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Abstract 
A comprehensive and integrated approach to the nonlinear model
ing of concrete structures using the discrete crack model in the finite 
element method is proposed. Three interrelated models are used: 
(1) solid model of a cracked structure, (2) finite element model and 
(3) linear and nonlinear fracture mechanics based model. Thus, for 
each crack increment a solid model is modified and a finite element 
mesh is automatically regenerated and reanalyzed. Both linear and 
nonlinear fracture mechanics theories are considered. A new imple
mentation of the domain integral method is proposed for the compu
tation of stress intensity factors along a general three-dimensional 
crack front. For the nonlinear theory, an interface crack model, 
which includes shear effects, is used to model the fracture process 
zone in cementitious materials. The proposed methodology is veri
fied on numerous problems with known experimental or analytical 
results, and is also applied to both two- and three-dimensional non
linear analyses of concrete dams. 
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Figure 1: Modeling of crack propagation 

generally accepted that the discrete crack approach does not 
the strong sensitivity as the "classical" smeared crack 

~~~,,.,~,,_LU (Bazant 1976, Borst & Rots 1989). In addition, material 
properties used by discrete crack model can be readily deter-
mined from well established experimental methods. The only disad
vantage of this model is the need to modify the finite element mesh 

each crack increment. Whereas, various remeshing techniques 
been proposed literature to address this problem, they 

been restricted to two-dimensional problems. 
this paper, a fundamentally different approach to the remesh-

problem is adopted. The finite element model is used only as 
a to solve the differential equations of elasticity, and a bound
ary representation (i.e. solid model) is used for problem definition. 

cracks are considered to be part of this boundary definition. 
time a violation of the crack propagation criterion is 

detected the finite element model, a finite element mesh is adap-
regenerated (Fig. 1). From this approach, the classical partial 

remeshing can be easily recovered as a special case. In addition, this 
method can be readily extended to error based adaptivity. 

linear elastic fracture mechanics, the general three-dimensional 
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(1985), Shih et. al. (1988), 

domain integral by 

fracture parameters 
three-dimensional 

the virtual crack '-'~""'J'"' ....... .._, .. 

~~ .... .L~"'•.L ........... \J'-..-r-.,..L ,.....,... of Equation 1 
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Figure 2: Domain integral derivation 

Plj is the Eshelby's energy momentum tensor (Eshelby 1956) and is 
to: 

(2) 

W is the strain energy density, (jij is the symmetric stress 
tensor and u1,j are displacement gradients. The domain of integra
tion is shown in Figure 2, where mj is the surface normal and q1 is a 
vectorial smoothing function which is equal to vi ( s) along the crack 
front and zero on the external boundaries of the integration domain 

Physically, qz represents a virtual shift of the elastic fields around 
the crack front corresponding to a virtual crack extension vz ( s). In 

to perform the differentiation of the energy momentum tensor 
Pzj in Equation 1 it is necessary to select constitutive relations for 

elastic solid under consideration. In the subsequent derivations, 
a general elastic solid with body forces, temperatures and internal 
pore pressures is assumed. The appropriate field equations are sub
stituted into Eq. 1 and the following general three-dimensional form 
of domain integral which accounts for the effects of body forces 
bi, temperatures T, pore pressures p and crack surface tractions ii 
is recovered (Cervenka 1994). 

f (a~·u·1q1 · - Wq· · +p ·u·1q1 - b·u·1q1 + ayT·(j··q·) dO J 0 z 1 z, ,J 1 ,J , i z, z z , ,1 zi 1 
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+ f (Wq ·m · - i-u· zqz pm·u· ·q ·) d~ (3) )2.,
3

U2.,
4 

] ] z z, z z,] ] 

where 0-~j is the effective stress tensor, ay is the coefficient of thermal 
expansion, T is the temperature difference and and ii is the applied 
surface traction vector along the crack faces. Thus, G is a functional 

terms of net effective stress field a~}, displacement field ui and 
weighting function qz: 

(4) 

Finite element implementation 
a finite element implementation of the domain integral, the crack 

front consists of a finite number of nodes and line segments. There
fore, the pointwise values of energy release rates for co-linear crack 
propagation G 1 in terms of their nodal counterparts can be defined 
using crack front shape functions Ni( s): 

N 

G1 == L Ni(s) Gi (5) 
i=l 

where G1 is the energy release rate for crack front propagation along 
direction 1 at point s (i.e. direction perpendicular to the crack front 
and in the plane of the crack), and Gi is the energy release rate for 
co-linear crack propagation at a crack front node i. an analogous 
way, we define a virtual co-linear crack extension corresponding to 
each crack front node k: 

N 

v~(s) == L A1m Nm(s) (6) 
m=l 

where N is the number of crack front nodes, and Afm is a square 
N x N matrix of displacements coefficients in all coordinate 
directions corresponding to a virtual crack displacement at node 
k. To each v~(s), a corresponding weighting function qr must be 
defined. 

