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The bridged crack model for reinforced concrete elements with a nonlinear
matrix
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ABSTRACT: A Fracture Mechanics method for reproducing the constitutive flexural response of a reinforced
concrete element with a nonlinear matrix is proposed. The nonlinearity of the matrix is modelled by considering
a distribution of closing forces onto the crack faces which increases the fracture toughness of the cross-section
with a shielding action. In order to take into account these closing forces, a dimensionless formulation of the
bridged crack model is proposed, as well as its cohesive version. The constitutive flexural response deyends on
three dimensionless parameters: # ., which controls the extension of the process zone, Np(' and N, %), called
brittleness numbers, which are related to the reinforcement phases. The role of the specimen size scale is fun-
damental for the global structural behaviour, which can range from ductile to brittle simply with the variation
of the two brittleness numbers. The numerical curves for such a case are presented, with all the mechanical pa-
rameters fixed and varying only the specimen size.

1 INTRODUCTION tension of the model proposed by Carpinteri (1984)
and by Bosco and Carpinteri (1995) for a discontinu-
In the last few years, growing attention for cementi- ous fiber distribution and by Carpinteri and Massabd
tious-matrix composite materials has been evidenced, (1997a) for a continuous one. The longitudinal rein-
in relation to the use of high-strength concretes. A pri- forcements are simulated by the actions of m concen-
marily incentive in using fibers is to cut production trated forces directly applied onto the crack faces. The
costs by reducing, where possible, the cross-section nonlinearities of the matrix are modelled by the action
of the element or eliminating some forms of conven- of a continuous closing traction distribution onto the
tional reinforcement. Recent research has confirmed crack zone whose opening displacements result less
the possibility to replace stirrups with fibers in high- than the critical value, w,.
strength concrete beams. On the other hand, what dis- From Dimensional Analysis, the structural re-
courages the use of fibers in concrete is a lack of sponse, expressed by the functional relationship of
guidelines for design of structural elements made of moment versus local rotation, i.e. M vs ¢, comes out
fibrous concrete. In order to obtain a desired structur- to depend on three dimensionless parameters. The
al effect, an optimal combination of fibers, bars and first parameter, g,cE, is the product of the dimension-
concrete must be chosen. Moreover, the high strength less Young's modulus by the normalized critical crack
of concrete and the high percentage of primary rein- openmg displacement. The other two parameters,
forcement normally adopted in the element make the NpD and Np@, called brittleness numbers, are relat-
experimental tests impossible at full scale with the ed to the geometry and to the mechanical characteris-
standard jacks available in the laboratory. The tests tics of reinforcements and matrix. The structural
are normally realized on specimens reduced in size. response depends, once all the other mechanical pa-
This aspect appears strategical, strongly size-scale ef- rameters have been set, on the structural element di-
fects being present. How to approach this problem is mension.
one of the main goals of the present paper. Theoretical results confirm a transition from brittle
The proposed theoretical model determines the to ductile collapse by varying the brittleness numbers
problem unknowns by considering a cracked cross Np. It is to be observed that the dependence of the
section in bending and by using the local compliance brittleness numbers on the structural dimension is re-
and the stress-intensity factor concepts for reinforced presented by a power law with an exponent equal to
concretes with a nonlinear matrix. It represents an ex- 0.5, typical for the LEFM stress singularity.
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2 THEORETICAL MODELS

