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Abstract. This paper presents an extended micromechanics-based phase-field variational model for
fatigue fracture. The approach involves incorporating a fatigue degradation function to contribute to
a reduction in fracture toughness, driven by free energy accumulation. The model’s performance is
evaluated through the application of cyclic loading on a single volume element. This study investi-
gates the influence of fatigue parameters on the model’s behavior and outcomes.

1 INTRODUCTION

Fatigue failure in (quasi-)brittle materials
such as concrete is an important design aspect
of structures and materials. Fatigue can occur
due to repeated loading and unloading cycles,
leading to microcrack initiation and propaga-
tion, ultimately resulting in failure. The un-
derstanding of fatigue behavior is challenging
because of the complex interplay between mi-
crostructure, fatigue damage mechanisms, and
loading conditions.

Predicting fatigue behavior in (quasi-)brittle
materials has been challenging and remained a
captivating subject. Many studies have inves-
tigated fatigue phenomenon, employing differ-
ent numerical methodologies and phenomeno-
logical formulations to simulate this behavior.
Among these methods, phase-field approach for
modeling fracture in (quasi-)brittle materials
like mortar and concrete has gained significant
attention in recent years for its ability to capture

arbitrarily complicated crack paths, including
crack initiation, propagation and branching [1].
However, it has some limitations, such as the in-
ability to distinguish between tensile and com-
pressive failure, which can lead to the develop-
ment of unrealistic crack patterns in compres-
sion [2]. To address these limitations, vari-
ous modifications have been proposed for the
phase-field approach, such as the one suggested
by Amor et al. [3] to decompose the elastic en-
ergy density into its volumetric and deviatoric
parts and to degrade only the volumetric con-
tribution, thus avoiding cracking under com-
pression and preventing the interpenetration of
crack faces [1]. Another modification, proposed
by Miehe et al. [4], involves using a spectral
split, which decomposes the strain tensor to de-
grade only the tensile energy. However, these
modifications are heuristic in nature and may
lack physical insight, making it challenging to
understand the underlying physics of the system
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being modeled.

Another method that introduces a way to
differentiate between failure modes is the
micromechanics-based phase-field model, such
as the model proposed by Ulloa et al. [5] or the
one proposed by You et al. [6]. These mod-
els represent an advancement in the phase-field
modeling by containing multiple crack modes
for which the split comes in naturally from the
model and makes the computations more ro-
bust. The micromechanical models of isotropic
damage in brittle materials consider damaged
materials as heterogeneous media composed
of solid matrix weakened by isotropically dis-
tributed microcracks. These models provide
a proper micromechanical thermodynamic for-
mulation for damage-friction modeling in brit-
tle materials with the help of Eshelby’s solution
to matrix-inclusion problems. The damage evo-
lution law is formulated in a sound thermody-
namic framework and inherently coupled with
frictional sliding [7].

The micromechanics-based phase-field
model aims to connect field variables at the
macroscale with physical dissipative mecha-
nisms at the microcrack level. The model dis-
tinguishes between close and open microcracks
to capture different fracture modes naturally,
without implementing heuristic energy decom-
positions.

Therefore, the present study focuses on the
use of micromechanics-based phase-field mod-
eling to simulate the fatigue behavior. Many
researchers have explored the incorporation of
fatigue phenomenon in phase-field modeling in
recent years [8, 9]. To account for fatigue and
cyclic effects, several degraded functions have
been suggested to reduce fracture toughness.
For example, Alessi et al. [10] introduced a
function that decreases fracture energy as strain
increases. In this context, the present study
adopts the model proposed by Carrara et al.
[11], where they utilized degraded free energy
density as a history variable, which accumulates
over loading cycles once a specific threshold is
surpassed.

This paper is organized as follows. The main
ingredients of the adopted micromechanics-
based phase-field model is presented in section
2. These concepts are used to construct the fa-
tigue model in section 3. The numerical exam-
ple is illustrated in section 4. Finally, section 5
presents the conclusions of the work.