The nodal values Gi can be computed by solving the following 
system of equations, (Li et. al. 1985, Shih et. al. 1988): 

91 == (A1C)-1 g (7) 

where g is the vector of domain integral values G associated to each 
crack front node, C is a weighting matrix similar to the consistent 
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Domain of Mapping 

x = f( r, z, 8) 

q = weighting function corresponding to node n, 
n q is linear at the crack front and zero on 

z 

the outside surface of the domain of integration. 

'-1 

(q has a physical meaning of virtual crack extension) 

Figure 3: Implementation of domain integral 

of truss element and g 1 is the vector of nodal values of 
'V.L\.,<..NU•v rates Gi for co-linear crack propagation, which can 

decomposed into the energy release rates for each 
··i~-,~~" (Nikishkov and Atluri 1987, Cervenka 1994) 

gIII (8) 

g 1 II are vectors of nodal values of energy release 
fracture modes, G1, Gn and GnI· For linear 

mechanics, there exists a direct relationship between 
the stress intensity factors 1(1, J(n, Kn1, (Nik-

1987). 
to solving Equation 7 is the accurate evaluation of the 

~LLL~LAL integrals G for each crack front node (i.e. each virtual crack 
proposed approach, this is accomplished through 

integration over cylindrical regions of specified radius 
crack front. Each cylindrical region is then mapped into 

cylinder, in which the integration is performed using Gauss 
(Fig. 3). To the best of the authors knowledge, the 

for circular regions for the integration in polar coor-
not been derived, and the Gauss point coordinates 

,_,,.-.... _,,-,,.,,, rules up to 40 points are computed and tabulated in 
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Figure 4: Geometry and meshes for the cylindrical rod with penny shaped crack 

Cervenka 1994. 

2.3 Validation problem 
To validate the domain integral implementation in full three-dimensiom 
mixed mode fracture case, an example of a circular inclined crack in 
a cylindrical rod in tension is analyzed. The analytical solution 
taken from Nikishkov and Atluri (1987). The geometry of the 
lem is shown in Figure 4. Due to the inclination of the interior 
with respect to the direction of applied tractions, the crack front is 
under a mixed mode fracture condition. All three stress intensity 
factors are non-zero. The problem is first analyzed using standard 
isoparametric 8 node brick elements. The finite element mesh 
shown in Figure 4 and the distribution of SIF's along the 
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Figure 5: Results for cylindrical rod with 8 noded brick (BS) elements 
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Figure 6: Results for cylindrical rod with tetrahedral (T4,T10) elements 

crack front is plotted Figure 5. The figure shows the compari
son with the analytical solution for various radiuses of the integra
tion domain integration rules. Subsequently, the same problem 
was analyzed using composed of tetrahedral elements, 
were generated automatically (Cervenka 1994). Results this 
analysis are Figure 6. The problem was analyzed 
both T4 and (linear and quadratic tetrahedral 
ments), and radiuses were used for the evaluation of 
domain integral. results show good agreement with the 
cal solution, although they are generally worse than for BS ...., ... ,._, ........... v ...... ,,...., 

subsequent analysis, the direction of crack propagation was 
computed based on the maximum circumferential stress criteria (Er
dogan and Sih 1963, Cervenka 1994). Then, new crack surfaces were 
inserted into boundary representation of the structure, and a 
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Figure 7: Crack propagation in cylindrical rod, (Reich et. al. 1994. , Cervenka 
1994) 

new 
until 

was generated and analyzed. This process was repeated 
IJ<..4/l:::..<..41 ... ,v.._._ through the whole thickness 

two parts. The crack propagation process, 
shown in Figure demonstrates the application of automatic mesh 
generation the three-dimensional mixed mode crack propagation. 

