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Abstract 
Controlled displacement mixed mode loading tests were made on three point 
bend specimens with offset notches and exterior steel bars. Variables the 
tests were the concrete strength, the level of prestress in the bars and the area 
of the bars. Detailed measurements were made of crack mouth opening and 
crack mouth sliding displacements, the progress of the crack with increasing 
displacements and the value of the centrally applied load and its displacement. 
The findings from that investigation are compared with results from 
theoretical and experimental investigations by others into effects of 
restrained shrinkage, and the shear behavior of reinforced concrete beams and 
shear friction type specimens. Those comparisons are used to identify some 
key factors that must be considered when using fracture mechanics 
approaches to predict the shear strength of reinforced concrete beams. 
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1 University of Illinois Mixed Mode Fracture Tests 

In order to investigate the use of :fracture mechanics concepts to predict the 
shear strength of concrete beams, tests were conducted at the University of 
Illinois on 43 three point bend (TPB) specimens, 51 x 127 mm in section and 
centrally loaded on a 508 mm span. Details of a typical test specimen are 
shown in Fig.I. The beams had 25.4 mm deep and 2.5 mm wide notches 
sawn into the bottom of the beam and offset 51 or 102 mm from its center. 
A unique feature of those tests was the use of prestressed steel bars placed 
either side of the test specimen, positioned 12. 7 mm above the bottom of the 
beam and anchored against steel plates extending across the width of the ends 
of the beam. The existence of such bars was found essential to proper 
simulation in the tests of the crack curving behavior observed for flexure
shear cracking of reinforced or prestressed concrete beams. Without such 
bars the crack propagated through the depth of the beam at a constant angle 
to notch and did not exhibit curving behavior. 

addition to the offset of the notch, the effect of three other variables were 
examined in the tests: the compressive strength of the concrete, 15.5 or 58 
MPa; the ratio of the cross-sectional area of external bars to 
sectional area of the specimens, 0.5 or 2.0%; and initial prestress force 
the bars, 890 or 1780 KN. 

Measurements were made of the load line displacement, (LLD), the 
mouth opening displacement, (CMOD), the crack mouth sliding displacement, 
(CMSD), the applied central load, the forces in the external bars, the location 
of crack front on the surface of the beam increasing load, and 
profile of the crack through the transverse width of the beam with increasing 
load. To determine the location of the crack front with increasing load, 

x=0,51, or 102 

Loading Span 508 

Load . 
•Stram Gage 

Unit: mm 

1. Geometry and instrumentation for mixed mode fracture tests 
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gauges were attached to the surface of the beam in accordance with the grid 
shown in Fig. 1. TI1e profile and progress of the crack through the transverse 
width of the beam were detennined for selected specinlens by dye penetration 
techniques. Specinlens were loaded to failure at a fixed rate that was initially 
60 x 10-6 mm/sec and increased to 500 x 10-6 mm/sec after the LLD exceeded 
O. l 1mn. Testing was discontinued when the LLD reached 0.25 imn. 

Details of the results for five typical specimens, the results of the dye 
penetration tests, and the procedures used for numerical simulation of the 
results have been described in Kono et al. (1995). Comprehensive details of 

test specinlens, instrumentation, test procedures and numerical simulation 
investigations of the test results are given in Kono, (1995). 

Load-CM OD relationships for five specinlens, typical of the test results, 
are shown in Fig. 2. Letters A and Bat the end of the specimen designation 
indicate duplicate specimens. Specinlen 400 had no external constraints. 
Specimens 412 and 414 had external bars of the same size with the initial 
prestress force being higher for 414 than 412. For the 414 specimens the 
height of the crack at a given CMOD is indicated by a solid circle. The thick 
broken lines labeled 12 and 14 indicate the responses predicted for 412 and 
414, respectively, when tied arch action is assumed to govern behavior after 
inclined cracking. 

Measured LLD and CMSD-CMOD relationships for TH4 l 4A, typical of 
results for all the test specimens, are shown in Fig. 3. CMSD values at a 

CMOD were always smaller than CMOD values. Ratios were about 
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Fig. 2. Load-CMOD relationships for typical mixed mode fracture tests 
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Fig. 3. Typical CMSD and LLD-CMOD relationships 

0.2 for CMODs of 0.1 mm and less and increased with the arch action at 
·higher CMODs to a ratio of0.45 at a CMOD value of0.5 mm. The slope of 

LLD versus CMOD relationship was nearly constant at 45° except prior 
to the development of the maximum load at about 0.02 mm CMOD. 