2 MICROMECHANICS-BASED PHASE-
FIELD MODEL

In this section, the micromechanics-based
phase-field model proposed by Ulloa et al. [5] is
briefly recalled. This model considers a matrix-
inclusion system with penny-shaped microc-
racks inside a representative volume element
(RVE). Moreover, the microcracks are assumed
to be uniformly distributed in all directions and
result in an isotropic behavior of the RVE. For
more details, the reader is referred to [5, 6].

In micromechanics-based models, dissipa-
tion phenomena at macro-scale like damage and
plasticity can be explained by the existence of
microcracks in the material on a lower scale [7,
12,13]. Frictional sliding of microcracks caused
by compression/shear results in the occurrence
of irreversible strains which is interpreted as
plasticity at the macro-scale. Accordingly,
damage can be explained by the localization
and growth of microcracks which leads to the
loss of stiffness at the macro level [14].

The state of the solid can be defined by
three field variables: the displacement field
u : Ω × T → R3, the crack phase-field α : Ω ×
T → [0, 1] and the plastic strain tensor εp : Ω×
T → R3×3

sym. In the classical phase-field ap-
proach, the degradation function multiplies the
elasticity tensor to reduce the energy during
damage. However, this is not realistic since
it gives a symmetric behavior in tension and
compression. To address this problem, the
asymmetric behavior is naturally incorporated
in micromechanics-based model formulation by
distinguishing between open and closed micro-
cracks, designated as open and closed in this
study. The micromechanics-based phase-field
model is summarized in tables 1 and 2 (adopted
from [5]).
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Table 1: Energy quantities and state equations.

Free energy and state equations

Stored energy ψ(ε, εp, α) =


1

2
ε : Cdam(α) : ε if open,

1

2
(ε− εp) : C : (ε− εp) +

1

2
εp : Hkin(α) : εp if closed

Generalized stresses σ(ε, εp, α) =
∂ψ

∂ε
, sp(ε, εp, α) = − ∂ψ

∂εp
, sd(ε, εp, α) = −∂ψ

∂α

Opening/closure transition

{
tr sp(ε, εp, α) = 0 if open,
tr sp(ε, εp, α) < 0 if closed

Dissipation potential: ϕ = ϕp + ϕd ≥ 0

Plastic dissipation potential ϕp(ε̇p; sp) =


tr ε̇p

3Aθ
(Aθ −Aφ) tr s

p if tr ε̇p ≥
√
6Aθ∥ε̇pdev∥,

+∞ otherwise

Damage dissipation potential ϕd(α̇,∇α̇;α,∇α, sp) =


Gc(s

p)

ℓ

(
α α̇+ ℓ2∇α · ∇α̇

)
if α̇ ≥ 0,

+∞ otherwise

3 EXTENSION TO FATIGUE BEHAV-
IOR

In this section, the micromechanics-based
phase-field approach is extended to address fa-
tigue phenomenon. Similar to [11, 15], fatigue
effects are considered employing a fatigue vari-
able γ and a fatigue degradation function d(γ)
with the following properties

d(γ ≤ γ0) = 1, d(γ > γ0) ∈ [0, 1], d′(γ) ≤ 0, (1)

in which γ0 is a material threshold parameter.

The dissipation potential reads

ϕ(ε̇p, α̇,∇α̇;α,∇α, sp) = ϕp(ε̇p; sp)+ϕd(α̇,∇α̇;α,∇α, sp),
(2)

where ϕp and ϕd are plastic and damage dissipa-
tion potentials. The plastic dissipation potential
remains unchanged and is given by

ϕp(ε̇p; sp) =


tr ε̇p

3Aθ
(Aθ −Aφ) tr s

p

if tr ε̇p ≥
√
6Aθ∥ε̇pdev∥,

+∞ otherwise,
(3)

while the damage dissipation potential is modi-

fied following [10, 11] as shown below

ϕd(α̇,∇α̇;α,∇α, sp) =


d(γ)

Gc(s
p)

ℓ

(
α α̇+ ℓ2∇α · ∇α̇

)
if α̇ ≥ 0,

+∞ otherwise.
(4)

The fatigue degradation function serves as
a tuning parameter for dissipation, impact-
ing both the local and gradient phase-field
components. Consequently, it maintains the
same characteristics of the micromechanics-
based phase-field model as in the monotonic
case. This implies that dissipation remains ex-
clusively related to the damage variable [11].