The theoretical model explains and reproduces the
constitutive flexural response of a fiber-reinforced
concrete element with longitudinal steel bars. Two
different options for the model can be used, the
bridging and the cohesive. The scheme of a cracked
element is shown in fig.1, where 4 and b are the height
and the thickness of the cross-section. The normal-
ized crack depth £=a/h and the normalized coordinate
{=x/h are defined, x being the coordinate related to
the bottom of the cross-section. In the bridging op-
tion, the distribution of the discrete actions P; and of
the continuous closing tractions o(w), directly applied
onto the crack faces, represent the physical bridging
mechanisms respectively of the longitudinal bars (pri-
mary reinforcement) and of the fibers (secondary re-
inforcement), acting at two different scales. Let ¢; be
the coordinate of the ith reinforcement from the bot-
tom of the beam, and {;=c/h its normalized value.
Function o(w) is a constitutive law and defines the re-
lation between the bridging tractions, representative
of the action exerted by the fibers onto the crack, and
w(x), the crack opening displacement at the generic
coordinate x. In the simulation presented herein a per-
fectly-plastic law with vertical drop has been used for
the fibers, fig. 3.b, even if more general laws could
also be considered and have been implemented in the
numerical code (fig. 3.c,d). The bridging forces of the
secondary reinforcement act on the portion of the
crack where the opening displacement is less than its
critical value w,, beyond which the closing tractions
vanish (fig. 2). In the cohesive option, instead, the
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Figu{e 1. Scheme of a cracked reinforced concrete element
containing fibers.
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brittle matrix and the fibers are represented as a sin-
gle-phase material with homogenized properties. In
this case, the closing tractions a(w) describe the com-
bined restraining action of matrix and fibers on the
crack opening and are given by the cohesive law of
the composite material.

The assumed rigid-plastic bridging relation for the
crack opening displacement w; at the level of the ith
reinforcement is suitable to describe the yielding
mechanism for the reinforcement as well as the bar-
matrix relative slippage (fig. 3.a). The maximum
bridging traction is defined for the primary reinforce-
ments by the ultimate force Pp=A;0,, and for the fib-
ers by the ultimate stress oy=Yy0,,, A; being the single
reinforcement cross-section area, y the fiber volume
ratio, 0, or 0, the minimum between the reinforce-
ment yield strength and the sliding limit for the two
reinforcement phases. The stress-intensity factors
Kp due to the bending moment M, K, due to the fib-
ers and Kj; due to the ith-longitudinal reinforcement,
can be expressed in accordance with the two-dimen-
sional single-edge notched-strip solution:

M
Ky = —=Yu(8),
M s M

M
where Y),(€) is a function of the relative crack depth

£ (Okamura et al., 1975; Tada et al., 1963). The factor
K5 is obtained by integrating, along the bridged
crack zone, the product of the stress-intensity factor
due to two opposite opening forces P;=1, applied at
the generic coordinate ;, times the bridging actions
ow):

E 5
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where the integration is extended to the whole crack,

while function o(w) assumes values different from

zero only where w<w,.

* ‘Primary reinforcements - -

Figure 2. Bridging actions of primary and secondary reinforce-
ments onto the crack faces and crack opening displacements.



For the ith longitudinal reinforcement we have:
P; p
Klj = ;}'z'(')—gyfa(g, C’) 1=1, 2,...., m, (3)

where Yp(& §;) is also function of the relative crack
depth &. The crack propagates when K; is equal to the
matrix fracture toughness, K;q, for the bridging op-
tion and when K| vanishes for the cohesive one:

M
K
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J=1 0  cohesive option

The dimensionless crack propagation moment can be
obtained from eqs (1-3):
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where s is the brittleness number originally defined
by Carpinteri (1981), and:
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The parameters in the two cases assume different
physical meaning. In the bridging option, K. repre-
sents the matrix fracture toughness while in the cohe-
sive it represents the homogenized toughness of the
composite; o, represents the ultimate strength of the
secondary reinforcement in the former case or the ho-
mogenized ultimate strength in the latter. The local-
ized rotation ¢ of the cracked cross-section can be
evaluated by using Castigliano's Theorem:

U,

¢ aM b

®
where Up is the strain energy of the body due to the
introduction of the crack. The relationship between
Up, the generalized crack propagation force, G, the
global stress-intensity factor, K;, and the Young's
modulus E, is:

£
K2
P = jgbhdy = ffl bhdy. ©)
4]

0

For a low fiber volume ratio, E can represent either
the matrix or the composite material, and therefore:

