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Fatigue analysis of fiber reinforced concrete overlaid/underlaid beams 
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ABSTRACT: Fatigue life of concrete beams that are overlaid or underlaid with FRC is analyzed with a frac­
ture mechanics based model. The problems analyzed are the cases for concrete beams overlaid or underlaid 
with hooked-end steel fiber reinforced concrete. For both of overlaid and underlaid beams, three cases of 
beam heights, three values of fiber volume fraction, and the five levels of the FRC thickness ratio are exam­
ined. In the case of overlay, resulting fatigue crack growth plots and theoretical S-N diagrams show that nei­
ther small dosage of fibers nor thin FRC repair layer is effective to suppress the fatigue crack growth. On the 
other hand, in the case of underlay, fatigue crack growth plots show the suppression of fatigue crack growth 
in the early stage, and theoretical S-N diagrams show improvements in fatigue strength. Overall, overlay and 
underlay exhibit different characteristics in the role of fatigue crack tip shielding. 

1 INTRODUCTION 

Overlay or underlay is a repair I retrofit solution of­
ten applied to a slab like structure. A typical exam­
ple is a bridge deck slab. Currently, a large number 
of existing bridge deck slabs are reported to be dam­
aged, and the number of aged slabs that are in need 
for a repair I retrofit is predicted to increase for the 
coming decades. Bridge deck slabs are a fatigue in­
tensive structural member which is subjected to re­
peating heavy traffic loads during their service life. 
The failure of bridge deck slabs starts with the de­
velopment of dense cracks in a grid pattern, fol­
lowed by a final punching shear crack. Overlay or 
underlay repair I retrofit is often applied to such 
damaged bridge deck slabs. For example, steel 
plates or carbon fiber sheets can be put on the bot­
tom surface of a bridge deck slab, or fiber reinforced 
concrete (FRC) can be overlaid or underlaid on a 
bridge deck slab. FRC overlay repair method has 
been proven effective to prolong the life of a bridge 
deck slab, and the design I construction guideline is 
already available for use (Express Highway Re­
search Foundation of Japan 1995). 

However, the current FRC overlay design relies 
on time-consuming real-scale experiments which 
usually adopt a moving wheel machine to test vari­
ous design cases. Although moving wheel tests cer­
tify a tested design case, the failure mechanisms are 
rather qualitative, and not all design variables have 
been examined. This is due to the fact that the ef-

fects of FRCs on slab fatigue failure are not repre­
sented by a micromechanical model. 

Therefore, it is necessary to develop an analytical 
model that is based on the fatigue failure mechanism 
of bridge deck slabs in order to develop a more eco­
nomical design for FRC overlay repair method. In 
addition to economical FRC overlay design, the es­
tablishment of FRC underlay design is needed. Un­
derlay design has an advantage over overlay design, 
since the traffic does not need to be closed during 
the repair construction. 

This paper is a preliminary study which treats the 
fatigue problems of beams overlaid I underlaid with 
FRCs. The study is planned to be extended to the 
fatigue life analysis of bridge deck slabs. 

Fatigue life of concrete beams that are overlaid or 
underlaid with FRCs is analyzed with a fracture me­
chanics based model. The model accounts for the 
effect of cycle-dependent fiber bridging on fatigue 
crack propagation, which is the governing mecha­
nism of fatigue fracture in a quasi brittle material 
such as FRCs. 

The model computes the fatigue crack growth 
with the presence of degrading crack bridging stress, 
and, therefore, fatigue life can be obtained. In addi­
tion, the model is expressed in terms of microstruc­
tural parameters, which enables to simulate fatigue 
crack development for an FRC with given micro­
structural parameters. Throughout this study, the 
model is utilized to analyze the fatigue crack propa­
gation of FRC overlaid/underlaid beams. 
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2 FRACTURE MACHANICS BASED FATIGUE 
MODEL 

The model used in this study is based on fracture 
mechanics, and it can treat a crack problem where 
fiber bridging tractions exist under either monotonic 
or cyclic fatigue loading (Li & Matsumoto 1998, 
Matsumoto & Li 1999). Fiber bridging traction is 
modeled based on micromechanics of fiber bridging, 
namely it is expressed as a function of microstruc­
tural parameters including fiber length, fiber diame­
ter, matrix fracture toughness, and interfacial fric­
tional bond strength. Model descriptions for 
monotonic and cyclic fatigue analysis follow below. 