The choice of the degradation function is ar-
bitrary. In the literature, researchers have pro-
posed to degrade the fracture energy as the ma-
terial mileage in terms of strain, stress or en-
ergy, increases. In this study, the fatigue history
variable is formulated to depend on both elastic
and plastic free energies, aligning with the con-
cept of fracture and energy minimization. We
incorporated two categories of fatigue degrada-
tion functions—namely, asymptotic and loga-
rithmic—to effectively characterize the fatigue-
induced damage. The asymptotic degradation
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Table 2: Governing equations according to the energetic formulation.

Kinematic admissibility

Infinitesimal strain ε(u) = ∇su

Dirichlet boundary condition u = ū on ΓD

Mechanical balance

Stress σ(ε, εp, α) =

{
Cdam(α) : ε if tr sp(ε, εp, α) = 0 (open),

C : (ε− εp) if tr sp(ε, εp, α) < 0 (closed)

Equilibrium divσ(ε, εp, α) + ρb = 0 in Ω

Neumann boundary condition σ(ε, εp, α) · n = t̄ on ΓN

Plastic evolution problem

Generalized stress sp(ε, εp, α) = C : (ε− εp)−Hkin(α) : εp

Yield function fp(sp) = ∥spdev∥+
√
2/3Aφtrs

p

Plastic potential gp(sp) = ∥spdev∥+
√
2/3Aθtrs

p

KKT system fp(sp) ≤ 0, λ ≥ 0, λ fp(sp) = 0 in Ω

Flow rule ε̇vp = λ n̂, n̂ ∈ ∂gp(sp) = ∂∥spdev∥+
√
2/3Aθ1 in Ω

Damage evolution problem

Generalized stress sd(ε, εp, α) =


−1

2
ε : Cdam′

(α) : ε if tr sp(ε, εp, α) = 0 (open),

−1

2
εp : Hkin′(α) : εp if tr sp(ε, εp, α) < 0 (closed)

Yield function fd(sd; sp) = sd − Gc(s
p)

ℓ
α+ ℓdiv[Gc(s

p)∇α]
KKT system fd(sd; sp) ≤ 0, α̇ ≥ 0, α̇ fd(sd; sp) = 0 in Ω

Boundary condition ∇α · n = 0 on Γ

function is given by

d(γ) :=


1 if γ(x, t) ≤ γ0,(

2γ0
γ(x, t) + γ0

)2

if γ(x, t) ≥ γ0,
(5)

and the logarithmic degradation function is
shown below

d(γ) :=


1 if γ(x, t) ≤ γ0,[
1− k log

(
γ(x, t)

γ0

)]2
if γ0 ≤ γ(x, t) ≤ γ010

1/k,

0 if γ(x, t) ≥ γ0,
(6)

where k is a material parameter tuning the slope
of the logarithmic function. The fatigue vari-
able γ can now be defined as

γ(x, t) :=

∫ t

0

ϑ̇(x, s)H
(
ϑ̇(x, s)

)
ds,

with ϑ(x, t) :=


1

2
: ε : Cdam(α) : ε if open,

1

2
: εp : Hkin(α) : εp if close,

(7)
in which H represents the Heaviside function,
preventing fatigue degradation during unload-
ing.

Furthermore, the damage yield function is
modified as follows

fd(sd; sp) := sd−d(γ)Gc(s
p)

ℓ
α+ℓ div[d(γ)Gc(s

p)∇α].
(8)

It is important to highlight that the remaining
formulation will closely follow the explanation
provided in [16], which is summarized in tables
1 and 2. In the subsequent section, the behavior
of a single volume element under cyclic loading
is analyzed and the impact of fatigue parameters
within the model is explored.
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(a) (b)

(c) (d)

(e) (f)
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Figure 1: Axial stress vs. axial strain of the volume element with asymptotic degradation function for (a) and (b), and
logarithmic degradation function for (c), (d), (e) and (f). (a), (c) and (e) are plotted for γ0 = 10 and (b), (d) and (f) are
drawn for γ0 = 100. k is increased from 0.3 ((c) and (d)) to 0.8 ((e) and (f)).
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(a) (b)
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Figure 2: Axial stress vs. axial strain of the volume element with asymptotic degradation function for (a) and (b), and
logarithmic degradation function for (c), (d), (e) and (f). (a), (c) and (e) are plotted for γ0 = 10 and (b), (d) and (f) are
drawn for γ0 = 100. k is increased from 0.3 ((c) and (d)) to 0.8 ((e) and (f)).
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4 NUMERICAL EXAMPLE: HOMOGE-
NEOUS RESPONSE

