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Abstract: This contribution presents an experimental investigation and a numerical model of fatigue 
damage development in hardened cement paste at the micro-meter length scale. For the very first 
time, an experimental approach for measuring flexural fatigue of hardened cement paste specimens 
at the microscale has been developed. Microscopic cantilever specimens have been prepared and 
subjected to fatigue loading using a nanoindenter, with the aim of determining their fatigue life under 
different flexural stress levels (the so-called S-N curves). Compared to static fracture, microscopic 
images reveal an increased density of nano-scale cracks under fatigue loading. Based on the 
experimental data, a numerical model using a 2D lattice network approach for simulating the 
development of fatigue damage in hydrated cement paste at the microscale has been developed. The 
model uses segmented X-Ray computed tomography images as microstructural input. By assigning 
different mechanical and fatigue properties to different phases in the hydrated cement paste, it is 
possible to simulate the damage evolution in hardened cement pastes. A cyclic constitutive law is 
proposed for considering the fatigue damage evolution. The model is calibrated and validated using 
the experimental data from the tests described above and is shown to be able to reproduce well the 
flexural fatigue experiments in terms of S-N curves, stiffness degradation, and residual deformation. 
The proposed model can further be used as a basis for multi-scale analysis of fatigue in concrete.  
 
 

1 INTRODUCTION 
Over the past few years, many theoretical 

and numerical models have been proposed to 
study the fatigue of concrete. While most 
models focus on describing the macroscopic 
fatigue behavior of concrete, fatigue inherently 
involves multiple length scales. Therefore, 
there is an increasing interest in multiscale 
modelling of fatigue which could connect the 
heterogeneous material structures and 
properties at small scales with the macroscopic 
behavior of concrete. Most studies focused on 
the meso-scale, i.e., considering the material as 
a 3-phase composite comprising aggregates, 
ITZ, and cement paste. To date, however, there 

have been no attempts of testing and modelling 
fatigue of cement paste at the micro-scale. At 
this scale, the cement paste comprises mainly 
calcium hydroxide (CH), unhydrated cement 
(UHC), calcium silicate hydrate (C-S-H) and 
pores of various sizes. The present work aims at 
studying fatigue of hardened cement paste at 
this scale- the microscale- both experimentally 
and numerically. 

To fill the knowledge gap, the fatigue 
bending tests on the micro-cantilever beams 
(MCB) of cement paste developed by the 
authors [1, 2] are carried out. X-ray computed 
tomography (XCT) technique is used to capture 
the initial material structure and assess the 
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fatigue damage accumulation of cement paste. 
A lattice-based fatigue model, which uses 
segmented XCT images as input, is proposed 
and used to simulate the development of fatigue 
damage in MCB fatigue tests.  

2 EXPERIMENTS 

2.1 Materials and methods 
In this study, miniatured cement paste 

specimens are fabricated and scanned by XCT 
to obtain the realistic microstructure. Standard 
grade CEM I 42.5 N Portland cement is mixed 
with deionized water to prepare the cement 
paste. Two water-to-cement (w/c) ratios, 0.4 
and 0.5, are used. After sealed curing for 28 
days, the cement paste is cut by a precision 
micro-dicing machine (MicroAce Series 3 
Dicing Saw) to generate micro-cantilever 
beams with a square cross section of 300 × 300 
μm2. The cantilevered length of the beam is 
around 1650 μm (Figure 1). 

 
Figure 1. Schematic diagram of sample preparation. 

Quasi-static and fatigue tests were 
performed using a KLA Nano- indenter G200. 
The Nano-indenter was equipped with a 
cylindrical wedge indenter tip with a length of 
200 μm. It was used to apply vertical line loads 
at the free end of the MCB. The baseplate of 
MCB was attached on a metal surface using 
cyanoacrylate adhesive. The experimental set-
up is schematically shown in Figure 2. 