Figure 1. FRC underlaid beam under monotonic loading. 

2.1.1 Monotonic analysis 
Extension of a bridged crack under monotonic load­
ing can be treated by using the monotonic bridging 
law, ab(o), which is the relation between crack 
bridging stress and crack opening displacement (Fig­
ure 1 ). 

Crack extension takes place when fracture condi­
tions is met: 

(1) 

where K1;p = crack tip stress intensity factor and Kc = 
matrix fracture toughness. Kap is the net stress in­
tensity factor which accounts for the crack tip 
shielding experienced at the crack tip, and it can be 
decomposed into two parts: 

(2) 

where Ka = stress intensity factor due to external ap­
plied loading and Kb = stress intensity factor due to 
crack bridging. Here, Ka is a function of applied 
flexural stress, beam dimension, and crack configu­
ration, while Kb is a function of the monotonic 
bridging law. 

Crack bridging in the current overlay I underlay 
problem is exerted by both aggregates and fibers in 
the new repair layer and only by the former in the 
old existing layer. Therefore, the monotonic bridg­
ing law, ab(o), in the new layer is given by the su­
perposition of crack bridging stress - crack opening 
displacement relation due to fibers and aggregates: 

a,, = a.r + a 111 
(3) 

where a1 = fiber bridging stress and a111 = aggregate 
bridging stress, while it is given only by the relation 
due to aggregates: 

a,, = a
111 

(4) 

in the old layer. Detail expressions of the monotonic 
bridging laws can be found in Matsumoto & Li 
(1999). 

Monotonic analysis leads to the relation between 
crack propagation stress and crack length. This is 
done by the successive computation of the fracture 
condition for a given crack length which varies be­
tween the initial flaw size and the beam depth. From 
this relation, the maximum stress sustainable 
throughout the crack propagation can be obtained, 
and this is the modulus of rupture of the material 
analyzed. 

Monotonic analysis is used not only for the com­
putation of the modulus of rupture, but also for the 
setup of initial conditions of fatigue crack growth 
and the judgement of final fast fracture condition in 
cyclic fatigue analysis. 

2.2 Cyclic fatigue analysis 

Under cyclic fatigue loading, fatigue crack growth is 
mainly governed by three factors: matrix fatigue 
crack growth law, crack bridging, and cycle­
dependent degradation of crack bridging. The frac­
ture mechanics based model treats the fatigue crack 
propagation with these three factors considered. 
Brief explanations are given below. 

2.2.1 Matrix fatigue crack growth law 
Matrix fatigue crack growth law in this study adopts 
a Paris law type equation. Paris law assumes that 
crack growth rate, daldN, is governed by crack tip 
stress intensity factor amplitude, M 1;p: 

~ = c(M. )" (5) 
dN up 

where a = crack length, N = number of cycles, C = 
Paris constant, and n = Paris constant. Fatigue fail­
ure can be defined by final fast fracture subsequent 
to subcritical fatigue crack growth. Fatigue life is 
the number of cycles to failure, N1; and it can be ob­
tained by 

N =fr I da 
.r '; c(M . )" 

lip 

(6) 
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where a; = initial crack length and ar = critical crack 
length. The critical crack length is determined by 
the final fast fracture condition, which is simply 
given by 

(7) 

where K111ax = crack tip stress intensity factor at 
maximum load level and Kc = matrix fracture tough­
ness. 

Therefore, fatigue life can be computed via Paris 
Jaw, if M 1;p and K 111ax are obtained for an overlay I 
underlay problem with a given FRC. Mtip can be 
determined using a similar procedure to Ktip· 

Namely, the crack tip stress intensity factor ampli­
tude of FR Cs can be decomposed into two parts: 

(8) 

where Ma = stress intensity factor amplitude due to 
external applied loading and Mb = stress intensity 
factor amplitude due to crack bridging. 