1 a m
b = EW}(K,M N K- K,oj bhdy. (10)
0

i=1

If the crack is assumed at the onset of propagation,
from eqs (1-3) and (10) we may obtain the constitu-
tive relation between the localized rotation and the di-
mensionless moment of crack propagation:
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For a generical relation o(w), the fiber closing trac-
tions onto the crack are indeterminate and depend on
the unknown crack opening displacement function
w(x).The crack profile (fig.2) can be defined as a
function of the mechanical and geometrical properties
of the cross-section and of the applied loads, once
again through Castigliano's Theorem:

I LY
w(Cy) = ,!ll)no Tl\"??bhd)’ > (12)
0

where w((,) is the crack opening displacement at the
generic coordinate {={;, F are two fictitious opening
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Figure 3. (a) Rigid-perfectly plastic law for primary reinforce-

ment; (b) plastic law with vertical drop; (c) exponential soften-
ing law; (d) bilinear softening law for secondary reinforcement.
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forces applied in {j, and K is the global stress-intensi-
ty factor:

m
K; = K:M—Z Kjj—-Kig+Kip s (13)
j=1
in which K is the stress-intensity factor due to the
forces F. The normalized crack opening displacement
assumes the following form, by substituting the ex-
pressions of the stress-intensity factors:
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in which the last term represents the displacement at
the abscissa { due to the distribution of tractions
o(w) between 0 e &. Equations (11) and (14)setupa
statically indeterminate nonlinear problem. The reac-
tions P; and ofw) are evaluated by using a numerical
procedure based on the assessment of kinematical
compatibility and statical equilibrium equations. The
complete description of the computational algorithm
is reported in Section 4.,

3 DIMENSIONAL ANALYSIS

The analytical formulation has been developed in a
dimensionless form to define the parameters that syn-
thetically control the behaviour of the cross-section in
bending. A fundamental set of dimensionally inde-
pendent variables, K, [F][L]"3and # [L], has been
chosen. The dimensionless products proposed in the
theoretical formulation, K;-/(c,h"%) and Mg/(K-
h'%b) , have been obtained by multiplying the differ-
ent variables involved in the physical problem by a
suitable combination of the fundamental set.

The number of dimensionless parameters control-
ling the mechanical behaviour depends at first on the
assigned bridging or cohesive relation a(w). If this re-
lation is rigid-plastic, fig 3.b, the closing tractions are
uniform and constant along the fictitious crack faces
during the entire loading process. In the absence of
the primary reinforcement, the traction-free crack
depth &, is equal to the depth of an initial notch. In that
case, the constitutive flexural relationship can be
evaluated through the equilibrium condition alone
(Capinteri and Massabo, 1997b). If the geometrical
ratios are kept constant, the brittleness number
NP(2)=1/S proves to be the single parameter control-
ling the kind of behaviour of the cross-section.

When, instead, the two reinforcement phases are
present, and a generic bridging or cohesive law with a
critical crack opening displacement w, are consid-
ered, the problem is statically indeterminate and com-
patibility must be satisfied. To define the parameters
controlling the behaviour for the above assumption,
in addition to relations (5) and (11) reference must be
done to the propagating condition for the traction-free
crack, which controls the advancement of the bridg-
ing or cohesive zone. The presence of the primary re-
inforcement, complicates the problem, as at any
interval between two bars, a zone with crack opening
displacement greater than the critical value can be
found (fig. 2). The traction-free crack propagates
when the crack opening di})lacement reaches the crit-
ical value w,. If E =(Eh" ')/Kc is the dimensionless
Young’s modulus, eq.(14) yields:
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This condition is verified at each iteration of the
procedure described in the previous section. It points
to the fact that, for an assigned generic bridging or co-
hesive law, if geometrical similarity is assumed, an-
other dimensionless parameter,
Ew,
— ¢ (] 6)

~E jod
w, = Ew, = 05
K,ch

controls the composite flexural response. The func-
tional constitutive relationship can be given the gen-
eral form:

f[L.s, o, Ny, N, »”vf)=0- an
Kch"

