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Abstract 
The reduction phenomena of concrete compressive strength with the size of 
cylinders is very interesting, but till now an adequate analysis technique is not 
available. Based on the existing research results, the bigger the member size, the 
smaller the strength. However, real test results reveal that the reduction rate becomes 
blunt and there are considerable differences between size effect law and test results. 

The pmpose of this paper is to propose a model equation which can predict the 
compressive strength of nonstandard concrete cylinder specimens with varying 
height to diameter ratio. The effects of maxirmun aggregate size on the microcrack 
z.one are considered and the concept of characteristic length is newly introduced. 

Proposed models can be practically used to predict the compressive strength of 
various sized concrete cores sampled from existing structures. 
Key words: Size effect, fracture mechanics, non-standard compressive strength 

1 Introduction 

The reduction phenomena of concrete compressive strength with the size of 
cylinders was found earliest by Gonnennan in 1925. After that this was 
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experimentally supported by many researches, but by this time a consistent analysis 
was impossible due to the variety in the selection of experimental variables to prove 
the size effect. 

Moreover, there have been several theoretical studies(for example, Weibull -
Weakest Link Theoiy, Tucker- Strength Summation Theol)', and Nielson - Surfuce 
Theol)' etc.), but they did not consider the stable crack growth after the propagation 
of initial crack and the effects of stress redistnbution due to the crack growth. 

To solve the discrepancy of Weibull-Type size effect, many studies using fracture 
mechanics have been performed and now the research results have accumulated to 
considerable levels. Nowadays the concern is concentrated in applying these results 
to the analysis and design of concrete s1ructures. 

In the previous studies, a model equation for predicting the compressive strength 
of concrete was proposed. But the equation is theoretically valid for geometrically 
similar specimens such as the standard cylinder specimens with height to diameter 
ratio of 2. In this study, a generalized equation will be derived for predicting the 
compressive strength of concrete from nonstandard cylinder specimens with vruying 
height to diameter ratio. For this purpose, the effects of the maximum aggregate size 
on the fracture process z.one are considered and the concept of characteristic length is 
newly introduced. With the derived equation, regression analyses are carried out with 
the extensive test data obtained from literatures. Based on the results of regression 
analyses, a practical prediction equation is suggested and verified through statistical 
analysis. 

On the other hand, the AS1M standard C42-94 is used in practice to predict the 
strength of concrete core specimens sampled from the existing s1ructures through 
correction fuctors. Comparisons of the predicted values from AS1M standard and 
size effect model suggested in this study show that the modified size effect model 
provides considerable correctness and generalization. 

2 Theoretical investigation on the size effect law 

2.1 Theoretical review of the size effect law 
Considering the energy balance at crack propagation in concrete, Bazant derived the 
size effect law from the dimensional analysis for geometrically similar members as 
follows: 

p Bfc' 
Un= bd = Fii (1) 

l+-
).,oda 

Where, o-n = nominal stress at fuilure, P = load or loading parameter, b = 
thickness, d =characteristic dimension,//= direct tensile strength of concrete, da = 
maximum aggregate size, B and A-

0 
=empirical constants. 

In derivation of Eq. 1, the hypotheses include that total energy release is 
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proportional to the area of the fracture process zone, ndfl mlefe n is a constant and a 
is the length of crack band. From the existing experimental results, however, it seems 
to be reasonable to assume that the fracture process zone width does not vary linearly 
with the maximum aggregate size, 4v but da mcm = constant, 0 < m < l) . Because 
cracks occur at a narrowly strain concentrated regio~ the differential amount of 
crack is not exactly proportional to the aggregate size. 

Using the crack band theory and introducing the size independent strength a
0 

a f /) in Eq. 1, a modified size effect law considering the effect of maximwn 
aggregate size on the fracture process zone is obtained. 

(2) 

It was also proposed by Bazant in different approach. ill Eq. 2, A,
0 

may be, of 
course, a function of the strength of concrete,/ c', and the maximum aggregate siz.e, 
da> and a may be a function off c'. So, the nominal compressive strength of 
cylindrical specimens can be expressed as follows: 

Bfi1' 
fo = a(!C I )fr I + --;::::::===== 

l+ d 
A(.r1d)dm 
oVc' a a 

(3) 

In this study, however, major emphasis is given on the maximum aggregate size 
due to the minor effect off c'. 

