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ABSTRACT: In this paper, a new formulation for strong embedded discontinuities is introduced, designated
as the discrete strong embedded discontinuity approach (DSDA). The approximated displacement field is
discontinuous across the embedded discontinuity and the jumps are obtained at additional nodes, located
at both faces of the discontinuity surface. As a consequence: i) the jump displacement field no longer has
to be homogeneous within each element and ii) the jump displacement field is continuous across element
boundaries. The present formulation is compared with other discontinuous approaches, namely the discrete
approach with interface elements, the partition of unity method and other strong embedded discontinuity
formulations.
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1 INTRODUCTION

Two major classes of finite element models have
been used in the past to describe fracture in concrete:
the continuum models and the discontinuous mod-
els. In the former case, cracking is smeared over
a band or an element and the material constitutive
relation is modified to take strain softening into ac-
count. In the second case, cracking is assumed to
localize in a discrete surface with initial zero width.
As a consequence, the material no longer remains
continuous after crack initiation.

More recently, embedded discontinuities in finite
elements were introduced, giving rise to weak em-
bedded discontinuity formulations (Sluys 1998) and
strong embedded discontinuity formulations (SED)
(Simo et al. 1993). The former models are still
representative of a continuum approach, whereas the
strong discontinuity, which represents the limit case
of a weak discontinuity when the width of the band
tends to zero, is a discrete concept. In Oliver et al.
(2002), a model is introduced which takes into ac-
count the transition between weak and strong dis-

continuities. In this work, the discrete constitutive
relation is obtained as the projection of the contin-
uum behavior at the discontinuity surface. This for-
mulation is called the continuum strong discontinu-
ity approach (CSDA) since the complete behavior is
derived from the continuum (Samaniego 2003). In
this formulation, the displacement jumps are con-
stant within each parent finite element; as a result,
the jumps are not continuous across the element
boundaries.

Another formulation which takes into account the
transition between weak and strong discontinuities
can be found in Simone et al. (2003). In this work,
an enhanced gradient damage model is used first to
model the behaviour of the continuum. Next, when
a certain degree of damage is attained in the mate-
rial, a strong discontinuity approach is adopted by
means of the partition of unity model (PUM) (Wells
and Sluys 2001a). In this case, the jumps are contin-
uous across the boundaries of the parent elements,
but the concept of embedded discontinuities is no
longer addressed.



In this paper a discrete strong embedded dis-
continuity approach (DSDA) is proposed as an
alternative to previous strong embedded disconti-
nuity formulations. When cracking initiates, the
material unloads in the neighboring area in order
to fulfill equilibrium, i.e., the traction continuity
condition. Assuming that the bulk remains elastic,
all nonlinear mechanical properties are prescribed
at the discrete or localized level: i) a crack initiation
criterion can be obtained from a limit surface in
the traction space (Alfaiate and Sluys 2002) and
ii) a discrete constitutive relation can be explicitly
introduced for the discontinuity. Furthermore,
since no continuum-discontinuous transition is
assumed, the approximated displacement field is
discontinuous, similar to the discrete-interface
approach: the approximated displacement jumps
are obtained at additional nodes, located at both
faces of the discontinuity surface. In this formula-
tion, non-homogeneous jump displacement fields
are obtained within each parent element and the
jumps are continuous across element boundaries.
The DSDA is compared with other discontinuous
formulations, namely the discrete-interface ap-
proach and the PUM (Wells and Sluys 2001a),
as well as with a previous embedded discontinu-
ity formulation introduced in Alfaiate et al. (2003b).

2 KINEMATICS OF A DISCONTINUITY

Consider a domain Ω, with boundary ∂Ω, where a
discontinuity surface Γd is supposed to exist (fig.1).
In Alfaiate et al. (2003b), the total displacement
field was considered the sum of a regular part û on
Ω and a discontinuous part corresponding to the dis-
placement jump

� �
u� � , localized at the discontinuity

surface Γd :

u � x ��� û � x � � HΓd

� �
u � x � � � � (1)

where HΓd was defined as

HΓd � HΓd � � 1 � r � 0 	 r 	 1 (2)

and HΓd is the Heaviside function at the discontinu-
ity Γd ,

HΓd �



1 if x � Ω �
0 otherwise  (3)

Similar to the work presented in Lotfi and Shing
(1995), the scalar parameter r defined how the jump

Figure 1: Domain Ω crossed by a discontinuity sur-
face Γd

was transmitted to the domain Ω: if r � 1 the jump
was fully transmitted from Ω � to Ω � .