2.2.2 Cyclic bridging law 
Crack bridging in the current overlay I underlay 
problem is exerted by both aggregates and fibers in 
the new repair layer and only by the former in the 
old existing layer. Therefore, the cyclic bridging 
law, L\a1i(L\8), in the new layer is given by the super­
position of crack bridging stress-crack opening dis­
placement relation due to fibers and aggregates un­
der cyclic loading: 

(9) 

where L\a1 = fiber bridging stress change under cy­
clic loading and L\a111 = aggregate bridging stress 
change under cyclic loading, while, in the old layer, 
it is given only by the relation due to aggregates un­
der cyclic loading: 

Acr,, = L\a
111

• (10) 

Cyclic bridging law due to fibers, L\aj(L\8), has 
been derived based on the micromechanics of fiber 
bridging under cyclic loading, and details on the 
expression of L\aj(L\8) together with L\a111(L\8) can be 
found elsewhere (Matsumoto & Li 1999). 

2.2.3 Cycle-dependent degradation of crack bridg-
ing 

Cycle-dependent degradation of crack bridging is a 
governing factor of subcritical fatigue crack growth 
of fiber composites. Possible degradation sources 
are two kinds: intetfacial bond degradation and fa­
tigue rupture. In the current problem, only degrada­
tion of fiber- and aggregate-matrix interface bond is 
considered, and no fiber or aggregate fatigue rupture 
is taken into account. 

Based on observations, a simple bilinear degrada­
tion function for fiber bridging is assumed (Zhang 

1998). As for the degradation of fiber bridging, the 
fiber-matrix interfacial frictional bond strength, 't, is 
assumed to decrease as follows: 

(11) 

where 'ti = initial bond strength, D 1 = degradation 
coefficient for the early trend (negative for degrada­
tion), L\81{x) =crack opening displacement change at 
i-th cycle, B = intercept for the long trend, and D2 = 
degradation coefficient for the long trend (negative 
for degradation). Here, the interfacial bond degrada­
tion is measured with 

N 

_Lii8,.(x) =accumulated crack opening displace-
i=l 

ment change at x (12) 

where x is the position on the crack surface meas­
ured from the crack mouth. The role of this parame­
ter is to measure both the number of cycles and the 
crack opening displacement change experienced at 
each point on the bridged crack surface. A bridged 
fatigue crack suffers from its damage in a non uni­
form manner with respect to the location and the 
number of cycles. The most severely damaged por­
tion is near the crack mouth where the crack surface 
has been created in the early stage of fatigue loading 
and the number of cycles experienced is the largest. 
By contrast, the least damaged portion is near the 
crack tip where the crack surface has just been cre­
ated and the number of cycles is the smallest. 

Similarly, as for the degradation of aggregate 
bridging, the current degraded aggregate bridging 
stress, 0'111 , is assumed to decrease from the original 
undegraded aggregate bridging stress, 0'111 0 , with the 
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Figure 2. Crack bridging degradation with different initial 
opening displacements, w. 
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accumulated crack opening displacement change, 
namely 

(13) 

where D,,11 = degradation coefficient for the early 
trend (negative for degradation), B111 = intercept for 
the long trend, and D 1112 = degradation coefficient for 
the long trend (negative for degradation). These 
degradation coefficients are calibrated with the ex­
periments done by Zhang (1998) and shown in 
Figure 2. 

2.2.4 Governing equation 
The above mentioned monotonic and cyclic fatigue 
analysis requires to compute Ktip and both of Ktip and 
11Kiip respectively, and numerical scheme is required 
for the computation. Details of the numerical 
scheme are not mentioned in this paper and can be 
found in Cox & Marshall (1991 ). 