The numerical simulation approach used to study the test results is shown 
Fig. 4. The propagation of a discrete crack, tracing the path of the 

observed crack and embedded in the two dimensional finite element mesh of 
5, was used to study the effects of optimization of each of the parameters 

in Fig. 4 for the test data from 10 typical specimens. Shown by 
diagonal crosses in Fig. 2 are the crack height, CMOD and load predicted for 

TH4 l 4 specimens for the best simulation of crack progress that could be 
'"'..,~ ................... , ..... through such element modeling and optimization procedures. 

Models Experimental results Resulting item 

1 -cCS:-cOD ReI;;t;;;n- - ' ( -o ~ J 1 Ex;;;,;;;,~ the ;;-o;;--' 
I · I ro I 
1 along the crack mter- , 1. J j 0 I stancy of candi- 1 

\ ~a~·- _______ J CMOD : date variables at I 
..- - - - - - - - - ' crack growth. I 

tNewtheoryforcrack 1 ( ~ ) 1 _______ / 

: propagation direction I Crack pa~ 
, cntenon. I _________ / 

Fig. 4. Modeling concept for numerical simulation studies 
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Fig. 5. Typical finite element mesh for munerical simulation studies 

Principal findings from the physical experiments were: 
1. The higher the constraints provided by the external bars and the lower 

the concrete strength the greater was the initial inclination of the crack 
with respect to the axis of the notch. Excessive constraints, however, 
resulted in Mode I crack fonnation at the oenter of the beam prior to 
inclined cracking from the notch. 

2. The curvature of the crack reflected the degree of the Mode II 
component in the mixed mode conditions. 

3. Cracks extended at least 13 mm from the notch tip before the peak load 
was reached and once the crack had penetrated through 80% or more 
of the beam depth, tied arch behavior dominated the response. 

Principal findings from the numerical simulations were: 
1. Crack propagation direction is a local parameter useful for detennining 

fracture process zone characteristics such as the crack closing stress, 
(CCS), versus crack opening displacement, (COD), relationship. 

2. There was no need to include a crack sliding stress, (CSS), - COD 
relationship for the simulated response to match measured local 
parameters such as CMOD, crack path, etc. Thus, for detennination 
of crack propagation direction there is no need to include the aggregate 
interlock effects commonly assumed responsible for providing the 
majority of the shear capacity of a reinforced concrete beam. 

3. To predict crack propagation direction the overall stress field in a body 
of about 15 mm radius, and centered the crack tip, needed to be utilized 
rather than the stress field centered on the mathematical position of the 
crack tip. 

4. The crack propagation direction was moderately, but not markedly 
sensitive, to the CCS-COD relationship used in numerical simulations. 

5. No unique variable could be found that controlled stable crack growth. 
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2 Shear Strength Predictions 

Many recent studies have shown that the nominal shear stress at failure, for 
beams with longitudinal tension reinforcement only, varies with the square 
root of the effective depth of the member as well as with the square root of 
the concrete compressive strength, Mihashi et al. (1994). · The variation with 
depth for a given test series can be correctly predicted using fracture 
mechanics concepts. Walraven (1995) has provided an excellent recent 
smmnary of knowledge concerning the effects of size on shear strength for 
beams with longitudinal tension reinforcement only and shown that a 
reasonable descriptor of that effect is given by S where 

S= + oor (1) 

d is the effective depth of the member in millimeters and S has a limiting value 
at d equal to 15 00 mm. 

However, for beams with web reinforcement, or beams with longitudinal 
face reinforcement, the dependence of the nominal shear stress at failure on 
beam depth is considerably smaller than that described by Eq. 1. For 
example, Walraven's results for deep beams (1995) show that even with 
minimum amounts of web reinforcement the shear strength increases much 
more rapidly than predicted by truss analogy concepts. Collins et al. (1996) 

shown that for beams with orthogonal longitudinal and web 
reinforcement the shear strength has little dependence on beam depth and can 
be closely predicted using compression field theory. 

