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ABSTRACT: The objective of this paper is to examine the performance of constitutive models for describing 
the cracking behavior and the load-displacement characteristics of shear failure of concrete structures. Fiber 
reinforced concrete beams in different shear-span ratios (0.3 to 4.0) were analyzed. The structural analysis 
was carried out by means of the nonlinear finite element method. A smeared crack approach using a rotating 
crack model without shear strain on the crack plane was employed. Based on this analytical work, the effect 
of the softening parameters in constitutive laws for shear behavior of concrete beams in different shear-span 
ratios was discussed. Furthermore, the sensitivity of numerical results to the web reinforcement was investi
gated. 

1 INTRODUCTION 

The mechanism of shear fracture in concrete struc
tures has been the subject of heated debate in past 
decades. Yet, it has not been sufficiently clarified. 
On the other hand, several crack approaches as well 
as constitutive models for concrete have been pro
posed by many researchers (e.g. Hordijk et al. 1989). 
However, reliable predictions for the extreme com
plex shear failure in concrete structures have not 
been achieved. The complexity of the shear failure 
depends considerably on how much the failure mode 
is governed by the crushing of concrete. 

There are two representative numerical ap
proaches for implementing a crack model based on 
fracture mechanics: the discrete crack approach and 
the smeared crack approach (e.g., Hillerborg and 
Rots 1989). The discrete crack approach is a direct 
application of crack models. Crack growth is ana
lyzed on the assumption that cohesive forces are 
acting in the process zone. If the crack path is not 
known in advance, the problem is complicated. In 
the smeared crack approach, a cracked solid is as
sumed to be a continuum with the notion of stress 
and strain (Rots & Blaauwendraad 1989). The be
havior of cracked concrete can then be described in 
terms of stress-strain relations and it is sufficient to 
switch from the initial isotropic stress-strain relation 
to an orthotropic stress-strain relation upon cracking. 
In such a way, the topology of the original finite 
element mesh remains preserved which is computa
tionally convenient. The two approaches seem to 
achieve better performance in different types of ap-
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plications. In general, the smeared approach is better 
suited for engineering analyses of distributed frac
ture, while the discrete approach has its strength in 
detailed analyses of localized fracture. Thus, the 
smeared crack approach may be employed for a 
rough estimation of the load-displacement relation 
of shear failure of concrete structures in the practical 
design. 

In this study, FRC (Fiber Reinforced Concrete) 
deep beam tests with web reinforcement (Mansur & 
Ong 1991) were numerically simulated in practice. 
In addition, in order to expand the comprehension on 
the effect of constitutive model parameters in the 
deep beams to slender beams, the beam in the shear
span ratio of 4.0 was numerically analyzed. Numeri
cal simulations were carried out in a two-step proce
dure to examine the performance of constitutive 
models on describing cracking behavior and load
displacement characteristics of shear failure of con
crete structures. First, the appropriate parameters are 
determined in both compressive and tensile consti
tutive models so as to approximate the peak load and 
load-displacement relation obtained in the experi
ments, and to describe the cracking behavior ob
served in the experiments. This analysis is consid
ered as the benchmark analysis. Thereafter, the 
sensitivity of the numerical results to the compres
sion and tension softening parameters is examined. 
This analysis is considered as the parametric analy
sis. Based on this analytical work, the effect of the 
softening parameters in the constitutive laws on 
shear behavior of concrete beams in different shear
span ratios is investigated. 