3 ANALYSIS OF FRC OVERLAID I 
UNDERLAID BEAMS 

The problems analyzed are the cases for plain con­
crete beams overlaid or underlaid with hooked-end 
steel fiber reinforced concrete. For both of overlaid 
and underlaid beams, three cases of beam height 
(0.1, 0.2, and 0.3 m) are examined. In addition, fiber 
volume fraction is varied at 1, 2, and 3 %. The ratio 
of FRC layer thickness to beam height is varied at 
0.1, 0.33, 0.5, 0.66, and 0.9. Cyclic fatigue flexural 
load is applied to each beam at four maximum load 
levels (60, 70, 80, and 90 % in relative to the ulti­
mate loading capacity) and R = 0.2 in order to per­
form fatigue crack growth computations. Fatigue 
life is defined by the number of cycles at which final 
unstable fracture takes place subsequent to stable fa­
tigue crack growth, and it is represented as a theo­
retical S-N diagram. The material constants needed 
for the model computations are summarized in Ta­
bles 1 - 4. 

3.1 Monotonic analysis 

Results of monotonic analysis for overlay and under­
lay are shown in Figures 3 and 4 respectively. Only 
the cases of beam height = 0.1 m and ~r = 3 % are 
shown. Both figures describe the change in the rela­
tion between crack propagation stress and crack 
length, as FRC thickness ratio increases from 0.1 to 
0.9. 
Figure 3 shows the rise of crack propagation stress 
in the later stage of crack extension. This is due to 
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the fiber bridging action when the crack goes into 
the overlay. However, the fiber bridging action does 
not contribute to the flexural strength increase, until 
the FRC thickness ratio reaches 0.66. 

Table l. Paris constants (Baluch et al. 1987). 

c n 

9.03x 10-6 3.12 

Table 2. Matrix parameters (Zhang 1998 ). 

Elastic modulus Tensile strength 

GP a MPa 

Fracture toughness 

MPam05 

35 0.5 

Table 3. Fiber parameters (Zhang 1998). 

Fiber Elastic modulus Fiber diameter 

mm GPa µm 

30 210 500 

Table 4. Interface parameters (Li & Stang 1997, Li et al. 1993). 

Initial bond strength 

MP a 

6.0 
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Figure 3. Crack propagation in a beam overlaid with 3 % FRC 
for varied FRC thickness ratios. 
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Figure 4. Crack propagation in a beam underlaid with 3 % 
FRC for varied FRC thickness ratios. 



By contrast, Figure 4 shows the rise of crack 
propagation stress from the early stage of crack ex­
tension. The fiber bridging action in the underlay 
contributes to the flexural strength increase, since it 
effectively plays the role of crack tip shielding. 

If the fiber volume fraction is less than 3 %, the 
contrast becomes even more clear. Overlay design 
without sufficient fiber volume fraction does not ex­
hibit the flexural strength increase, if the FRC thick­
ness ratio is below 0.9. On the other hand, underlay 
design can achieve the flexural strength increase 
even with a fiber volume fraction below 3 %. 

3.2 Cyclic fatigue analysis 

Fatigue crack growth curves for overlaid beams with 
varied fiber volume fractions ( 1, 2, and 3 % ) are 
shown in Figures 5 - 7. Only the cases of beam 
height = 0.1 m and FRC thickness ratio = 0.66 are 
shown. The horizontal line in each figure describes 
the boundary of the new and old layers. 

Although FRCs occupy more than half of the 
beam height in these cases, FRC with VJ = 1 % 
shows fatigue crack growth curves that have no dif­
ference from those of plain concrete. At all load 
levels, crack growth is always accelerated. This 
means that fiber bridging action is not sufficient for 
retarding the crack growth, even if the crack goes 
into the FRC overlay. 

By contrast, FRCs with VJ= 2 and 3 % exhibit 
different crack growth behaviors. Crack growth is 
initially accelerated, but it is decelerated after the 
crack goes into the FRC overlay. Especially, FRC 
with VJ= 3 % shows strong deceleration so that slow 
growth rate can be achieved in the overlay. This 
strong deceleration can be explained with the crack 
propagation under monotonic loading in Figure 3 
where two peaks are observed in the propagation 
curve. The first one is attributed to the aggregate 
bridging in the old layer, while the second one to the 
fiber bridging in the new layer. The two peaks dic­
tate the behavior of fatigue crack growth of the over­
lay I underlay system. If the modulus of rupture is 
determined by the first peak, fatigue crack growth is 
accelerated throughout. On the other hand, if the 
modulus of rupture is determined by the second 
peak, fiber bridging action retards fatigue crack 
growth sufficiently. 