This relation has a general validity for both model op-
tions. Nevertheless, for the cohesive option, the brit-
tleness number &, p(z) =1/s and the parameter w CE are
not independent variables. This is due to the relation-
ship holding between the homogenized fracture
toughness of the matrix and the secondary phase rein-
forcement, given by K- in the cohesive option and
the fracture energy G

w,
Gp = IG(W)dW where K- = ,/GpE . (18)
0

The post-peak nonlinear matrix (matrix-+fibers) frac-
ture toughness is, in other words, linked, through Ir-
win’s relationship, to the composite fracture energy,
which is defined by the area beneath the cohesive
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curve o(w). If the cohesive law o/c,=1—(w/w,)" is as-
sumed (fig.3.c) , the following relationship holds:

= Tc(w)dw =

0

2
KIC

(19)

n
mﬁuw‘. .

By means of eq.(20), the dimensionless parameter
w CE of eq. (17) can be expressed as a function of the
brittleness number s, and the relation is:

~E _n+l
w. ——n—E. (20)

In the case of the bilinear law (fig.3.d), the relation
between W £ and s is the following:

~E _ 2
w. = Sm.

@n

As a consequence, the dimensional functional rela-
tionship (17) for the cohesive model becomes:

oo, NP NPy =0, (22)

where NP(I) and N, P(Z) are the governing parameters.

In conclusion, if the theoretical problem is ana-
lyzed via the bridging option of the proposed model,
and the material is modeled as multiphase, three pa-
rameters, Np(', N, p(2) and w L.E control the mechani-
cal response of the cross-section. On the other hand,
if the theoretical problem is analyzed via the cohesive
option, which omogenizes the composite material,
two parameters Np() and Np@ affect the kind of
structural response. Physical similitude in the struc-
tural response is predicted when the mechanical and
geometrical properties vary, as long as the dimension-
less parameters are kept constant.

4 ALGORITHM DESCRIPTION

The computation of the bending moment M- and of
the relative rotation between the faces of the crack ¢
for a given crack depth & is carried out by using the
following fundamental relationships:

{Py = {P({w} o)}
{w} = {w({P},0)}
w(&) = w(g, {P}, o)

These equations give respectively:

» the tractions at the m primary reinforcements (bars)
as functions of the openings at the points where they
are located and of the cohesive closing stresses;

» the openings at the primary reinforcements as func-
tions of their tractions and of the cohesive closing
stresses;

o the opening at a generic abscissa  as a function of
the primary reinforcement tractions and of the cohe-
sive closing stresses.

It is to be noted explicitly that the first two equations

(23)
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(23) are not one the inverse of the other even in the
non-cohesive case, i.e. even if o) =0 V{e[0,E].
This is a consequence of the rigid plastic constitutive
law for the primary reinforcements, stating that for
the i reinforcement it is w(g) =0 if P;<P, and
(k) = w(t (PLo) if P=P,. '

The iterative algorithm for implementing the model is
structured on a two level computation:

* an external iteration computing the tractions and the
openings at the m primary reinforcements;

* an internal iteration computing the distribution and
extension of the cohesive intervals.

External iteration

In the external iteration the tractions/openings at the
reinforcement bars are determined according to their
rigid-plastic costitutive law for a given crack depth &
and for some assumed distribution of the closing
stresses along the crack faces. This distribution is up-
dated in the internal iteration according to the costitu-
tive law for the matrix/secondary reinforcement. The
following description of the iteration algorithm is
general, and applies to the three cases:
o only primary reinforcement
W 20, M= 0);

» only secondary reinforcement is present (N4'= 0
Np#0);

 both primary and secondary reinforcement are
present (V) =0, N¥%0).