2 BENCHMARK ANALYSIS 

2.1 Deep Beam and Slender Beam 

The specimens and loading system for the FRC 
deep beam tests (Mansur & Ong 1991) are shown in 
Figure 1. The beams with the minimum and the 
maximum shear-span ratio are analyzed in this pa
per, calculating the shear-span ratio aid = 0.3 for 
Beam Bl and aid= 1.9 for Beam B5. The beams 
were provided with four 16-mm diameter deformed 
main steel bars (yield strengthJ;, = 440 MPa) placed 
in two layers at the bottom, and these steel bars were 
welded to a 15-mm thick steel plate at each end. The 
web reinforcement comprised 6-mm diameter mild 
steel bars (£. = 375 MPa). The ratio of the longitudi
nal and transverse web reinforcement was p1 = 
0.50 % and Pt = 0.44%, respectively. Steel fibers 
were straight but slightly twisted, and were 30-mm 
long and 0.5-mm square in cross section. The fiber 
volume fraction was 1.0 %. For the concrete, a wa
ter-cement ratio of 60 % and the maximum aggre
gate size of 10 mm were adopted. The compressive 
strength/:. of FRC is 35.7 MPa for Beam Bl and 
31.5 MPa for Beam B5. 

The shear tests were conducted in a displacement
control-testing machine. The deflection in the center 
of the beam was measured by a linear variable dif
ferential transformer. In the experiment, the follow
ing cracking behavior was observed (Mansur & Ong 
1991): The diagonal cracks within the shear span 
were the first to form. These cracks appeared ap
proximately at mid-depth of the beam and propagat
ed towards both the supporting and loading points. 
Further increase in load resulted in the propagation 
and widening of the existing cracks. Simultaneously, 
new diagonal cracks have developed more or less 
parallel to the existing ones. In the case of Beam B5, 
one of the diagonal cracks began to grow exces
sively wide, finally leading to failure. At impending 
failure, some crushing of the concrete was observed 
between the loading points and the tip of the major 
inclined crack. In the case of Beam B 1, final failure 
occurred by crushing of the concrete in between the 
diagonal cracks. 

Slender Beam considered here is identical to 
Beam B5 except the shear-span ratio and the amount 
of the main steel bar. The shear-span ratio of Slender 
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Figure I . Specimens and Loading System. 
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Beam is assumed aid= 4.0, and the amount of the 
main steel bar is reduced to 25 % (one 16-mm dia
meter deformed steel bar, J;. = 440MPa). Therefore 
Slender Beam is expected to have a flexural failure. ' 

2.2 Finite Element Analysis 

The numerical simulations were carried out using 
SBET A ( 1997) Finite Element Program developed 
by V. Cervenka et al. A smeared crack approach 
using a rotating crack model was employed. In addi
tion, the following effects of concrete behavior were 
considered: nonlinear behavior in compression in
cluding hardening and softening; fracture of con
crete in tension based on nonlinear fracture me
chanics; biaxial stress failure criterion according to 
Kupfer ( 1969) by means of equivalent uniaxial 
stress-strain relationship (Chen et al. 1982); reduc
tion of compressive strength after cracking (Kolleger 
et al. 1988). The details of numerical fonnulation are 
given in SBETA (1997). 

The present numerical study focuses mainly on 
the softening parameters of the constitutive models. 
Regarding the compressive constitutive models, the 
reduction of the compressive strength after cracking 
in the direction parallel to the cracks was applied, 
and several strength reduction rates were considered. 
A linearly descending softening law in compression 
was adopted and the influence of the end-point of 
the softening curve on the predicted load-deflection 
relations was also examined. Regarding the tensile 
constitutive models, a bilinear crack opening model 
and a tension cut-off model were alternatively em
ployed. In the rotating crack model (Vecchio & 
Collins 1986), the direction of the principal stress 
coincides with the direction of the principal strain. 
No shear strain occurs on the crack plane and only 
two normal stress components must be defined. If 
the principal strain axes rotate during loading, the di
rection of cracks also rotates. 