2.2 Derivation of modified size effect law for non-standard cylinder 
specimens 

order to apply to more general test specimens of which height/diameter ratio is not 
2, the equations should be modified to reflect the width of microcrack zone and the 
characteristic length which provides the main crack zone. 

ill Fig. 1 the characteristic length is represented by (hi - /Jdi). It can be replaced 
by hi or ~ especially when the specimens are geometrically similar since the ratios of 
the characteristic length ( h1 - [Jd1 ) I ( h1 - /]d2 ) , h1 I hi and d1 I di have the same value. 
But (~ -/Jd1) I (h2 -/]d2 ) is not equal to h/hi if the specimens have the same 
diameter ( d1 = d;J as shown in Fig. 1 (b). ill other words, the specimen which exhibits 
the siz.e effect when the size is twice the siz.e of the specimen denoted ABCD, is not 
the specimen denoted A"'B"'C"'D"' which satisfies h 2 = 2h1 , but the specimen 
denoted AB'C'D' or the specimen denoted A "B"C'D" which satisfies 
(h2 - f3d2 ) = 2(~ - /Jd1 ) or (h2 '-j3d1 ) = 2(h1 - [Jd1 ) respectively. This conclusion 
results from the condition that only the effects of the microcrack z.one and the 
characteristic length are considered as factors on the size effect. On the other hand, it 
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is considered that end restraints(denoted by inclined area given in Fig. l(b)) and 
energy release zone( denoted by dotted area given in Fig. l(b )) affect the siz.e effect in 
uniaxial compressive strength. 

confinement 
(o) (b) 

Fig. 1. Characteristic length of general cylindrical specimens 
subjected to uniaxial compressive load 

Unless the confinement effect and the energy release zone are considered the 
specimens A'B'CD' and A "B"C'D" show the same siz.e effect. The areas denoted 
AE'D' and A 'E'D" represent the confinement effects for specimens A'B'C'D' and 
A "B"C'D" respectively. Thus the specimen A'B'CD' has the greater load resistant 
capacity than the specimen A "B"C"D" has, as the confinement is related to the 
volume, i.e., (di I d1}3 while the stress is related to the ~ i.e., (~I d1)2. But if the 
energy release zones are considered for the specimens, the specimen A'B'C'D' has 
the more energy per unit volume, that is, the lower load resistant capacity per unit 
area (i.e., stress), than the specimen A "B"C''D" has since the same energy is required 
for the unit crack to be created. The ratio hid is also considered to be a factor on the 
size effect since the larger the ratio hid the smaller value of Bis expected, which 
determines the degree of confinement effect. 

As a result, the effects of confinement and energy release zone are considered to 
act contradictory to each other on the size effect of uniaxial compressive strength. 
Furthermore, it is difficult to consider them for derivation of a size effect model as 
well as they have minor importance within practical size range compared with the 
effects of microcrack zone width and the characteristic length. The effect of the 
maximum aggregate size also can be minor effect on the microcrack zone width 
within a practice range. So, to determine the empirical formula ofEq. 4 with 2, 
the uniaxial compressive strength f 1' can be replaced with f c'. Where, 1J means 
the strength size factor defined as a fol f c'. 
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(4) 

If maximum aggregate siz.e dais considered, Eq. 4 can be written as follows : 

B 
17 = f, If, '= a + -;=::====== 

o c I l 
l+--m (h-fJd) 

A.Oda 

(5) 

chapter 3, the validity ofEq. 4 and Eq. 5 is also illustrated through regression 
analyses with extensive experimental data obtained from literature. analysis of test 
data, it should be noted that the application of Eq. 4 and Eq. 5 is limited for cases 
h ~ f3d as shown in Fig. 2(b) and ( c). 

~~ ~ '>:/ 
~~ 1 g' 

I~ d .J 
failure by crushing 

(a) (b) 

" / " / y 
I 

A 
/ " 

/ " 

failure by cracking 

(c) 

Fig. 2. Failure modes according to the specimen geometry 

If h < f3d as shown in Fig. 2(a), the confinement z.one extends through the 
specimen to lead fu.ilure by crushing not by cracking. 

3 Regre§ion analysis of existing test data 

3.1 Not considering the effect of maximum aggregate size 
In order to obtain a prediction model for general cylinder specimens, regression 
analyses are canied out with 678 test data of non-standard cylinders, including 222 
test data of standard cylinders. Eq. 6 is obtained from the analyses, the results are 
given in Fig. 3, where the relationship between 1 + (h - d)/50 and fj f c' are 
represented by the solid curve. From the figure it can be seen that a major portion of 
data are assembled in a certain particular range since the diameters of most cylinders 
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used in tests were 7.5, 10.0and15.0 cm. It ought to be noted that, when the value of 
hid approaches 1.0, the scatter of data will be increased due to the effects of end 
confinement and energy release wne. 

I" = 0 8 !. ' + 0 .4 f c 1 

Jo . c .J!+(h-d)/50 
(6) 

Where the units of fo and Jc' are in MPa and the unit of h and dare in mm. 
From the figure it is observed that, when the value of hid is smaller than 1.0, 1J 
diverges to infinite. But considering the limited condition of Eq. 6, the curve 
belonging to this range has no meaning. 