An alternative way is adopted here, where sepa-
rate displacement fields are defined in Ω � and Ω � :

u � x ���



û � x � � ũ ��� x � if x � Ω �
û � x � � ũ � � x � if x � Ω �  (4)

In equation (4), ũ is the additional displacement field
due to the discontinuity jump

� �
u� � , such that:

� �
u � � � ũ � � ũ � at Γd (5)

The regular strain field is obtained from the con-
tinuous part of the displacement field:

ε̂εε � ∇∇∇sû in Ω � Γd (6)

where � � � s refers to the symmetric part of � � � . The
total strain in the body is given by:

εεε � ∇∇∇su � ∇∇∇sû � ε̃εε in Ω � Γd (7)

εεε � ∇∇∇su � ∇∇∇sû � ε̃εε� � � �
bounded

� δΓd � � � u � � � n � s� � � �
unbounded

in Ω � (8)

where

ε̃εε �



∇∇∇sũ ��� x � if x � Ω �
∇∇∇sũ ��� x � if x � Ω �� (9)

In equations (7) and (8), � denotes a dyadic prod-
uct and δΓd is the Dirac-delta function along surface
Γd . Both the displacement field and the strain field
are continuous in Ω � and Ω � , since the unbounded
term in equation (8) vanishes in Ω � Γd � Ω ��� Ω � .



3 VARIATIONAL FORMULATION
The governing field equations are imposed sepa-
rately in Ω � Γd and on Γd . Together with the bound-
ary conditions, they can be expressed as:

∇∇∇ � σσσ � b � 0 in Ω � Γd (10)

εεε � ∇∇∇su in Ω � Γd (11)

σσσ � σσσ � εεε � in Ω � Γd (12)

u � ū at Γu (13)

σσσ � n � t̄ at Γt (14)

σσσ � � n � � t � at Γd (15)

σσσ � � n � � t � at Γd (16)

t � � � t � � t at Γd (17)

where b are the body forces and ū and t̄ are the pre-
scribed displacements and tractions at the boundary,
respectively. Equations (15 and 16) enforce trac-
tion continuity across the discontinuity surface Γd ,
where the tractions are denoted by t. As depicted in
fig.1, n � � � n � , is the outward normal of Ω � and
t � � � t � denotes the traction vector acting on Ω � .

Similar to the discrete-interface approach, the
adopted weak form corresponds to the principle of
virtual work applied to a body crossed by a disconti-
nuity (Malvern 1969; Alfaiate et al. 2003a; Alfaiate
et al. 2003b); taking variations of the total displace-
ments (5) and assuming that the essential boundary
conditions are satisfied, it holds

�
�

Ω � Γd

� ∇∇∇sδu � : σσσ � ε̂εε � dΩ � �
Ω � Γd

δu � bdΩ

� �
Γt

δu � t̄dΓ � �
Γd

� δũ � � δũ � ��� t � dΓ � 0 � (18)

Taking in turn nonzero variations δũ ��� δũ � and δû,
three variational statements are obtained:

�
�

Ω � Γd

� ∇∇∇sδû � : σσσ � ε̂εε � dΩ � �
Ω � Γd

δû � bdΩ

� �
Γt

δû � t̄dΓ � 0 � (19)

�
�

Ω � � ∇∇∇sδũ � � : σσσ � ε̂εε � dΩ � �
Ω � δũ � � bdΩ

� �
Γ �t δũ � � t̄dΓ � �

Γd

δũ � � t � dΓ � 0 � (20)

�
�

Ω � � ∇∇∇sδũ � � : σσσ � ε̂εε � dΩ � �
Ω � δũ � � bdΩ

� �
Γ �t δũ � � t̄dΓ �

�
Γd

δũ � � t � dΓ � 0 � (21)