The behavior of concrete in tension without 
cracks was assumed to be linear-elastic. After 
cracking, two types of models were alternatively ' 
used in this analysis for the crack opening: a bilinear 
model (see Fig. 2a) and a tension cut-off model (see 
Fig. 2b) which has no softening regime and an 
abrupt stress-drop after cracking. The bilinear model 
was used with the following post-tensile strength .!i11 

based on the work of Lim et al. ( 1986): 

at = Eo Et (£1 :::; £er) 

at= aJ;ef (Et >£er) 

- l.f - J;,, 
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(lb) 

(lcde) 

where a1 is the normal stress in the crack; E
0 

is the 
initial elastic modulus; £, is the tensile strain; f/"1 is 
the effective tensile strength associated with the 
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Figure 4. Compressive Strength Reduction Rate. 

biaxial stress failure criterion according to Kupfer 
( 1969); 171 is the length efficiency factor for fiber; 170 

is the fiber orientation factor; i 111 is the ultimate bond 
strength of fiber; V1 is the fiber volume fraction; 11 is 
the fiber length; ¢1 is the equivalent fiber diameter; 
and .ft is the uniaxial tensile strength of FRC. The 
values of 171, 170 and i 111 are assumed 0.5, 0.33 and 
4.12 MPa, respectively as suggested by Mansur & 
Ong (1991). 

For the ascending branch of concrete stress-strain 
curve in compression, the formula recommended by 
CEB-FIP Model Code 90 (1990) was adopted (see 
Fig. 3a). 

•ef kx-x2 

crc=h· l+(k-2)x' (2) 

where cc is the compressive strain; ac is the compres
sive stress; 1::1 is the effective compressive strength 
associated with the biaxial stress failure criterion ac
cording to Kupfer (1969); Eco is the strain at the peak 
stress; k is a shape parameter and the value of 2.0 is 
used in this analysis for parabola; E

0 
is the initial 

elastic modulus; and Ee is the secant elastic modulus 
at the peak stress. 

For the descending branch of concrete constitu
tive curve in compression, a fictitious compression 
plane model is used based on the assumption that a 
compression failure is localized in a plane normal to 
the direction of principal compressive stress. All 
post-peak compressive displacements and energy 
dissipation are localized in this plane, and the post
peak compressive displacement we is derived from 
compressive strains based on the same concept as 
the crack band theory (Bazant & Oh 1983). The fail
ure bandwidth is defined as the projection of the fi
nite element dimension on the failure plane, and the 
direction of the failure plane is assumed to be nor
mal to the principal compressive stress. It is assumed 
that the displacements are independent on the size of 
the structure and such hypothesis is supported by 
experiments conducted by van Mier (1986). Soften
ing law in compression is linearly descending. The 
end point of the softening curve is defined as a limit 
displacement weer at the complete release of stress 
(see Fig. 3b). 

The reduction of the compressive strength after 
cracking in the direction parallel to cracks is consid
ered in a similar way as found in the experiments of 
Vecchio & Collins (1986). The reduction function 
was empirically developed by Kolleger et al. (1988) 
as follows: 

(3) 

where re is the compressive strength reduction rate; 
£1 is the transverse strain (crack opening strain); and 
/:. is the uniaxial compressive strength of FRC. For 
zero transverse strain, there is no strength reduction 
and for large strains the strength asymptotically ap
proaches to the minimum value 1::1 = cf:. (see Fig. 
4). The constant c is the maximum strength reduc
tion rate under a large transverse strain. 
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In the constitutive models, the initial elastic 
modulus £ 11 and the uniaxial tensile strength.ft of 
FRC are estimated from the following equations 
(ACI 1989, Chen 1982): 

E0 = 4733,fl (MPa) 

ft= 0.332,fl (MPa) 

2.3 Comparison and Discussion 

(4) 

(5) 

The FEM model employed here was chosen to de
scribe the test configuration of Mansur & Ong 
(1991). The FEM model for Beam B5 is shown in 
Figure 5. Considering the symmetry of the speci
men, only half of the structure is analyzed. It should 
be noted that the strength of the hatched elements in 
the figure is increased by 80% to consider the three 
dimensional compression state due to the restraint of 
the bearing plates. The specimen is assumed to be in 
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Figure S. Configuration of FEM Model for Beam BS. 