Before fatigue testing, the mechanical 
properties of MCBs, i.e., flexural strength and 
static elastic modulus, should be determined. 
For each w/c ratio, 30 cantilever beams were 
monotonically loaded to failure. The loading 
procedure was displacement-controlled with a 
constant loading rate of 50 nm/s. The load and 

displacement responses were measured by the 
Nano-indenter. In general, a major crack 
initiates near the fixed end of beam during the 
loading, which eventually leads to complete 
fracture of the beam. The maximum load Fmax 
and slope of load–displacement curve k (in the 
range between 40% and 60% of the maximum 
load) during loading are respectively used to 
determine the flexural strength ft and static 
elastic modulus Estatic according to the classical 
beam theory. 

 

 
Figure 2. Schematics of the test setup. 

The fatigue bending tests were carried out 
under load control. The cyclic loads were 
applied in the form of triangular loads with a 
constant amplitude at a loading frequency of 
0.55 Hz. For each value of the w/c ratio, 30 
MCBs were tested under different loading 
levels. For w/c 0.4 series, the maximum loading 
level ranges from 50 mN to 70 mN 
corresponding to around 75–95% of static 
flexural strength, and the minimum loading 
level is kept around 1.5–2.1 mN. The maximum 
loading level of w/c 0.5 series varies from 35 
mN to 50 mN, which corresponds to 
approximately 70–95% of static flexural 
strength. The minimum loading level for this 
series is around 1.0–1.5 mN. The stress ratio R 
between minimum and maximum cyclic load 
was kept equal to 0.03. Due to the technical 
limitation of the testing duration of the used 
nano-indenter, the fatigue testing procedure 
was separated into multiple cycle blocks with 
identical loading procedure. Each cycle block 
contains 500 loading–unloading cycles and is 
automatically conducted in succession with a 
very short rest period (around 100 s). The beam 
is completely unloaded after finishing one cycle 
block and then reloaded for the next cycle 
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block. Run-out tests were stopped at the limit of 
200,000 cycles. 

2.2 Experimental results 
 
Overall, the displacement evolution can also 

be divided into three stages: the first stage is 
unstable and comparatively transient, which 
occupies only 1–2% of the total loading 
procedure. With the proceeding of cyclic 
loading, displacement evolution curve turns 
into a stable stage, which covers around 99% of 
the whole test duration. In the third stage, the 
displacement grows rapidly within a few cycles 
until the MCB suddenly fails, which results in 
an overshoot of the indenter tip, as is shown in 
Figure 3. 

 
Figure 3. Typical displacement-cycles number curve. 

The static mechanical properties as well as 
porosities of cement pastes measured by XCT 
for both w/c ratios at the age of 28 days are 
summarized in Figure 4. As was expected, a 
lower w/c ratio leads to higher elastic modulus 
and strength, mainly owing to the decreased 
porosity. Due to the highly heterogeneous 
nature of cement paste at the microscale, the 
results exhibit a wide variation. A general 
positive correlation between the E moduli and 
flexural strength is observed for both w/c ratios 
(Figure 4). 

 

Figure 4. The relationship between the elastic modulus 
and flexural strength 

The fatigue behavior of the MCB beams is 
characterized by S-N curves (Figure 5). This 
engineering approach is used for convenience, 
as negligible variation of sample strength is 
expected at the macroscale. However, despite 
the huge scatter inevitable in fatigue tests, the 
large variations of mechanical properties at the 
microscale may undermine the correctness and 
practicality of this method. To consider the 
individual variation of strength of each MCB, 
the initial elastic modulus (determined by the 
slope in the range of 40–60% of strength) 
measured before the fatigue test was used to 
predict the strength based on the linear 
correlation obtained in Figure 4. The results are 
given in Figure 6. The fatigue life for the same 
nominal stress level is rather scattered at the 
microscale, as is indicated by the low 
coefficients of determination (R2). The results 
in Figure 6 show relatively high coefficients of 
determination after the variation of strength for 
individual sample is considered. For all 
modified stress levels, the fatigue life of w/c 0.4 
sample is generally higher than that of w/c 0.5 
sample. 



Yidong	Gan,	Klaas	van	Breugel,	Erik	Schlangen,	Branko	Šavija	

 4 

 
Figure 5. The nominal stress level versus number of 

cycles to failure.