Figure 2: Displacement jump in a four node element
crossed by a discontinuity

Equation (19) is the usual principle of virtual work
obtained for a continuum. The second and third vari-
ational statements in equations (20), (21) can be in-
terpreted as the principle of virtual work applied to
subdomains Ω � and Ω � , respectively. As shown
in Alfaiate et al. (2003b), this variational formula-
tion is similar to the ones adopted in Lotfi and Shing
(1995) and in the partition of unity method (Wells
and Sluys 2001a), although, in the latter case, the
jump is fully transmitted to Ω � (ũ � � 0).

4 FINITE ELEMENT APPROXIMATION

Consider a finite element discretisation of the 2D
domain Ω. Assume that one element is crossed by
a straight discontinuity Γd , which divides Ω in two
sub-domains Ω � and Ω � . A local frame (s � n) is in-
troduced such that s � x � is aligned with Γd and n is
the normal to the discontinuity (fig. 2).

Recall equation (4). For the sake of simplicity,
assume that the jump

� �
u� � , ũ ��� Γd and ũ � � Γd are linear

functions of s, where

� �
u � � � � �

u � s � x � � � � � � ũ � � ũ � � � Γd  (22)

In (fig.2), where û is neglected for clarity, the total
displacement field is depicted in two different situa-
tions: in (fig.2a) the discontinuity opens in the nor-



mal direction only, whereas in (fig.2b) the discon-
tinuity represents a shear band undergoing sliding
displacements.

If the jump is assumed to be constant across Γd ,
it is sufficient to adopt two internal nodes to rep-
resent the displacements ũ ��� Γd and ũ � � Γd . How-
ever, if higher order functions are considered to ap-
proximate the additional displacements ũ

� � Γd , more
nodes are required, namely four nodes for a linear
function, marked in white in fig.2, six nodes for
a quadratic function and so forth. In the example
above, the additional four nodes (i ��� i � and j ��� j � ,
each pair of nodes i and j initially coincide) are lo-
cated at the intersection of Γd with the edges of the
element.

In matrix form, for each finite element e with n
nodes, the following approximation of the displace-
ment field is adopted:

ûe � Ne � x � âe in Ωe � Γe
d� �

u� � e � Ne
w
�
s � x � � � we � � we � � at Γe

d

(23)

where Ne contains the usual element shape func-
tions, âe are the nodal degrees of freedom associated
with ûe, Ne

w are the shape functions used to approx-
imate the jumps

� �
u � � e and we � and we � are the de-

grees of freedom associated with ũe � � Γe
d

and ũe � � Γe
d
,

measured at nodes i � , j � and i � , j � , respectively.
If the number of node pairs in equations (23) used
to approximate the jumps is nw, Ne

w is a (2 � 2nw)
matrix: if nw � 1, Ne

w is the unit matrix; if nw � 2,
Ne

w contains linear shape functions, etc..
In most works adopting the embedded discontinu-

ity approach, it was assumed that the total displace-
ment field was approximated by the usual shape
functions, so that the displacement jumps were
smeared over the entire parent element (Simo et al.
1993; Wells and Sluys 2001b; Alfaiate et al. 2001;
Alfaiate et al. 2003b). In the partition on unity
method (Wells and Sluys 2001a), a true displace-
ment jump is adopted at Γe

d , although the addi-
tional displacement field in Ωe � is still obtained as
ũe � � Nebe, where be are the additional degrees of
freedom due to the displacement jump. Thus, in all
these cases, the total strain field in Ωe � Γe

d is differ-
ent from the regular strain field due to the continuum
displacements, i.e.,

εεεe �� ε̂εεe � ∇∇∇sûe in Ωe � Γe
d (24)

In Simo and Rifai (1990), it is assumed that Sh and
ζ̃h are L2 orthogonal, where Sh and ζ̃h are the admis-

sible stress space and the admissible enhanced strain
space, respectively. As a result, the work done by
the stresses on the enhanced strains in an element is
null. Applying this orthogonality condition to Ωe �
and Ωe � , gives
�

Ωe � � ∇∇∇sũe � � T :σσσedΩ � �
Ωe � � ∇∇∇sũe � � T :σσσedΩ � 0 

(25)
A physical interpretation of equation (25) can be
given in the sense that the stresses in the element
are only due to the regular part of the strain field,
σσσ � σσσ � ε̂εε � . This result, which was assumed in the
variational formulation (see equations (18), (19),
(20) and (21)) and in the works presented in Alfaiate
et al. (2001), Alfaiate et al. (2003b), is also in agree-
ment with the bounded nature of the stress field as
stated by Oliver (1996). However, if inequality (24)
holds, the orthogonality condition (25) is violated.
In this work, equation (25) is enforced, by imposing
that the displacements ũe � and ũe � induce a null en-
hanced strain field:

ε̃εεe � � ∇∇∇sũe � � 0 in Ωe �
ε̃εεe � � ∇∇∇sũe � � 0 in Ωe � (26)

Consequently, the additional displacement fields
ũe � and ũe � : i) must be evaluated separately in sub-
domains Ωe � Ωe � , respectively, and ii) correspond
to rigid body motions:

ũe � � Me
w � x � we � if x � Ωe �

ũe � � Me
w � x � we � if x � Ωe �  (27)

In equations (27), Me
w is a (2 � 2nw) matrix which

generates rigid body motions of Ωe � and Ωe � . In the
following, matrix Me

w is derived for linear functions
we � and we � .

At any point xe, xe � Ωe, the additional displace-
ments ũe

�
are given by:

ũe
� �

� � tanθ
�

xn � wi
�

s

tanθ
�

xs � wi
�

n �  (28)

In equation (28), θ
�

is the rotation of Ωe
�

relative
to the s axis, such that:

tanθ
� � w j

�
n � wi

�
n

ld
� (29)

xs and xn are the coordinates of xe in the local frame
and (wi

�
s ,wi

�
n ), (w j

�
s ,w j

�
n ) are the components of



we
�

at node pairs i
�

and j
�

, respectively. Express-
ing the components of ũe and xe in the global frame
(x1 � x2), leads to the definition of matrix Me

w, whose
(2 � 2nw) components read:

Me
w

T �

��������
�

1 ��� � x2 � xi
2 � sinα �
ld � x1 � xi

1 � sinα
ld� x2 � xi

2 � cosα
ld

1 � � x1 � xi
1 � cosα
ld� x2 � xi

2 � sinα
ld ��� x1 � xi

1 � sinα
ld

� � x2 � xi
2 � cosα

ld � x1 � xi
1 � cosα
ld

� �������
	 �

(30)
where ld is the length of the discontinuity Γe

d and α
is the angle between coordinates s and x1 (see fig.2).

Finally, the displacement field in each element is
given by:

ue � � Ne � x � âe � Me
w � x � we � if x � Ωe �

ue � � Ne � x � âe � Me
w � x � we � if x � Ωe �

� �
u� � e � Ne

w
�
s � x � � � we � � we � � at Γe

d 
(31)

The regular strain field is approximated by:

ε̂εεe � LNe � x � âe � Be � x � âe � (32)

where L is the usual differential operator. Let the
unknowns be ae, we � and we � , where ae are the total
nodal displacements obtained at the regular nodes k,
(k ��
 1 � 2 � 3 � 4 � in the example above):

ae � âe � ãe � (33)

where

ãe � � Mek �w we � if x � Ωe �
ãe � � Mek �w we � if x � Ωe � (34)

and Mek �w and Mek �w correspond to matrix Me
w ob-

tained at the k regular nodes in Ωe � and Ωe � , re-
spectively. Equations (34) can be written in a more
convenient way:

ãe � Mek �w we � � Mek �w we � (35)

since Mek �w and Mek �w can be expressed as

Mek �w � H � Mek
w

Mek �w � H � Mek
w  (36)

In equations (36), H � and H � are (2n � 2n) ma-
trices: in H � , only diagonal components related to

nodes in Ωe � are equal to 1, whereas in H � , only di-
agonal components related to nodes in Ωe � are equal
to 1.