To examine the influence of fatigue parame-
ters on the model’s behavior and the difference
between the asymptotic and logarithmic degra-
dation functions introduced earlier, the homo-
geneous response of a representative volume el-
ement (RVE) is analyzed. To this end, an RVE
with the following material parameters is con-
sidered: Poisson’s ratio ν = 0.2, Young’s mod-
ulus E = 1 MPa, degradation constant b = 2,
initial damage α0 = 1 × 10−4, mode I fracture
toughness GcI = 5 N

mm
, mode II fracture tough-

ness GcII = 50 N
mm

and friction and dilation co-
efficients Aφ = 0.1 and Aθ = 0.075, respec-
tively.

The volume element is first subjected to
strain cycles ranging from 0 to 5, with axial
strain incrementally applied in steps of 0.01.
The relationship between axial strain and axial
stress for the RVE with different fatigue param-
eters is depicted in Figure 1. In the next stage,
the RVE experiences both tension and compres-
sion, with strain varying from −1 to 5. Both
Figures 1 and 2 exhibit the same material prop-
erties, differing solely in the applied load be-
tween them. In order to enhance the visibility
of fatigue-induced damage, low fatigue thresh-
olds have been selected.

In Figures 1(or 2) (a) and (b), the asymp-
totic degradation function is employed, while
Figures 1(or 2) (c), (d), (e), and (f) employ
the logarithmic degradation function. The left-
sided figures correspond to a fatigue thresh-
old of γ0 = 30, whereas the right-sided fig-
ures are generated for a higher fatigue threshold
(γ0 = 100). For the logarithmic degradation
function, the impact of the parameter k is inves-
tigated by varying it from k = 0.3 in Figures
1(or 2) (c) and (d) to k = 0.8 in Figures 1(or 2)
(e) and (f). In the case of the asymptotic degra-
dation function the results in Figures 1(or 2) (a)
and (b) demonstrate that an increase in γ0 from
30 to 100 leads to a reduction in fatigue-induced
degradation. A similar trend is observed for the
logarithmic degradation function, as illustrated
in Figure 1(or 2) (c), (d), (e) and (f). When

comparing Figure 1(or 2) (c) to (e) and (d) to
(f), it becomes evident that an increase in the
parameter k amplifies the stress difference be-
tween the initial and final cycles. This parame-
ter, k, can be understood as a tuning factor that
enhances the model’s adaptability during cali-
bration against experimental data.

5 CONCLUSIONS

This research extends a micromechanics-
based variational phase-field formulation to ac-
count for the influence of fatigue phenomenon
in (quasi-)brittle materials subjected to cyclic
loading. The fatigue damage mechanism is
incorporated into the model by introducing a
damage variable that evolves with fatigue load-
ing cycles and diminishes the fracture tough-
ness. The pace of reduction is controlled by a
fatigue degradation function, solely dependent
on the fatigue history variable. The damage
variable is used to monitor the initiation and
propagation of open microcracks, which ulti-
mately lead to fatigue-induced failure.

The model is employed to simulate the fa-
tigue response of a single volume element sub-
jected to cyclic loading. The impact of fa-
tigue parameters on the behavior of the volume
element has been explored. The selection of
both the fatigue history variable and the fatigue
degradation function offers considerable flexi-
bility. In this study, the fatigue history vari-
able is defined as the accumulated active parts
of the elastic and plastic strain energy densities.
A comparison between two fatigue degrada-
tion functions (asymptotic and logarithmic) has
been undertaken. Notably, the logarithmic fa-
tigue degradation function provides more flex-
ibility in calibrating the model to experimental
data, enabling to attain the desired fatigue be-
havior.

The model offers insights into the microme-
chanical processes governing the fatigue behav-
ior of materials and has the potential for exten-
sion to address boundary value problems in fu-
ture studies.
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