 

Figure 6. The modified stress level versus number of 
cycles to failure 

The stiffness of MCB is determined by the 
slope of the ascending load–displacement curve 
under cyclic loading. For each w/c ratio, the 
variations of stiffnesses for 10 MCBs with the 
highest nominal stress levels were normalized 
to the initial stiffness (kint) and plotted against 
the normalized number of cycles in Figure 7. 
Despite small fluctuations, the stiffnesses of 
most samples slightly decreased with cycles 
during the whole fatigue life, and some of them 
even remained almost unchanged before the 
fatigue failure. Unlike most macroscopic 
fatigue results of mortar or concrete samples [3-
5], where distinct stiffness degradations of 
around 10–40% were observed and damage 
generated mainly at the interfacial transition 
zone (ITZ), the cement paste at the microscale 
seems to experience very slow and limited 
damage accumulation during most of the 
fatigue life. Once nano- or microcracks 
nucleate and form a major crack under cyclic 
loading, the MCB immediately fails. It turns out 

that a very small degree of fatigue damage is 
sufficient to cause a complete fatigue failure of 
MCB. 

 
Figure 7. Stiffness degradations of 10 MCBs for each 

w/c ratio under cyclic loading. 

3 MODELLING 

3.1 Microstructure acquisition 
Three beams for each w/c ratio were scanned 

using XCT to obtain greyscale-based 2D 
images (Figure 8). The X-ray source tube is set 
at 90 kV/100 μA during scanning, which results 
in a voxel resolution of 0.5× 0.5 × 0.5 μm3. The 
segmentation procedure using the global 
thresholding method [6] is performed on these 
CT images. Four main phases, i.e., unhydrated 
cement (UHC), high-density (HD) C-S-H, low-
density (LD) C-S-H and pores, can be 
distinguished after the segmentation. It should 
be mentioned that other hydration products, 
e.g., calcium hydroxide (CH), ettringite (AFt) 
and monosulfate (AFm), are not segmented in 
this study and consequently they are embedded 
in other segmented phases. Before the 
construction of the lattice network, the spatial 
resolution of XCT images is reduced to 5 
μm/pixel using the bilinear interpolation 
algorithm to save computational time. 

 
Figure 8. Segmentation of XCT images and generated 

lattice meshes for pastes with different w/c ratios. 
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3.2 Model formulation 
As a first step, a lattice mesh needs to be 

generated. This is achieved by randomly 
positioning a lattice node within each pixel of 
the segmented XCT image. These nodes are 
then connected by a set of Timoshenko beam 
elements by performing a Delaunay 
triangulation. By assigning these beams with 
different properties, the microstructure of the 
material can be mapped on the lattice network. 
All beam elements are assumed to exhibit linear 
elastic brittle behaviour with different elastic 
modulus and maximum strength, depending on 
the XCT images.  

When the model is subjected to the cyclic 
stress with the magnitude lower than the 
macroscopic strength, the lattice system will 
never fail. Therefore, a cyclic constitutive law 
incorporating the fatigue damage evolution is 
used here to consider the degradation of 
mechanical properties under fatigue loading. 
The fatigue damage of cementitious material 
mainly consists of the progressive growth of 
internal microcracks [7]. The growth of a 
microcrack manifests itself through 
degradation of macroscopic properties, such as 
stiffness. To account for this behaviour, the 
cyclic constitutive law for a lattice beam 
element is proposed, as is shown in Figure 9. 
The cyclic stress-strain curve for describing the 
mesoscopic fatigue behaviour is originally 
developed by Nagai et al. [8], and further 
modified by Gong et al. [9]. This cyclic law is 
similar to the continuous-function model 
developed by Hordijk [10] for simulating the 
post-peak cyclic behaviour of the crack in 
concrete. 

 
Figure 9. The constitutive law of individual lattice 

elements subjected to cyclic loading. 

At each analysis step of the fatigue fracture 
simulation, the maximum fatigue load is 
imposed on the system. The comparative stress 
and corresponding stress level in every lattice 
element are calculated. Based on the stress 
levels and the number of cycles, the calculated 
fatigue damage in the form of mechanical 
degradation is then assigned into all damaged 
beams. For the unloading stage, it is assumed 
that the unloading process will not generate any 
damage such that the reloading curve (blue 
arrow) will overlap with the previous unloading 
curve (red arrow). Moreover, based on the 
experimental fact [2], there are always residual 
strains under cyclic loading. Therefore, the 
unloading curve in each loading cycle will not 
pass through the origin (Figure 9). After 
unloading, the system will be updated due to the 
new stiffness matrix and the remaining strength 
of each element. If the global stiffness of the 
system falls below 20% of its original stiffness, 
the simulation is stopped, and the system is 
considered to have failed. Otherwise, another 
analysis step is executed. Note that an analysis 
step does not always represent one loading 
cycle as is explained in next paragraph. 