0 4 8 12 16 20 
1 +(h-d)/50(mm) 

Fig. 3. Relationship between 1 + (h-d)/50 and strength size fuctors 

Thus, for any specimens satisfying the condition h ~ fld, the compressive 
strength of the cylinder can be obtained by substituting the values of d, h and 
compressive strength of standard cylinder(( c') into the Eq. 6. If there are no 
confinement effects due to forcing plate, that is, the ratio of hid is very large, actual 
compressive strength of concrete would be 80% of laboratory test results 

Fig. 4 shows the comparison of the analytical and experimental values of 
compressive strength of cylindrical concrete specimens. In the figure, horiwntal and 
vertical axes represent values calculated from Eq. 6 and obtained from experimental 
results respectively. The standard deviation and the correlation coefficient are 
1.4 MPa and 0.991 respectively. Another important comparative parameter which be 
can used to check the accuracy of the formulas is a slope of the regression line 
between the calculated and measured values. The slope of the regression line for the 
proposed formula is about 0.97, the solid line in Fig. 4 represents the linear equation 
ofY = 0.97 X + 0.3. If the correlation is perfect between the calculated and measured 
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values, the slope of the regression line would be 1. The comparisons with data 
indicate that the proposed formula give a good prediction. 

Most of the experiments were performed alx>ut 50 years ago, and at that time 
experimental techniques, testing machines and quality assurance were very poor, so 
there can be little reliability. Considering the papers used in this study, oonditions of 
tests were not described in detail and every paper had its own conditions. But, in this 
study a new theory is introduced to obtain a prediction model and satisfuctory results 
are obtained through regression analyses on the experimental data. 
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Fig. 4. Comparison of the measured and calculated 
values of concrete strength 

3.2 Considering the effect of maximum aggregate size 
The regression analyses were also performed to detennine the mod.el equation which 
can predict the reduction phenomena of compressive strength with the size of 
cylinder considering the effect of maximum aggregate size. From the regression 
analysis based on Eq. 5, it can be observed that the power of d

0 
is 0.00055 and the 

value of d
0
°Jross approaches to 1.0. Since the effect of maximum aggregate size on the 

compressive strength is negligible, Eq. 6 can be also used in case of considering the 
maximum aggregate size. The reason is because most of maximum aggregate size 
used in the test is 2.54 cm and the range of size is also 1.27 ~ 5.08 cm. 

3.3 Comparison of the results with ASTM requirements 
When the non-Oestructive testing(ND1) of concrete structure is performed, generally, 
strength correction factors are used based on ASTM C42-94 to predict the strength 
of sampled oores with varying ratio of length/diameter. The experimental data of 
Gonnerman, Kesler and Murdock & Kesler are used to compare the prediction 
results with the suggested model equation and ASTM standard. 

In Fig. 5, the thick and thin solid lines are results from Eq. 6 and ASTM 
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requirements respectively. Specially, the thin line was obtained from the correction 
factors given in AS1M standard Where the data point are selected from each 
author's paper at random and the line from Eq. 6 shows good agreements with the 
data point In Fig. 5 vertical axis represents the strength correction fuctor and this is 
an inverse value of strength siz.e :fuctor, 17. In the case where the length/diameter ratio 
exceeds the AS1M limit(l.94) the values from Eq. 6 can also be used with a 
sufficient correctness. It should be noted that Eq. 6 has a theoretical basis in fracture 
mechanics of concrete, while AS1M standard comes from the pure empirical bases. 

1.1 1.1 
(a) Gonnennan's data • (b) Kesler's data 
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Fig. 5. Comparison of strength correction factors obtained 
based on AS1M C42-94 and Eq. 6 

4 Conclusions 

3.0 

• 

3.0 

In this paper, a model equation which can predict the compressive strength of general 
cylinder specimens considering size effects is suggested based on collapse 
mechanism of non-linear fracture mechanics. To qualify this, regression analyses are 
performed on the existing uniaxial compressive strength data obtained from literature. 
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The following results are drawn from this work 

1. Strength reduction phenomena with increasing concrete member siz.e are logically 
represented by using the size effect model equation based on non-linear fracture 
mechanics. 

2. Where the compressive strength of concrete and diameter of cylinders are fallen in 
the range of 7 ~so MPa and 3.81 ~91.44 cm respectively, the model equation 
based on size effects which can predict the concrete compressive strength of 
general height/ diameter ratio is suggested. 

3. The effect of maximum aggregate size on the size effect of compressive strength 
for general cylinders is negligible. The reason is that the effect of maximum 
aggregate size on the microcrack region can be ignored compared with the effect 
of characteristic length in the practical range. 

4. According to suggested Eq. 6, the actual compressive strength of concrete is 
approximately 80% of laboratory standard cylinder strength when the 
confinement effects are disregarded. 

5. The prediction values from Eq. 6 is less than those of AS1M standard but the 
difference is not great. And , if the height/diameter ratio exceeds the AS1M limit 
(1.94) the Eq. 6 can also be used with sufficient correctness. 
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