The regular strain field now reads:

ε̂εεe � Be � ae � Mek �w we � � Mek �w we � �  (37)

The incremental stress field is

dσσσe � DeBe � ae � Mek �w we � � Mek �w we � � (38)

The tractions are obtained from the traction-jump
law at the discontinuity. In incremental format this
reads:

dte � Ted
� �
u � � e � TeNe

w � dwe � � dwe � � at Γe
d  (39)

Discretising equations (19) to (21) by means of
the field approximations given in equations (23),
(38) and (39) gives

Ke
aadâe � dfe

ext (40)

Kddwe � � dfe �w� ext (41)

Kddwe � � dfe �w� ext (42)

where

dâe � � dae � Mek �w dwe � � Mek �w dwe � � � (43)

Ke
aa �

�
Ωe

BeT DeBedΩ � (44)

Ke
d �

�
Γe

d

Ne
w

T TeNe
wdΓ � (45)

and

dfe
ext �

�
Ωe

NeT dbedΩ � �
Γe

t

NeT dt̄edΓ � (46)

dfe �w� ext �
�

Ωe � Mek �w
T

dbedΩ � �
Γe �t Mek �w

T
dt̄edΓ �

(47)

dfe �w� ext �
�

Ωe � Mek �w
T

dbedΩ � �
Γe �t Mek �w

T
dt̄edΓ 

(48)
Note that,in equations (41) and (42), the terms re-

lated to the gradient of the enhanced strain field are
absent, since ∇∇∇sδũe � 0.

Similar to the works presented in Alfaiate et al.
(2003a) and Alfaiate et al. (2003b), the additional
nodes are global; thus, for nw  2 continuity of
the jumps at the discontinuities across the element
boundaries is automatically enforced.



Finally, it should be noted that, independently of
the parent element chosen, for a straight discontinu-
ity Γe

d the rigid body motions of Ωe � and Ωe � are
totally defined by six independent degrees of free-
dom. In fact, it is imposed that (see fig.2b):

dwi �s � dw j �s
dwi �s � dw j �s  (49)

In previous embedded formulations presented in
Alfaiate et al. (2003a) and Alfaiate et al. (2003b),
the adopted additional degrees of freedom are the
jumps we, instead of the displacements we � and
we � . However, as described in section 2, an addi-
tional scalar parameter r is also introduced, which
enters the formulation if non-homogeneous jumps
are considered in each element. In section 6, it will
be shown that the choice of this parameter is not ar-
bitrary. Furthermore, both formulations can be made
equivalent. For this purpose, the number of degrees
of freedom of the jump formulation must be set to
six. As an example, consider the following degrees
of freedom:

� wi
n � wi

s � w j
n � ri

n � ri
s � r j

n � � (50)

where i and j correspond to two additional nodes
located at the edges of the parent element, ri

n is the
scalar parameter which defines how the normal jump
component is transmitted to domains Ωe � and Ωe �
at node i and ri

s and r j
n are defined similarly. This

relationship between this formulation and the jump
formulation will be further developed in the future.

Finally, the fact that only six additional indepen-
dent degrees are needed to describe the kinematics
of a straight discontinuity differs from the partition
of unity method where, regardless of the parent el-
ement chosen, the number of the corresponding de-
grees of freedom is always doubled.

5 MATERIAL AND NUMERICAL MODELS
In this Section, the material and numerical mod-
els are described. A linear elastic bulk behaviour
is adopted, whereas a localized damage model is
used for the traction-jump law at the discontinuity.
An isotropic traction-jump law is adopted (Alfaiate
et al. 2001):

t � � 1 � d � Tel w � (51)

where 0 	 d 	 1 is a scalar damage variable and
Tel is the elastic constitutive tensor in which non-
diagonal terms are zero and diagonal terms are

penalty functions used to prevent overlapping of
crack faces under crack closure. The evolution of
damage is given by:

d � d � κ ��� 1 � exp

�
� ft

GF
κ� � (52)

where κ is a scalar variable taken equal to the maxi-
mum positive normal jump component:

κ � max � wn � � � κ  0 � κ̇  0 � (53)

ft is the tensile strength and GF is the fracture en-
ergy. A loading function is defined as

f � wn � κ  (54)

In this paper, only mode I opening is considered,
i.e. discontinuities open perpendicularly to the di-
rection of the maximum principal stress σI when-
ever

σI � ft  (55)

No shear tractions are allowed at the discontinuities
during crack evolution. More general opening crite-
ria will be considered in future works.