The surface of an inclined crack causing failure in a high strength concrete 
member is considerably smoother than that of a crack causing failure in a 
nonnal strength concrete member. In the former, cracks propagate through 

coarse aggregate, rather than around them. Consistent with the concept 
aggregate interlock is a major source of shear transfer across inclined 

cracks, Collins and Kuchma (1998) have shown that for 450 mm deep beams 
with 0.81 % reinforcement, as the concrete strength increases from 37 to 98 
MPa, there is a 27 % decrease in the shear strength from 0 .16 to 0 .117 of the 
square root of the concrete compressive strength. 

Collins and Kuchma also found when longitudinal face reinforcement 
used its effects are significantly greater for high strength than nonnal 

strength concrete. For longitudinal face steel equal in amount to 67 % of the 
longitudinal steel in a beam with 1.11 % reinforcement, the shear 

strength increased 47 % for a 98 MPa concrete and only 24 % for a 37 MPa 
concrete, compared to strengths for beams without face steel. 
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In American practice, in a beam with shear reinforcement, a portion of the 
shear is assumed to be provided by the concrete and the remainder by the 
shear reinforcement. The shear strength provided by the concrete is assumed 
to be the same for beams with and without shear reinforcement and is taken 
as the shear causing significant inclined cracking. However,in a beam without 
shear reinforcement, the shear causing inclined cracking is not necessarily the 
same as the shear strength for failure . Although most beams without web 
reinforcement can carry a shear greater than that for inclined cracking, some 
cannot and fail simultaneously with cracking. 

The observations suggest a need to differentiate between conditions at 
inclined crack initiation and those associated with inclined crack propagation. 
Inclined cracks typically develop out, or are initiated by flexural cracks. For 
that action the nature of the effective CCS-COD relationship for the concrete 
in tension should be important. However, for inclined crack propagation the 
effect of the reinforcement on equilibrium is likely to be important. 

3 Conditions at inclined crack initiation 

When an analysis is made of crack development it is customary to ignore any 
residual stress condition existing in the member. For the simulations of Fig. 
2 the best agreement was obtained with a CCS-COD relationship that 
decreased linearly with increasing COD from 1.4 MPa at crack initiation to 
zero at a COD of 0.05 mm. However, in the corresponding physical 
experiments care was taken to keep to a minimum any effects of shrinkage. 
Therefore there should have been almost no residual stresses due to concrete 
drying. By contrast, for shear strength tests of concrete beams it is generally 
assumed that shrinkage and creep do not affect the result and therefore those 
variables are not controlled. 

Clark and Spiers (1978) have reported tests to failure on reinforced concrete 
beams and obtained detailed data on moment-average strain relationships 
the extreme tension and compression fibers, for the tensile reinforcement, and 
for curvatures in the constant moment region. Seven beams pairs of constant 
width and variable depth and reinforcement properties were tested. 
Kaklauskas et al. (1997) derived directly from that data effective tensile 
stress-strain curves for the concrete. A layered model of the cross section of 
each beam was used to compute internal forces and then the effective stress
strain curves that gave optimum agreement with the test results. The stress
strain results derived for each load stage in the physical tests were used as 
input for the analysis of each subsequent load stage. The computed curves are 
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Fig. 6. Tensile stress-strain curve variation with reinforcement ratio 

shown Fig. 6. Beams 1 and lR, 2 and 2R, 3 and 3R, 4 and 4R contained 
1.95%, 1.27%, 0.79% and 0.45 %reinforcement, respectively. It can be seen 

the tensile stress for a given post-peak strain increased progressively as 
reinforcement ratio decreased. Maximum stresses for beams with large 

reinforcement ratios were considerably less than the separately measured 
tensile strength of the concrete. Further, for beams with large reinforcement 
ratios the effective stress became compressive at large strains. Such results 

that significant tensile stresses are present in the concrete at the start of 
test due to the reinforcement restraining shrinkage. 