Non-linear fracture mechanics 
is well known that as the size of concrete structure decreases, one 

must consider the true nature of cracking, which is not localized 
into a sharp crack tip, but rather is spread over a certain volume 
called fracture process zone. Within the framework of discrete crack 
models, this phenomenon can be simulated by the fictitious crack 
model of Hillerborg et. al. (1976). In this work, a generalization 
of this which considers shear effects in the fracture process 
zone, is proposed (Cervenka 1994). 

1 Interface crack model (ICM) 
Within the context of the proposed model, a crack is idealized as a 
line/surface separating the structure, and constitutive relationships 
between tractions and relative displacements on this surface are de
rived. The shape of the failure function for the two-dimensional case 
is shown in Figure 8, and it corresponds to the failure criteria first 
proposed by Carol et. al. (1992). The general three-dimensional 
failure function is obtained by mere rotation around the a-axis. The 
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Figure 8: Failure function 
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of the failure function is based on a softening parameter 
uieff which is the norm of the inelastic displacement vector u i. The 

displacement vector is obtained through decomposition of 
displacement vector u into an elastic part ue and an inelastic 

one . The inelastic part can subsequently be decomposed into 
plastic (i.e. irreversible) displacements uP and fracturing displace
......... ..._, ....... .., ...... uf. The plastic displacements are assumed to be caused by 
friction between crack surfaces and the fracturing displacements by 
the formation of microcracks. 

== F( c, at, </>1 ), c == c( uieff), at == at( uieff) 
u == u e + u i, u i == uP + uf (9) 

uieff == lluill == (u~2 + u~2 + u~2)1/2 

Non-linear solver 
resulting system of equations is highly non-linear, and if solved 

by Newton-Raphson method, it would involve non-symmetric and 
negative stiffness matrices. In this work, a quasi-Newton method 
based on Davi don rank one update (Davidon 1968) is used, and is 
supplemented with line search method (Crisfield 1991) to increase 
robustness for cases with non-symmetric stiffness matrix. 
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Figure 9: Meshes for crack propagation in shear beam 

Figure 10: Crack propagation for anchor bolt pull out test I 
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Figure 11: Load-displacement curves for shear beam and anchor pull-out 

Validation problems 
number of problems with known experimental data were anal

ysed verify and validate the proposed model (Cervenka 1994). 
this section, two of these examples are presented: first one is a 
nonlinear analysis of notched concrete beam in shear which was ex
perimentally tested by Schlangen ( 1993) and second is the anchor 

test specified in RILEM and J CI ( 1993) round 
analysis. The deformed finite element meshes are shown in 
ures 9 and 10. The results for the anchor bolt pull-out shown in 
this paper correspond to the test type I. from JCI (1993). can 
be seen that the crack patterns and load-displacement curves (Fig. 
11) are in very good agreement with the experimentally observed 

Application to concrete dams 
proposed models were successfully applied to the safety analysis 

of concrete dams, which was the primary objective of our research. 
Two examples are presented: a two-dimensional fracture mechanics 
analysis of a concrete gravity buttressed dam (Fig. 12) and 
dimensional non-linear analysis of an arch dam. 

first analysis was part of the relicensing process of the 
and both linear and non-linear fracture mechanics were used to esti

extent of cracking along the interface for subsequent 
friction factor computations. In addition, a full structural response 
was obtained by combining the non-linear solution methods men
tioned in Sec. 3.2 with indirect displacement control methods, and 
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Regular Plot 
Deformed mesh: Scale factor~ 1.477e+03 

Figure 12: Deformed shape at probable maximal flood load 
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Figure 13: Load-displacement curves for the incremental analysis of a 
dam 

the results are plotted in terms of water elevation versus 
displacements in Fig. 13. 

The second analysis was part of a benchmark study 
organized by ICOLD (International Committee on Large Dams). 
The main objective of this analysis was to determine the amount 
of contraction joint openings in an arch dam during winter and 
summer loading conditions. Some results from this analysis are in 
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which shows joint openings for winter conditions looking 
dam from downstream. The joint openings in the summer 

were minimal and structural response, therefore, remained 
.J...J..J...J..vL.tJ.J.. reg10n. 
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