A beam is assumed to be purely linear elastic 
when in compression and neither compressive 
failure or compressive fatigue damage will not 
occur. Only the mechanical properties of beams 
that are subjected to comparative tensile stress 
will gradually decrease depending on the stress 
level and number of cycles. When in tensile, the 
pre-peak regime is characterized by the initial 
strength ft and elastic modulus (ft/ε0) of the 
beam element. Each phase in cement paste is 
assigned with a fatigue property following the 
phenomenological S-N approach: 
𝑆! = 𝑎 × log𝑁! + 𝑏    (1) 

Where Si is the stress level of the element at the 
i-th analysis step; Ni is the corresponding 
fatigue life; a and b are two major parameters 
deciding the fatigue properties of hydrated 
cement paste phases. In this study, parameters 
a and b for different phases (low density and 
high density C-S-H) have been determined by 
fitting the simulation results to experiments. 
Based on this equation, the fatigue life can be 
calculated if the stress level is known. 

Another important parameter is the fatigue 
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damage index D, defined as the reduction 
percentage of strength with respect to the initial 
strength of the element. Therefore, the 
remaining strength of the damaged element is 
calculated as (1 − D)ft. When D = 0 the element 
is assumed to be undamaged, and when D = 1 
the element will be removed from the mesh. 
Note that the same fatigue damage index is used 
for the elastic modulus of a damaged element in 
the current scenario. Generally, the fatigue 
damage D for each element should be 
accumulated with increasing number of cycles, 
and a higher stress level results in a higher 
degree of fatigue damage. Since the stiffness 
matrix is always updated due to the fatigue 
damage, the stress in the element will be 
redistributed in each loading cycle. Therefore, 
to consider the effect of redistribution of stress 
during the cyclic loading, the fatigue damage Di 
at the i-th step is calculated based on the 
Miner’s rule [11] and the fatigue damage at 
previous step Di-1: 
𝐷! =

"!
#"
+ 𝐷!$%     (2) 

where nc is defined as the cycle block for each 
analysis step and Ni is the fatigue life calculated 
from Eq. (1) based on the i-th step of stress 
level. 
In general, a high-cycle fatigue test of cement 
paste under a moderate stress level involves 
tens of thousands of cycles. It is inefficient to 
explicitly simulate every loading cycle. 
Therefore, a proper accelerated strategy is 
preferred for fatigue damage simulation. To this 
end, the ‘‘block cycle jump” technique, in 
which a certain number of cycles are packaged 
as one block loading case, is usually adopted 
[12]. Similarly, an appropriate number of cycles 
is chosen as the cycle block defined in Eq. (2) 
to speed up the fatigue simulation in this study. 
A value of 1000 is used for the cycle block 
herein. 
The second case for considering the fatigue 
damage is that when the calculated highest 
stress level for the critical element exceeds 1 
(i.e., σsf/ft > 1): a post-peak cyclic softening 
behaviour is assumed for this element (Figure 
9). In this case, the remaining strength of the 
element is gradually reduced following a linear 
softening curve [8,10]. For simplicity, only four 

softening steps are required for an element to 
reach the final fracture. At each softening step, 
a certain percentage of reduction dsoft in strength 
is assumed for this element, e.g. fa=(1 − dsoft) ft 
and fb=(1 − dsoft)2ft. Therefore, the fatigue 
damage index of this element at the i-th step 
should be Di = 1 − (1 − dsoft)(1 − Di-1). 
Following the approach described in [9], a 
constant strain (εc =−400 με) at the compression 
branch is introduced for all phases to determine 
the reduction percentage of elastic moduli and 
the residual strains (e.g., εp1 and εp2). When the 
maximum strain εmax is also known, the residual 
strain εp1 and the corresponding damaged 
elastic modulus Ed1 of the element can be 
calculated using the following equations: 
𝜀&% =

'#$%&(!(('$(()*)

('$(!
    (3) 

𝐸'% =
(%$+"),&
()$(+,

      (4) 

Note that UHC is assumed to have infinite 
fatigue life without fatigue damage 
accumulation. 