A loop is performed over the m primary reinforce-
ments, from the farthest to the closest to the crack tip.
If the stress level at a certain reinforcement exceeds
the maximum, then at this reinforcements the maxi-
mum stress is assigned and the relevant opening is
computed. These assigned and computed data are
used to recompute the stresses in the bars closest to
the tip. The detailed flow follows:

1. Initialization;

2.if ¥P 20 the extension of the cohesive intervals
is set to all;

3. if ¥’20 the openings at the m primary rein-
forcements are set equal to zero, {w} = {0}, and a
convergence tolerance fol, is fixed,;

4. Loop (the apex (%) indicates the Kh iteration);
(a) the stresses at the primary reinforcements are

computed, {P}* = {P({w},®)};

(b) the stresses exceeding or nearby the maximum
are set equal to P, = min(P,+1ol,, Pp)i = 1..m.
Here the role of the tolerance fol, is to eliminate
the observed oscillations in the convergence
process;

(c) the current value of the tractions {P}*) is used
to compute the norm of the variation of the pri-
mary reinforcements stresses
8, =[PP - {Py* 4. The (plus infinity)
norm | |,.. is defined as the maximum absolute
value in the components of the argument vector;

is  present



(d) if P %0 then go to the internal iteration for
the computation and updating of the distributed
closing stresses (secondary reinforcement);

(e) loop exiting condition in the case ~%” =0,
N = 0. In this case, as no interaction is present

with the primary reinforcement (it being absent)
and all the computations are carried out in the in-
ternal iteration, the loop is exited immediately;

(f) loop convergence check in the case n% =0,
N 20, If %, <rol,|{Pp}],., » the algorithm has
converged and the loop is exited;

(g) loop for i = 1....m (openings and primary rein-
forcements tractions update);

(g.1) if P = p, then compute the opening
w() = w&,{P}*, 5) and recompute the stress-
es at the primary reinforcements, (P 0=
{PAwo)telse w(t) = 0 and P¥ = max(0,P™y;
(g.2) set P® = minP®,p,;

(h) end loop i; '

(0 x, = lpy®- Py,

(j) loop convergence check in the case
NG 20, NP= 0. If &, <rol,|{Pp}|,.. the algorithm
has converged and the loop is exited;

5. return to step 4.

Internal iteration

For a fixed value of the tractions at the primary rein-
forcements and of the corresponding openings {w}
the internal iteration computes the extension of the
cohesive intervals and applies the secondary rein-
forcement (or matrix) constitutive law. The extension
of the cohesive intervals is determined by a couple of
abscissas for each primary reinforcement, setting the
related lower and upper limit of the cohesive interval.
The crack tip is treated algorithmically in the same
way, in the sense that it has associated a couple of co-
hesive abscissas. The lower represents the extension
of the cohesive interval below the crack tip, and the
second is always coincident with the crack tip itself,
fig. 2. Consequently, the number of interval extrema
is globally 2m+2, m being the number of primary re-
inforcements, and the m+1 cohesive intervals are de-
termined by [{z.}, {z,}] i=2,4,...2m+2. Here {z.}
is the vector storing the abscissas, and it is always
sorted in  ascending  order: {z.}; sz},
i=1,..,2m+1. Note that the functions defined over
the cohesive intervals, e.g. displacements and cohe-
sive stresses G(w), are non differentiable at the points
where the primary reinforcements are located and
consequently care must be exerted in computing the
quadratures.

In the general case, the equation {w} = {w({P},0)}
is an integral equation, o being a function of the open-
ing by the constitutive law, o=o(w). For this reason
the stresses are computed considering the displace-
ments at the previous iteration. When convergence is
reached, the difference between the two is, of course,