a state of plane stress. Finite plane stress elements 
consist of quadrilaterals. The stress-strain relation of 
reinforcement is assumed as perfectly elasto-plastic. 
The main steel bar (thick line) at the bottom of the 
beam is modeled by a discrete bar finite element, 
which is embedded and passing through quadrilater
al elements as shown in Figure S. The bar element 
has only axial stiffness and is in the uniaxial stress
state. It should be noted that on a macro-level, a re
lative slip distance of reinforcement with respect to 
concrete over a certain distance arise, if concrete is 
cracked or crushed. The longitudinal and transverse 
web reinforcement is modeled by a smeared rein
forcement which stress and stiffness are considered 
in the quadrilateral element. While the vertical dis
placement of the support of the specimen is re
strained, a vertical prescribed displacement is ap
plied at the loading point. In the benchmark analysis, 
a bilinear model in tension (see Fig. 2a) and the 
limit displacement w/,. = 2.0 mm in compression 

(a) (b) 

(c) 

• 

(see Fig. 3b) are adopted. To approximate the peak 
load, c = 0.0 was assumed for Beam Bl (aid= 0.3), 
and no strength reduction (c = 1.0) for Beam BS (aid 
= 1.9) and Slender Beam (aid= 4.0). 

First, the cracking behavior predicted by the FEM 
analysis is examined. The cracking patterns at the 
peak load for Beams B 1, BS and Slender Beam are 
shown in Figure 6. In the figures, the hatched area 
indicates the crushed concrete, and the thicker crack 
line indicates the larger crack width. In the case of 
Beam Bl, flexural cracks initiate at the bottom of 
the beam and subsequently diagonal cracks initiate 
at the web concrete. At the load level close to the 
peak, heavy crushed concrete areas associated with 
widely-opened diagonal cracks (crushing of concrete 
strut between diagonal cracks) near the upper and 
lower bearing plates grow abruptly, leading to a final 
failure. 

In the case of Beam BS, flexural cracks initiate at 
the bottom of the beam and propagate to the mid
depth of the beam. Subsequently, diagonal cracks 
initiate at the web concrete and continue to propa
gate along the line between the loading point and the 
support, and grow excessively wide. Nearly at the 
peak load level, the compression failure is observed 
at the extreme compression fiber, leading to a final 
failure. Based on these comparisons, it may be con
cluded that the FEM model in the benchmark analy
sis for deep beams captures overall the cracking and 
crushing behavior associated with the shear-span ra
tio observed in the experiment. 

In the case of Slender Beam, flexural cracks initi
ate at the bottom of the beam and propagate to the 
mid-depth of the beam. Subsequently diagonal 
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Figure 6. Cracking Patterns at Peak Load (a) Beam Bl (b) Beam BS (c) Slender Beam. 
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cracks initiate at the web concrete and continue to 
propagate in a diagonal direction. At the load level 
close to the peak, the flexural cracks propagate to 
the upper-depth of the beam, and grow excessively 
wide, accompanied with the compression failure at 
the extreme compressive fiber. The failure load is 
associated with the yield of the main reinforcement. 

Figure 7 shows a comparison between the results 
of load-deflection (in the center of the beam) rela
tions in the experiment and in the FEM analysis. It 
should be noted that the predicted load- deflection 
curve for Beam B 1 still gives relatively large peak 
load though the maximum compressive strength re
duction rate c = 0.0 was used. This may indicate that 
further compressive strength reduction after cracking 
is necessary in this case. The numerical simulation 
captures the load-displacement characteristics with 
allowable deviation in the engineering analysis. 
Based on the examination of both the cracking be
havior and the load-displacement characteristics, the 
current FEM model is used as the benchmark analy
sis to examine the effect of constitutive model pa
rameters. 

3 PARAMETRIC ANALYSIS 

3.1 Influence of Softening Parameters 

Figure 8 shows the comparison between the results 
of load-deflection relations in the benchmark analy
sis and in the parametric analysis with the maximum 
strength reduction rate c of 0.0 or 1.0. In the pa
rametric analysis, the tensile constitutive model and 
the quantity of w/' are identical to those in the 
benchmark analysis. There is somewhat difference 
of the peak load between c = 0.0 and c = 1.0 in 

1.2 1.2 

Beam B 1, and little difference in Beam B5. This 
may be considered that the web reinforcement con
siderably reduces the sensitivity of the numerical re
sults to the compressive strength reduction rate. 
Specifically, the longitudinal web reinforcement re
strains the crack opening in the shear-span ratio aid 
= 0.3 (Beam B 1 ), and the transverse web reinforce
ment restrains it in the shear-span ratio aid = 1.9 
(Beam B5). 