Bullington (1991) tested double cantilever beam fracture specimens with 
and without reinforcing bars crossing a precast starter notch. The geometry 
of the specimens is shown in Fig. 7. Displacement controlled tensile loads 
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Fig. 7. Bullington's DCB speciniens. 
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Fig. 8. Computed tensile force - 2V1 relationships from Bullington's tests 

were applied to the protruding ends of the reinforcing bars, crack ... ...,.U.f'iU"•..:> 

measured using replica fihns, and CODs measured at the exterior edge (2V1) 

and at the initial crack tip. Specimens were moist cured until one day 
test. Computed concrete force-2V1 results are shown in Fig.8. Curve 1 is for 
a specimen where the reinforcing bar never crossed the precast crack 
the result for a plain concrete CLWL-DCB specimen. For curve 8 
crossing the notch was cut at the notch immediately prior to testing. 
was a decrease in the peak tensile force that could be developed and slope 
of the post-peak forcc-2V 1 curve duplicated that for the plain concrete 
specimen. It was as if specimen 8 had been pretensioned with a force of 534 
lbs (2375 KN). That decrease in capacity was due shrinkage of the concrete 
causing compression in the reinforcement and tension in the concrete. 
concrete tension created, in turn, creep strains in the concrete. 
reinforcement released the compression in the bar and the balancing 
stress in the concrete. However, it could not release the creep strain 
strain gave rise to a pseudo 534 lb force. For test 10 the bar was of same 
size as for test 8 but continuous across the notch. The creep locked a 
compressive force that did not begin to release until the applied tension 
exceeded that force. Then once cracking began at the notch tip the 
force between the concrete and steel could not be contained and gradually 
transferred out of the specimen and into the test frame. That transfer .............. ..,.., ..... 
a decrease in force with increasing 2V 1 values greater thai1 for th~ 

1437 



specimen and the specimen with a cut bar. Clearly CCS values in the FPZ are 
strain rather than stress dependent and to accurately assess the load for crack 
initiation account needs. to be taken of restrained cr~ep and shrinkage effects. 

4 Conditions associated with inclined crack propagation 

To examine aggregate interlock effects, Walraven and Reinhardt ( 19 81) made 
tests on precracked shear-friction specimens. They varied the type of 
reinforcement crossing the shear plane, using either external bars or 8 imn 
diameter embedded bars with and without 40 mm long soft sleeves across the 
shear plane. Typical results are shown in Fig. 9 for specimens with the soft 
sleeves and the external bars, respectively. Measurements were made of the 
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nominal shear stress on the shearing plane, the separation between crack faces 
and the slip along the shear plane. Shear stress-slip results were similar for· 
embedded bars with and_ without soft sleeves even though the slip at a given 
separation for bars with soft sleeves was almost double that for bars without 
sleeves. For bars with soft sleeves the curves show responses for differing 
percentages of unifonnly distributed reinforcement crossing the shear plane. 
For the specimens with external bars the code alb/ c on the curves indicates 
the mix type I the initial crack width in mm I the normal stress on the crack in 
MPa for.a crack width of 0.6 mm. The most obvious difference between 
results for specimens with embedded bars and those with external bars is that 
for external bars small differences in restraint, indicated by the last numeral 

the specimen designation, result in different crack opening paths. Further, 
while slip-separation relationships are essentially linear for specimens with 
embedded bars, slips increase continuously with increasing separation for 
specimens with external bars. 

Shown on Fig. 9 by broken lines is the slip-CMOD, (s-w), relationship 
specimen TH414A specimen. The s-w line for that mixed mode test is 

similar to the external bar test results. Kono' s tests CM ODs ranged 
between 0.04 and 0.2 mm as inclined cracks formed. For that range in "w" 
values shear stresses in the external bar tests were very small. Therefore 
aggregate interlock effects were not to be expected in the mixed mode 
fracture tests. However, for the same "w" values, the soft sleeve results 
imply interlock effects would be significant if there was bonded longitudinal 
reinforcement in the fracture specimens. For 0.56% reinforcement, for 
example, the 0. 06 mm slip that accompanied a CMOD of 0 .2 mm for the 
fracture specimens results in a shear stress of about 3. 5 MPa for the soft 
sleeve specimens. Figure 2 shows that at a CMOD of0.2 mm the crack had 
extended 77 mm from the top of the notch. If shear stresses are taken as 
varying linearly from 3.5 MPa at the crack mouth to zero at the crack tip then 

14 A, with bonded reinforcement and a well developed shear crack, 
would have been able to carry 8.85 KN at a CMOD of0.2 mm. 

5 Concluding remarks 

If accurate predictions of the shear behavior of reinforced concrete beams are 
to be made using fracture mechanics methods, account needs to be taken of 
the effects of creep and shrinkage on the loads for crack initiation and the 
effect of bonded reinforcement on controlling crack opening displacements 
and thus providing aggregate interlock effects. 
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