negligible. The crack is subdivided into m+1 zones
where the displacement is a continuous and differen-
tiable function to store the displacements at the previ-
ous iteration. In the case of a single primary reinfor-
cement (m=1) the first zone extends from the abscissa
zero to the one of the first primary reinforcement z;,
and the second zone extends from z; to the crack tip
&. Into each zone the displacements are stored in the
form of a spline interpolation. The spline interpola-
tion w, computed at an iteration is used in the subse-
quent iteration to approximate the closing stresses
through the constitutive relation ¢ = o(w)=c(w,). This
approach is an evolution of the one proposed by
Carpinteri and Massabd (1997a), where a simple
spline was used to interpolate the closing stresses o.
In the present case difficulties arise because the con-
cavity of the interpolation may contradict one of the
data, especially when nondifferentiable constitutive
laws are used.
The internal iteration algorithm described in the fol-
lowing is a form of the binary search (bisection) algo-
rithm on the abscissas of the cohesive intervals {z,.}
applied to each of the m+1 zones in wich the crack is
subdivided. The i” zone contains the superior extrem-
um z° of the (i-1 )’h interval and the inferior extremum
Z of the i interval, Two convergence measures are
evaluated: &, = [(z,3%" "~ {2,3"¥],.. accounting for the
variation of the cohesive intervals between two sub-
sequent iterations, and x_ = H{w“_((zc})}(k)—{w({z‘,})}“,(w
accounting for the precision of the spline interpola-
tion vs. the exact displacement measured at the ex-
trema of the cohesive intervals.

The internal iteration loop structure is the following:
1. compute the spline concavity preserving inter-
polation on the m+1 zones;

2. loop over the m+1 zones, from the closest to the

crack tip to the farthest;
(a) if w()<w, then the cohesive interval is
enlarged by bisection on the right, else the cohe-
sive interval is reduced by bisection on the left;
(b) if w(z)<w, then the cohesive interval is
enlarged by bisection on the left, else the cohe-
sive interval is reduced by bisection on the right;

3. end loop on the zones;

4. the vector {z} is sorted in ascending order.

This is necessary because the abscissas updating

by bisection can produce overlapping cohesive

intervals, which are eliminated in this step;

5. compute the norms x_ and x, and check for the

convergence condition;

6. if not converged go to step 1.

5 SIMULATIONS AND SIZE-SCALE EFFECT

In the flexural behaviour of reinforced concrete with
a nonlinear matrix, a size-scale effect can be evi-
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denced. This effect consists of variations in the shape
of the constitutive relationship when a characteristic
dimension of the body varies. This aspect, as previ-
ously mentioned, is very important when experimen-
tal results obtained on small specimens have to be
extrapolated to full scale structures. In fact, for high
strentgh concrete with fibers and with high primary
reinforcement percentage, it results very hard to per-
form experimental tests on full size elements.

To analyze this phenomenon, the bridging option
of the proposed theoretical model has been applied
assuming for the secondary reinforcement the bridg-
ing relation, o(w)=po, if w=w_ and o{w)=0if w>w,.
The flexural behaviour of the cross-section is con-
trolled by the three parameters N, p(') N P(Z) and w CE.
If only the size-scale effect is of interest, the mechan-
ical properties can be assumed constant (K¢, E, po,,
70, w.). The two products of the two brittleness num-

bers Np ,NP(Z) times VvCE:
h-E pow. po.Ew,
Ny, = =g = =5 24)
F Kic
N;;z)ﬁ)f - chllw(‘ - Yollfw('
F Kic

which do not depend on the depth of the cross-sec-
tion, are fixed.

Table 1: Dimensionless parameters by varying h.

h(mm) NP(]) NP( 2) WL
10 0.119 0.054 1482
20 0.168 0.077 1048
50 0.265 0.121 663
100 0.375 0.172 469
500 0.839 0.384 210
1000 1.186 0.544 148

In order to show the effect of element size on the
flexural response, the following example has been an-
alyzed. Let consider six geometrically similar ele-
ments, with / between 10 and 1000 mm. The beams
are characterized by a single reinforcement bar ap-
plied at 0.1 /4 from the bottom of the beam, with rein-
forcement ratio equal to 1% and yield stress 0, =240
Nmm2, elastic modulus E = 30000 Nmm 2, cementi-
tious matrix toughness K;c = 64 Nmm™'2, and with
1% in volume ratio of fibers embedded in the matrix
(0, =110 Nmm2). With these mechanical parameters
the two ratios of eq. (24) assume respectively the val-
ues: 187 the former and 86 the latter.