Figure 9 shows the comparison between the re
sults of load-deflection relations in the benchmark 
analysis and in the parametric analysis with the limit 
displacement w/r=l .O mm (half of the values in the 
benchmark analysis). In the parametric analysis, the 
tensile constitutive model and the quantity of c are 
identical to those in the benchmark analysis. The 
limit displacement w/r considerably influences the 
entire load-displacement relation as well as the peak 
load in the shear-span ratio aid = 1.9 (Beam B5). 
The larger limit displacement leads to a higher peak 
load. However, in the shear-span ratio aid = 0.3 
(Beam Bl), this parameter does not influence the 
entire load-displacement relation as well as the peak 
load. This may be explained by the fact that in the 
case of aid= 0.3, the abrupt load drop after the peak 
load is associated with the crushed concrete zone, 
which rapidly distributed along the shear plane. The 
stress redistribution is therefore not allowed. In the 
case of aid= 1.9, the large limit displacement allows 
the stress to be redistributed, resulting in the increase 
of the peak load. Thus, the post-peak ductility in the 
compressive constitutive model allows the increase 
of the load-carrying capability of concrete beams in 
the case of aid= 1.9. 

Figure 10 shows the comparison between the re
sults of load-deflection relations in the benchmark 
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analysis and in the parametric analysis with the ten
sion cut-off model (ft11 = 0.0). In the parametric 
analysis, the quantities of the maximum strength re
duction rate c and the limit displacement weer are 
identical to those in the benchmark analysis. There is 
no obvious difference in the numerical results for the 
case of aid= 0.3 (Beam Bl). However, the tension 
cut-off model gives a relatively low load-carrying 
capability in the case of aid= 1.9 (Beam BS). Thus, 
the post-peak ductility in the tensile constitutive 
model allows the increase of the load-carrying capa
bility of concrete beams in the case of aid= 1.9. 

Figure 11 shows the comparison of Slender Beam 
between the results of load-deflection relations in the 
benchmark analysis and in three parametric analyses 
with c of 0.0, w/.,. = 1.0 mm and fr11 = 0.0, respec
tively. The numerical results are sensitive to the 
quantity of neither c nor w/'. This may be explained 
by the fact that the failure mode of Slender Beam is 
the flexural failure associated with the yield of the 
main reinforcement, and therefore c and w/' do not 
influence the numerical results. Thus, there is little 
effect of compressive softening parameters for the 
beams if the flexural failure mode is dominant. 
However, the post-peak ductility in the tensile con
stitutive model allows the significant increase of the 
load-carrying capability of concrete beams in the 
case of aid= 4.0. 

3.2 Influence of Web Reinforcement 

In the previous section, it was qualitatively discuss
ed that the web reinforcement reduces the effect of 
constitutive model parameters. To examine the in
fluence of the web reinforcement further, the pa-

Benchmark Analysis 
Bilinear Model 

0.06 

rametric analysis is carried out by removing the lon
gitudinal or the transverse web reinforcement for 
Beam Bl (aid= 0.3) and Beam BS (aid= 1.9). 