The embedding discontinuity technique as well
as the fulfillment of the opening criterion were de-
scribed in Alfaiate et al. (2003b), whereas crack
path continuity is enforced according to an algo-
rithm similar to the one presented in Alfaiate et al.
(2001).

6 NUMERICAL EXAMPLES

Two examples are presented. The first example is a
constant strain triangle, submitted to tension. Due
to the asymmetry, the horizontal discontinuity, in-
troduced at the centroid, opens at one of the edges
only, as depicted in fig.3 where the deformed meshes
obtained from the embedded discontinuity exam-
ple and a discrete-interface test are presented. In
this figure, the deformed mesh obtained in Alfaiate
et al. (2003b) is also shown, where the displace-
ments were smeared over the entire element. Nev-
ertheless, the load-displacement curve still matches
the other two rather well. In fig. 4, a perfect match
between the load-displacement curves obtained with
the two approaches is presented.

The second test is a double-cantilever beam,
where a vertical discontinuity is prescribed in the
middle of the specimen, both with the embedded



Figure 3: Asymmetric triangle submitted to tension

Figure 4: Load displacement curves corresponding
to fig.3

formulation presented here and with the discrete-
interface approach. In fig.5 the deformed meshes are
presented and in fig.6 the load-displacement curves
are shown. The response with the two techniques
is again identical. In the latter figure, other results
obtained with a previous formulation (Alfaiate et al.
2003a) are also shown. In this case, two values were
adopted for the scalar parameter r defined in equa-
tion (2): r � 0  5 and r � 1  0. In the former case,
it can be seen that the solution remains symmetric,
whereas in the latter case, the solution is asymmet-
ric, leading to a different load-displacement curve.

Figure 5: Double cantilever beam

Figure 6: Double cantilever beam: load displace-
ment curves

In fact, this is a particular case in which the bound-
ary conditions do not contribute to eliminate the ar-
bitrariness of parameter r. In general, the essential
boundary conditions lead to a solution which does
not depend significantly upon this scalar parameter.
In the results presented in Alfaiate et al. (2003a) and
Alfaiate et al. (2003b), r was taken equal to 0  5, al-
though values of r � 1  0 were often used with sim-
ilar results. In the latter case, the jump was fully
transmitted to Ωe � as assumed in the partition of
unity formulation (Wells and Sluys 2001a). Note
that, in the present formulation the solution is no
longer arbitrary since the displacements induced by
the jumps are evaluated separately in Ωe � and Ωe � .

7 CONCLUSIONS

In this paper, a discrete strong embedded disconti-
nuity approach (DSDA) is proposed as an extension
of previous strong embedded discontinuity formula-
tions:

i. similar to the discrete-interface approach, the
element crossed by a discontinuity is divided
into two subdomains;

ii. however, no remeshing is necessary since these
two subdomains are not considered as new ele-
ments;

iii. instead, for each finite element, the variational
formulation is split into three variational state-
ments, similar to the work presented in Wells
and Sluys (2001a);

iv. the additional displacements due to the dis-
placement jump at the discontinuity are consid-
ered rigid body motions in Ωe � and Ωe � ;



v. due to this fact, it is shown that the orthogo-
nality condition introduced in Simo and Rifai
(1990) is fulfilled exactly on Ωe � Γe

d;

vi. moreover, only six additional degrees of free-
dom per parent element are necessary, as long
as the discontinuity remains straight.

Finally, it should be emphasized that the strong
embedded discontinuity formulation, either based
on a discrete approach in this work, or derived from
a continuum (Oliver et al. 2002), remains quite a
general and powerful tool to model strain softening
in a continuum.
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