Another important characteristic of fatigue 
test is the residual deformation. For each 
analysis step in the fatigue simulation, the local 
residual deformation of each element will be 
determined and then imposed on the lattice 
elements to calculate the macroscopic residual 
deformation. In this study, the change of strain 
at the maximum fatigue load is defined as the 
residual strain and the fatigue compliance is 
defined by dividing the residual strain by the 
half of the applied maximum stress. 

For the case of σsf /ft > 1, the residual 
deformation of the critical element is 
determined based on the post-peak cyclic 
behavior (Figure 9). If the stresses in all 
elements are lower than their strengths, the 
residual deformation of each element will be 
calculated considering the creep and fatigue 
crack growth. Bažant and Hubler [13] 
developed a theoretical model to relate the 
macroscopic deformation of concrete with the 
microscopic fatigue crack growth based on the 
Paris law. In this model, the total material 
compliance Jtot under cyclic loading is: 
𝐽-.- = 𝐽(𝑡, 𝑡/) + Δ𝐽,     (5) 

𝐽(𝑡, 𝑡/) = 𝛼0 2
-$-'
-,
3
1!

    (6) 
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Δ𝐽, = 𝐶- × 𝑡 × 𝑓23 2
∆5
,&
3
6
   (7) 

where J(t,t0) is the basic creep compliance 
given in [44,63]. It is defined as the creep strain 
at time t caused by a unit stress applied at the 
beginning time t0. t1 is the time unit. αc and βc 
are two creep parameters of each phase and ΔJf 
is fatigue compliance due to the crack growth. 
under cyclic loading [12]. The exponent γ is a 
constant with the value of 4 [13] and Ct is a 
fitting parameter [13]. Δσ is the fatigue stress 
amplitude of the element and fHZ is the loading 
frequency. Note that the current model is only 
applicable for the fatigue loading with a low 
loading frequency. When the higher loading 
frequency is used, the inertia effect of fatigue 
loading begins to play a role and should be 
considered. 
More implementation details can be found in 
[14]. 

3.3 Modelling results 
 
The experimental results in terms of S-N 
curves, stiffness degradations and residual 
deformation evolutions of MCBs have been 
used to calibrate the 2D flexural fatigue lattice 
model. As there is almost no other available 
experimental data for the cement paste at the 
microscale in literature, the validation is carried 
out by simulating samples that have not been 
used in the calibration phase. These samples 
differ in microstructures and w/c ratios. In the 
validation phase, parameter adjustment is not 
permitted. The calibration is first conducted on 
the sample with the w/c of 0.4 and the calibrated 
parameters for two C-S-H phases are 
summarized in Table 1. 

The simulated S-N curves are compared with 
experimental results and shown in Figure 10. A 
wide variation of simulated fatigue life for 
different virtual samples can be observed in 
Figure 10. However, each virtual sample 
follows a unique linear S-N curve on the semi-
log scale. It indicates that the major source of 
scatter in the result of fatigue simulation 
originates from the heterogeneous material 
microstructure. It is worth noting that another 
source of uncertainty for fatigue results comes 
from the determination of the true static 
strength, which is used to determine the 
nominal stress level. This problem can also be 
tackled in the simulations. Despite the large 
variation between individual samples, it has 
been clearly demonstrated that there is a 
significant difference in fatigue life for two w/c 
ratios, see Figure 10. 