Figures 12 and 13 show the comparison between 
the results of load-deflection relations in the bench
mark analysis and in the parametric analysis without 
longitudinal web reinforcement or without trans
verse web reinforcement. In the parametric analysis 
the quantities of the constitutive model paramete;· 
are identical to those in the benchmark analysis. In 
the case of Beam Bl (aid= 0.3) (see Fig. 12), the 
longitudinal web reinforcement contributes signifi
cantly to the load-carrying capability, while the 
transverse web reinforcement does little. This may 
be explained by the fact that the inclination of the 
diagonal cracks is relatively close to the vertical di
rection (see Fig. 6a), and therefore the longitudinal 
web reinforcement restrains the crack opening dis
placement resulting in the small strength reduction 
of the compression strut between diagonal cracks. In 
the case of Beam BS (aid= 1.9) (see Fig. 13), the ef
fect of the transverse web reinforcement increases 
and that of the longitudinal web reinforcement de
creases. This may be explained by the fact that the 
cracking direction is inclined toward the horizontal 
direction (see Fig. 6b), and therefore the transverse 
web reinforcement also effectively restrains the 
crack opening. 

Figures 14 and l S show the effect of the maxi
mum strength reduction rate c for the load-deflection 
relations in the parametric analyses without longitu
dinal web reinforcement or without transverse web 
reinforcement. In the parametric analyses, the quan
tities of the constitutive model parameters except c 
are identical to those in the benchmark analysis. The 
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Figure 11. Comparison of Slender 
Beam in terms of c, w/,. andfi11 • 
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parametric analyses for Beam B 1 (aid= 0.3) without 
longitudinal web reinforcement gives larger differ
ence between the numerical results with c = 0.0 and 
1.0 (see Fig. 14) than the previous comparison (see 
Fig. 8). On the other hand, the parametric analyses 
for Beam B5 (aid = 1.9) without longitudinal web 
reinforcement gives little difference between the 
numerical results with c = 0.0 and 1.0 (see Fig. 15), 
which is identical to the previous comparison (see 
Fig. 8). However, the parametric analyses for Beam 
BS (aid= 1.9) without transverse web reinforcement 
gives larger difference between the numerical results 
with c = 0.0 and 1.0 than the previous comparison 
(see Fig. 8). Thus, the longitudinal web reinforce
ment reduces the sensitivity of numerical simulation 
to the compressive strength reduction rate in the case 
of Beam B 1 (aid= 0.3), and the transverse web rein
forcement reduces the sensitivity in the case of 
Beam B5 (aid= 1.9). 

4 CONCLUSIONS 

In this paper, numerical simulations were carried out 
to examine the performance of constitutive models 
for describing the cracking behavior and the load
displacement characteristics of shear failure of fiber 
reinforced concrete structures. Based on the struc
tural analysis for the shear-span ratio of 0.3 to 4.0, 
the following conclusions can be drawn. 

The compressive strength reduction rate after 
cracking considerably influences the prediction of 
shear failure of concrete beams. Particularly, a large 
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compressive strength reduction rate is necessary to 
approximate the shear behavior of the beams with a 
small shear-span (aid= 0.3). However, the sensitiv
ity of the compressive strength reduction rate is re
duced by the web reinforcement. 

The compression-softening curve does not influ
ence the entire load-deflection relation nor the peak 
load in the case of small shear-span (aid = 0.3). 
However, in the case of large shear-span (aid= 1.9), 
the post-peak ductility in the compressive constitu
tive law allows the increase of the shear load
carrying capability of beams. In the case of aid= 
4.0, the compression-softening curve does not influ
ence the entire load-deflection relation nor the peak 
load since the flexural failure mode is dominant. 

In the case of large shear-spans (aid = 1.9 or 
higher), especially when the flexural failure mode is 
dominant, the post-peak ductility in the tensile con
stitutive law allows the increase of the shear load
carrying capability of beams 

The longitudinal web reinforcement contributes 
to the shear load-carrying capability, while the 
transverse web reinforcement has little effect in the 
case of small shear-spans (aid= 0.3). In the case of 
large shear-spans (aid= 1.9), the effect of the trans
verse web reinforcement increases and that of the 
longitudinal web reinforcement decreases. 

The longitudinal web reinforcement reduces the 
sensitivity of numerical simulation to the compres
sive strength reduction rate in the case of Beam B 1 
(aid = 0.3), and the transverse web reinforcement 
reduces the sensitivity in the case of Beam B5 (aid= 
1.9). 
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