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Abstract 
Experimental research of three sizes of large beams made of steel fibre 
reinforced concrete SFRC has been carried out at the CTU, Prague. The 
beams were subjected to four point bending. The ultimate load of the 
beams is proportional to their size, which means that no size effect has 
been observed at the ultimate load. The descending branch of the load 
deflection diagram is steeper at large beams than that at small beams. The 
large beams are more brittle, the descending branch is size dependent. A 
simple numerical model based on the discrete crack approach has been 
developed. Experimental and numerical results showed a good agreement. 
Keywords: beam, concrete, energy, experiment, fibre, fracture, size effect 

1 Experimental research 

1.1 Scope of the experimental program 
Fibre reinforced concrete became more popular in the last years. The 
technological as well as the mechanical issues are investigated. The aim 
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our experimental program was to verify the production larger 
VJl.U ...... .LJ.'~0 and to to better understanding of the performance and 

progressive failure beams subjected to bending. The ...,, ...... "" ..... u ... 

... ...,,,. ..... .._-""' of small beams was at Technical University 
recent years, Vitek Vitek (1995). the bigger 

was order to get results, which can be 
compared those structures. beams of three sizes were 
subjected to the four point bending. The on the failure load and 
on post peak response was observed. 

fibres were 
':l0''1rlt'PO't:>f-P (32 mm) 
~~~~,"~ steel fibres of 

use, it is recommended to add only kg/m3 The composition 
fibre reinforced concrete mix is shown in 

1. Composition 

mm kg/m 
0-4 723 
4-8 181 
8 - 16 452 
16 - 32 452 

320 
154 
2.5 

0.45/45 50 

compression strength tested on cubes (1 mm) was in the 48 
MPa. The splitting tensile strength measured on cubes varied 4.0 

to 5.0 MPa. The elastic modulus in compression measured on beams 
x 150 x 700 mm) varied between 30.8 

smallest beams 1) were 
preceding series (span 600 mm). The second 

and the third size (series 3) 8 times 
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with the beams 
(series 

however, the .__..,_,_,,,,,_....._,,...,..,.., 



beams was only 300 mm, so that volume and weight of specimens 
were limited, and easier handling was possible. The weight of the largest 
beam was about 5 tons. of the beams are shown 
Table 2. Three beams were tested in each series. 
was poured into the The beams were kept wet 
conditions the they were demoulded and 
inside the laboratory (l 8°C). 

Table 2. the specimens 

Depth [mm] Length [mm] Span [mm] 
Series 1 150 700 600 
Series 2 600 2700 2400 
Series 3 1200 5200 4800 

zone. 

. .... ,..",.,, curves 
The diagrams 

corrections mentioned 
peak load is reached just 
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fibres are activated if the crack opens. Due to the fibre action the load is 
kept on the level slightly over a half of the peak load, also at large 
deflections. 

The relative comparison of the response of beams of different sizes is 
only possible using common relative values. Fig. 4 shows the comparison 
of the behaviour of all three sizes of specimens. The relative deflection is 
given by the ratio wR=w lr/l, where !0 is a reference size. The nominal 
stress a-N, as a relative value, is assumed as a ratio of a bending moment M 
and a section modulus W ( a-N = M/W). It can be seen that the ultimate 
(peak) stress is very similar at the specimens of all three sizes. There is 
observed no size effect at the peak load. However, it is possible to 
indicate that the large beam is more brittle than small beams, which means 
that the size effect may be seen at the descending branch of the load
deflection diagram. 

2 Numerical modelling 

2.1 Two phase material 
Numerical models of cracking of quasi brittle materials are either smeared 
or discrete. In this case a discrete crack is assumed. The fibres crossing 
the crack carry a tensile force. The concrete matrix and the fibres - two 
phases - work together, forming a fibre reinforced concrete. This approach 
has been used already in Vitek and Vitek (1995). The new experimental 
results lead to necessary refinements. 

The behaviour of concrete matrix is dependent on the reinforcement. 
The energy necessary for the crack progress in a plain concrete is not 
equal to that for crack progress in the matrix <?f fibre reinforced concrete. 
The difference may be explained on the element subjected to pure tension 
(Fig. 1 ). In cracked plain concrete the unloaded area is triangular. The 
elastic energy released due to unloading is consumed at least partly by the 
crack progress. In the case of PRC element, the fibres prevent a complete 
unloading of the triangle (Fig. la). A small part close to the crack tip is 
unloaded (corresponding to the crack length a0), since the fibres are not 
activated and they do not transfer almost any tension. The rest of the 
crack (a< a1, (Fig. lb)) is not unloaded fully, fibres carry the tension. If 
a crack is long and more open, the fibres at the crack opening (a, (Fig. le)) 
do not carry any tension, they are already pulled out of concrete. The 
unloaded area is then of the triangular shape, similar to the plain concrete. 
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Plain concrete 

/lSJ 
Unloaded area: W 
Ao= k a2 

a) SFRC - Initial stage 

~ka0 
Ao= k a0

2+ 2 ka0a 

SFRC - Final stage c) 

~~__. 
Wka 

Ao= ka0
2+ 2 ka0(a1+ a)+ ka2 

Fig. 1. Fracture of the element subjected to tension 

b) 

The energy released by unloading of a part of the element in the initial 
stage of the crack is similar at small and large elements. Unloaded area is 
linearly proportional to the crack length, Ao ,...., a (Fig. 1 b ). In the final 