Table 1. Calibrated parameters for the fatigue model 

Phases HD C-S-H LD C-S-H 
a 0.02 0.04 
b 1.1 1.1 
𝛼7  (10-6/MPa) 0.23 0.34 

𝛽7  0.20 0.20 
𝐶- (10-6/MPa) 5 × 10$8 1.2 × 10$9 
𝜀- (𝜇𝜀) 3200 3200 
𝑑:.,-(%) 20 20 

 

Two examples of simulated fatigue fracture 
patterns are shown in Figure 11. Interestingly, 
multiple cracks have been observed for some 
fatigue flexural simulations, see the w/c 0.4 
virtual sample in Figure 11. Similar findings 
have been found in experimental results 
reported in literature [15-18]: more diffuse 
microcracks have been detected in the 
specimens in fatigue tests compared to the static 
fracture tests.  
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Figure 10. The simulated S-N curves for different 
virtual samples 

 

Figure 11. Examples of fatigue fracture patterns for w/c 
0.4 and 0.5 virtual samples. 

In general, the crack initiates at the weakest 
locations, e.g., LD C-S-H phases, under both 
static and fatigue loadings. The mechanical 
properties of each phase are important for the 
fatigue fracture behaviour. The major 
difference is that, when one propagating crack 
is impeded by other phases with higher fatigue 
resistances, i.e., HD C-S-H or UHC, this crack 
may branch or continue to propagate depending 
on the stress level, number of cycles as well as 
the accumulated fatigue damage in the 
surrounding phases. Since all C-S-H phases are 
simultaneously experiencing some degrees of 
fatigue damage in previous loading cycles and 
the fatigue damage evolution for HD C-S-H is 
much slower than that of LD C-S-H, some 
cracks may also initiate in LD C-S-H at other 
locations. Due to the updated global stiffness 
according to the fatigue damage accumulation, 

the stress redistribution will occur under each 
flexural cyclic loading and may lead to the 
presence of multiple cracks. However, it should 
be mentioned that this situation may only apply 
at the low stress level as the difference in 
fatigue life for two C-S-H phases is significant. 
When the stress in an element is slightly lower 
than its strength, the fatigue life for two phases 
is very close and only differs by some cycles. 
This may indicate different fatigue fracture 
behaviours at different stress levels. If the stress 
level is high enough, the fatigue fracture tends 
to be identical with the static fracture 
behaviour. 
A typical stress-strain curve under the cyclic 
loading is presented in Figure 12. With the 
increasing number of cycles, the slope of the 
loading cycle gradually decreases. 

 
Figure 12. A typical simulated stress-strain curve for a 

w/c 0.4 sample under cyclic loading with the upper 
stress level of 90%. 

The changes of the global elastic moduli for 
virtual samples, which represent the stiffness 
degradations under fatigue loading, are shown 
in Figure 13, along with the results of 
measurements. In most of the fatigue life the 
reduction of elastic modulus is very small. 
Overall, both the numerical and experimental 
results suggest a slow and limited flexural 
fatigue damage evolution process for cement 
paste at the microscale. Another important 
feature of fatigue fracture is that the fatigue 
crack becomes unstable when the total damage 
has accumulated to a certain degree. This is 
primarily because the remaining cross-section 
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of the specimen can no longer sustain the 
external fatigue loading. It is manifested as a 
sudden drop of stiffness, as is shown in Figure 
13 (marked as blue lines). 

 

Figure 13. The simulated elastic modulus degradation 
compared with the experimental results. 

4 CONCLUSIONS 
Herein, fatigue experiments and simulations 

performed at the micro-meter length scale are 
presented. First, an experimental procedure for 
testing flexural fatigue on micro-cantilever 
beams has been developed and used. Then, a 
numerical model for simulating fatigue 
development of the micro-cantilever beams has 
been presented and validated. Based on the 
presented results, the following conclusions can 
be drawn: 

- Given the same stress level, the fatigue 
life of cement paste at the microscale is 
almost two orders of magnitude longer 
than that at the macroscale, indicating a 
strong size dependency of fatigue in 
cement specimen. 

- The microscopic fatigue damage 
evolution in cement paste is found to be 
very slow, indicated by the longer 
fatigue life as well as the less generated 
damage compared to the macroscopic 
fatigue of concrete. 

- The proposed model can reproduce well 
the experimental results, in terms of S-
N curve and stiffness degradation. 

Since the development of fatigue damage in 
cement paste on the microscale is significantly 
slower than that of concrete on the macroscale, 
this indicates that the interfacial transition zone 
(ITZ) is potentially very important for initiation 
of fatigue cracks. This is further investigated in 
a follow-up study [19]. 
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