By varying h, the three dimensionless parameters
assume the values reported in Tab.1. The evolutive
process of crack propagation expressed in terms of
the dimensionless crack propagation moment, Mg/
(K;ch!>b), vs the normalized crack depth, é=a/h, for

531

the six cases is reported in fig.4.a. For 0<€<{;, the
crack crosses only the matrix of the cross-section. The
strain-softening response is controlled by the matrix
toughness and by the secondary reinforcements. For
crack depths tending to zero, an infinite resistance is
provided, as expected form LEFM.

In correspondence of é={;=0.1, when the crack
reaches the primary reinforcement, a loading drop is
evidenced. For the smallest sizes, the response is un-
stable and an uncontrollable crack propagation can be
avoided only by decreasing the applied load. On the
other hand, for the largest sizes, the process is stable,
and a slow crack growth is possible also by increasing
the applied load. The crack propagation moment vs
local rotation diagram is reported in fig. 4.b. The
crack propagation moment shows a vertical asymp-
tote for ¢ » 0 (§ — 0). A vertical drop is achieved
when the crack crosses the primary reinforcement. A

1.20
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P c
r @), E_
0.80 NP We =86 1=500 nun~
0.60
040 |- h=100 mm
h=50 mm
020 L h=20 mm ]
(a) h=10 mm
0.00 1 L | ' ‘lu.‘;:?j.h‘
000 010 020 030 040 050 060 070 0.80
120 s T T T
MF /KICh i T 1=1000 mm
j’
100 | | R
/
0801 1=500 mmn
N, W F=187
P c
0.60 N @ E=g¢ H
P ¢
0.40 h=100mm |
h=50 mm
0.20 h=20 mm b
h=10 mm
(b) SEROK,
0.00 PP I I L
0 5 10 15 20 25

Figure 4. (a) Dimensionless crack propagation moment vs nor-
malized crack depth for beam depth varying between 10 and
1000 mm. (b) Dimensionless crack propagation moment vs nor-
malized local rotation.



snap-through instability is present after the drop (dot-
ted line), for ~>100 mm, which is less and less evident
for increasing size and an evident hardening portion
develops. On the other hand, for # =20 and 10 mm the
flexural behaviour is brittle, and a monotonically de-
creasing branch follows the peak moment.

Therefore, to predict the structural behaviour of an
element with cross-section characterized by beam
depth #=500 mm, bar reinforcement percentage equal
to 1%, and fibers percentage of 1% by experimental
test on a beam scaled 1:10 (A=50 mm), the scaled be-
am must have a steel percentage equal to 3.16% and a
fiber reinforcement ratio of 3.16% in order to have the
same flexural behaviour. In other words, the rein-
forcement percentage, as well as the fiber percentage,
when the other mechanical parameters are fixed, must
be scaled as #%) , so that the brittleness numbers re-
main the same,

CONCLUSIONS

The proposed model represents an extension of the
bridged crack model to the concurrent presence in a
cementitious matrix of longitudinal bars and uniform-
ly distributed fibers. A cohesive crack version has
also been considered. It has been shown that the flex-
ural behaviour of geometrically similar structures is
governed by three dimensionless parameters. The
model reproduces the structural behaviour of high-
performance and/or fiber reinforced concrete mem-
bers in bending. In particular, as the governing pa-
rameters are of easy physical meaning and of simple
experimental evaluation, this model represents a very
useful tool for the study of mechanical properties
(strength and ductility) and of crack propagation re-
gimes, according to concrete composition, typology
and density of the fibers, distribution and characteris-
tics of the longitudinal bars. A very important result
of the formulation is provided by the dependence of
the structural behaviour on the member size. Only
with the same brittleness numbers it is possible to ob-
tain physically similar structural responses.
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