Theoretical S - N diagrams can be constructed via 
fatigue crack growth computations. Figure 8 is an S 
- N diagram for overlaid beams with varied FRC 
thickness ratios and fiber volume fractions for beam 
height = 0.1 m. As can be expected from the fatigue 
crack growth curves, fatigue life can be improved as 
the FRC thickness ratio increases. However, the 
improvement is not sensitive to the FRC thickness 
ratio increase. This is again explained by the crack 
propagation curve under monotonic loading. 

1011 

Namely, fatigue life can not be improved, until the 
modulus of rupture is achieved by the second peak 
due to fiber bridging action. On the other hand, 
Figure 9 shows an S - N diagram for underlaid 
beams with varied FRC thickness ratios and Vr = 
3 % for beam height = 0.1 m. The fatigue life im­
provement is sensitive to the FRC thickness ratio, 
and it seems to reach a certain limit state. 

Theoretical S - N diagrams are summarized in 
another form in Figures 10. This figure shows the 
normalized fatigue energy against various thickness 
ratios of overlay and underlay systems of t = 0.1 m. 
Fatigue energy is defined here by the area below an 
S - N curve of a given system, and it is normalized 
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Figure 5. Fatigue crack growth in a beam overlaid with 1 % 
FRC (beam height= 0.1 m and FRC thickness ratio= 0.66). 
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Figure 6. Fatigue crack growth in a beam overlaid with 2 % 
FRC (beam height= 0.1 m and FRC thickness ratio= 0.66). 
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Figure 7. Fatigue crack growth in a beam overlaid with 3 % 
FRC (beam height= 0.1 m and FRC thickness ratio= 0.66). 



with the value of plain concrete, e.g. FRC thickness 
ratio= 0. 

The normalized fatigue energy clearly shows the 
different trends of fatigue life improvement between 
overlay and underlay system. Overlay does not ex­
hibit fatigue energy improvement until FRC thick­
ness ratio is above 0.5, and this is not changed by fi­
ber volume fraction increase. By contrast, underlay 
improves fatigue energy even at a lower FRC thick­
ness ratio, and it reaches a certain limit state around 
0.5. Fiber volume fraction changes the fatigue en­
ergy improvement even at a lower PRC thickness ra­
tio. 

10 100 1000 10000 100000 1000000 
Cycles to Failure (cycles) 

Figure 8. Fatigue life of overlaid beams with varied FRC 
thickness ratio for beam height= 0.1 m. 
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Figure 9. Fatigue life of underlaid beams with varied FRC 
thickness ratio for beam height= 0.1 m. Vr = 3 % only. 
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Figure I 0. Normalized fatigue energy for beam height= 0.1 m. 

4 CONCLUSIONS 

In the case of overlay, resulting fatigue crack growth 
plots and theoretical S-N diagrams show that neither 
small dosage of fibers such as 1 and 2 % nor thin 
FRC repair layer is effective to suppress the fatigue 
crack growth. This is because the PRC layer on the 
compression side requires strong crack tip shielding 
of bridging stress in order to retard the fatigue crack 
growth and therefore prolong the fatigue life. 

In the case of underlay, fatigue crack growth plots 
show the suppression of fatigue crack growth in the 
early stage, and theoretical S-N diagrams show im­
provements in fatigue strength because the FRC 
layer on the tension side contributes to the ultimate 
strength improvement. 

Overall, overlay and underlay exhibit different 
characteristics in the role of fatigue crack tip shield­
ing. This is clearly shown in the relation between 
normalized fatigue energy and PRC thickness ratio. 

Further study should consider the presence of re­
bars. The presence changes the discussions above, 
since rebars control flexural cracks and PRC is 
rather beneficial for shear crack suppressions. Fur­
ther possible studies should include punching shear 
fatigue computation of RC slabs. Also, interlayer 
delamination and reflective cracking must be ac­
counted for when a repair layer is added to existing 
slabs. 
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