stage (large cracks), the unloaded area is dependent on a2

, (Ao,...., a2 (Fig. 
1 c) ), similarly as it is in the case of plain concrete. 

This example can help to explain the results of the experimental 
program, where the size effect was not observed at the peak load (initial 
stage of cracking). On the other hand it was observed at the descending 
branch (final stage of cracking). 

A numerical model consists of the two parts - model of concrete matrix 
and model of fibres action. However, the fibres also influence the crack 
development in concrete matrix, as shown schematically in Fig. 1. The 
concrete interacts with fibres, which results in the compliance of concrete 
matrix, which is smaller than that of the plain concrete. 

2.2 Simplified analysis based on LEFM 
The stiffness of FRC beams is influenced preferably by the zone at the 
crack. If the crack is short the affected zone is larger, than that if the crack 
is large. In the limit case, if the crack length almost equals to the depth of 
·the beam, this zone vanishes and the beam splits into two elastic elements. 
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Fig. 2. Cracked beam - simplified method 

It may be assumed, that the beam is composed of the three parts. Two 
parts (at the ends) are elastic and without any crack. The central part is 
also elastic, but its depth is reduced by the crack length a (d = h-a) 
(Fig. 2). of the central part is considered to be also d. The 
load diagram obtained using this simple model has been 
compared results of the finite element analysis of the beam with 
variable discrete crack and a very good agreement has been achieved. 

The compliance the beam can be expressed analytically. load F 
(carried by concrete) can be then determined according to 
fracture mechanics (LEFM) 

F= (1) 

where b is a width of the beam, C is a compliance function of the beam 
and a is a crack length. In the case of the four point bending according to 
the simple it was assumed that 

ac -l d + £_ + _l_) /(Eb) (2) 
4d 2 

rtninP1'"1C1i"\1"'1C are shown in Fig. 2 . 
................... ,.,,,,.,... by fibres is assumed in the form of an ..... L ..... .,,..., ............ uu •. u 

where F1 is a 
the fibre, 
orientation 
coefficients 

one fibre, c 1 and c2 are constants, and u is a slip 
pulled off the concrete. The effect variable 

'-'...,..., ........ ""...... of fibres in concrete is taken into account by 
the number of fibres per unit area n. 
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As it was mentioned above, the compliance of FRC is lower than that of 
plain concrete (Eq. 2). The load carried by action of fibres is assumed to 
be Ff' The compliance, which reduces the compliance of plain concrete C, 
is then assumed as follows 

C =FC (4) 
J F 

f 

where C is a compliance of plain concrete. The compliance of the concrete 
matrix of FRC, CFM, is dependent on the compliance of concrete and 
fibres 

1 
CFM = l l (5) 

-+-c c1 

The force carried by the matrix of FRC, F FM, is given again according to 
LEFM 

(6) 

total force carried by the cracked FRC beam F,01 is a sum of the 
carried by the matrix and by fibres 

(7) 

Plastic 
equations above can be used for the analysis of load in dependence on 

the crack length. However, if the crack does not exist, the load carrying 
capacity is calculated according to the plastic limit analysis, which was 
described in Vitek and Vitek (1995). 

However, due to the simplified modelling, a CFM I aa ::t 0, at a = 0. This 
yields a peak on the load deflection curve. The ultimate load of the beam 
can be calculated in two ways: (i) by a plastic limit analysis or (ii) from 

6, assuming the crack length a = 0. The lower value is taken as an 
•t-, ........ ...,,.,,,. load. 
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Load [kN] 
a) 

35~~~~~~~~~~~~~~~~~~~~~~~~~----, 

Small beams - Series 1 

30 

25 

20 

15 

10 Experiments 

- Exp. average 
5 

Analysis 

Q'"-~~~~.....L.~~~~---1...~~~~--'~~~~~_.._~~~~~ 

0 

Load [kN] 

500 

400 

300 

200 

100 

2 3 4 

Deflection [mm] 

Large beams - Series 3 

Experiments 

Exp. average 

Analysis 

5 

b) 

o--~~~~~-'-~~~~~~'--~~~~~-'-~~~~~---' 

0 2 4 
Deflection [mm] 

6 8 

3. Load deflection diagrams, experimental and calculated results. 
a) Small beams, b) Large beams 
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3 Comparison of experimental and numerical results 

The average values of the three tested specimens has been compared with 
the results of the simplified analysis. The load deflection diagrams of the 
small and large beams are shown in Figs. 3a and 3b. In the case of the 
small beams the peak load is limited by plastic limit analysis. In the case 
of the large beams the peak load is limited by Eq. 6. 

The load deflection curves of beams of different sizes are plotted 
Fig. 4, in terms of nominal stress versus relative deflection. The 
numerical model exhibits also no size effect at the peak load. The 
calculated descending branches are in a reasonable agreement with 
experimental curves . 

. Nominal stress [M Pa] 
5,--~~~~~~~~~~~~~~~~~~~~~~-,--~~ 

5 

4 

2 f-111····················· ........................ . 

0 

-8- Small-exp. 

~ Small-anal. 

0.2 0.4 0.6 

---l:r- Medium-exp. -9- Large-exp. 

~ Medium-anal. -9- Large-anal. 

0.8 1.2 1.4 1.6 
Relative deflection [mm] 

1.8 2 

Fig. 4. Comparison of the response of beams of different sizes 
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4 

designed for experiments may be used 
improve significantly the post peak resistance of 

the size range l :8 was 

discrete crack has been 
the size effect at peak load has been 

load deflection diagram is dependent on 
crack grows, fibres come out of action, 

more brittle behaviour of large beams. 

grants No. 

2112 


