

0
dN =

∫ af

ao

1

C(∆Keq)m
da (17)

By using the method of integration by limit of
sum we have integrated the right hand side of Equa-
tion 17 as shown:

N(a) = (a− a0) lim
n→∞

1

n

a0+(n−1)h∑
a=ao

1

C(∆Keq)m
(18)

Equation 18 gives the number of fatigue cycle
corresponding to the crack length, by using the in-
verse interpolation crack length for specific number
of load cycle is predicted.

Table 2: Paris’ Constants

Specimen Designation C m
AA 3.0X10−4 0.90

AB 1.73X10−4 1.52

AC 1.75X10−4 2.10

AD 6.0X10−4 2.00

Figure 2: Crack length versus number of cycles for AA
specimen

Figures 2-5 shows plot between crack length ver-
sus number of cycles for all three sizes of inter-
face AA, AB, AC and AD respectively. It can be
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noted that predicted model show reasonable agree-
ment with the experimental data of Shah et al. [16].
Since the experiment conducted by Shah et al. had
very low mode mixity ratio, it was mostly Mode-
I dominated, thus due to the limited experimental
data, the accuracy of the predicted model needs to
be further verified by more extensive experimental
data. Therefore, more experiments incorporating the
mixed-mode loading condition to better understand
fatigue crack propagation in concrete-concrete inter-
face is required.

Figure 3: Crack length versus number of cycles for AB
specimen

Figure 4: Crack length versus number of cycles for AC
specimen

Figure 5: Crack length versus number of cycles for AD
specimen

3.1 Conclusions
In this study, Paris’ law based fatigue crack prop-

agation model has been proposed where, the gen-
eral mode-I stress intensity factor has been replaced
by equivalent stress intensity factor, in an attempt to
incorporate mixed-mode nature of bi-material inter-
face crack propagation. The model was then vali-
dated by using the experimental data from Shah et
al. [16]. The model shows a good agreement with
the experimental results, however extensive exper-
imental studies are suggested to better validate the
accuracy and generality of the proposed model.
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