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ABSTRACT: In orderto give a micro-mechanicaldescriptionof materialbehaviour theanalysisof two ho-
mogenisationtechniques(first-orderor local andsecond-orderor nonlocal)is presentedin the paper. The
macroscopiclengthscaleparameterin the caseof nonlocalhomogenisationis found in termsof the rep-
resentative volumeelement(RVE) size.The dependenceof the lengthscaleparameteron the RVE size is
investigatedfor the two schemes,andit is found that thefirst-orderhomogenisationschemebehavesmore
realistic in the senseof convergenceof the macroscopicresponsewith increasingRVE size, althougha
macroscopiclengthscaleis lackingin thisscheme.
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1 INTRODUCTION
In order to describeand analysethe behaviour of
heterogeneousmaterialsdifferentapproachescanbe
used.First of all theseapproachescan be classi-
fied with respectto thescaleof interest:onecanbe
interestedin a structureas such(so-calledmacro-
scaleapproach),or one can be more interestedin
processeswhich are taking place on the material
level (meso-level approach),thoughsometimesthe
micro-structureof thematerialis of big importance
(micro-scaleapproach).Whenthevariousscalesin-
teract,multiscaleanalysisgivesa betterapproxima-
tion of the real responseof the material.The big
advantageof themultiscaleanalysisis thatonecan
takethelower-scaleinfluencesinto accountin order
to describethehigher-scaleresponseandviceversa.

In Section2 thebasisof themultiscaleprocedure
is considered:thequestionof thesizeof theRepre-
sentative VolumeElement(RVE) is addressed.Sec-
tion 3 andSection4 give thedetailedanalysisof the
first andsecond-orderhomogenisationtechniques.

2 RVE SIZEDETERMINATION
A key ingredientof any multiscalemodellingtech-
niqueis the RVE. This conceptis reviewed briefly
below.

An importantrole in multiscaleanalysisis played

by the size of the consideredmeso-structuralor
micro-structuralunit cell. If thissizeis,ononehand,
largeenoughto renderastatisticalhomogeneousre-
sponse,while on the otherhandit is small enough
comparedto themacroscopicstructuraldimensions,
then the meso-structuralunit cell is denotedas a
Representative Volume Element.The Representa-
tiveVolumeElement(RVE) is widely usedin nowa-
daysmechanics(Aidun et al. 1999;Ashihmin and
Povyshev 1995; Behrenset al. 1999; Fraldi and
Guarracino2001),etc.

Several methods are available in literature in
order to determinethe RVE size (Bulsara et al.
1999;Ashihmin andPovyshev 1995).An objective
methodto determinethe sizeof the RVE wasalso
proposedin (Gitmanet al. 2003).The ideaof this
method is as follows: on the meso-level a three-
phasematerial is assumed(matrix, aggregatesand
interfacial transitionzone).For differentaggregate
densitydistributions (fig. 1) a setof realisationsis
generated,whicharethenusedasinput for finite el-
ementanalyses.Then a statisticalanalysis,which
is basedon the Chi-squarecriterion (1), is usedto
determinethesizeof theRVE:
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Figure1: Tensiontest.Aggregatesdensitydistribu-
tion a) 30%b) 45%c) 60%in unit cell
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Figure 2: Dependenceof Chi-squarevalue on the
sizeof theunit cell
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where
� �

is theaveragevalueof thestressin thecur-
rent unit cell,

� ���
is the averagevalueof

� �
in

all unit cells (note, that all valuesof
�

aredimen-
sionless),� is the numberof unit cells undercon-
sideration,i.e. thereare � unit cells with the same
sizebut differentaggregatedistribution.Sotheidea
of the methodis to startfrom the smallestunit cell
size,thenincreasethe sizeof the unit cell andfind
valuesof � 2 usingequation(1) until thevalueof � 2

is lessthanthetablevalueof Chi-squarecoefficient
(for agivenreliability coefficientandthenumberof
experiments).Then,accordingto the initially given
reliability coefficientandthenumberof experiments
the tablevalueof the Chi-squarecoefficient canbe
found.And, asa laststepwith thehelpof thecurve,
fig. 2, (asa crossingof a tablevalueof Chi-square
with experimentalcurve), thecorrespondingsizeof
the unit cell is determined,which will be consid-
eredas a size of RVE for a given value of aggre-
gatesdensitydistribution,fig. 3.Thus,for amaterial
with aggregatedensitydistribution 30%,according
to the graph,thesizeof theRVE shouldbe at least
16 cm, for a materialwith aggregatedensitydistri-
bution45%,thesizeof theRVE shouldbemorethan
23 cm and for a materialwith the aggregateden-

Figure3: Sizeof the RVE versusaggregatedensity
distribution

sity distribution equalto 60%, the sizeof the RVE
shouldnot be lessthan14 cm. The maximumsize
of theaggregateswasconsideredas5 cm. It should
bementioned,thatamaterialwith anaggregateden-
sity distribution equalto 0% or 100%corresponds
to a purelyhomogeneousmaterial,andin following
considerationsthesizeof theRVE of thosematerials
is 0.

3 HOMOGENISATION TECHNIQUES AND
THE MACROSCOPIC LENGTH SCALE
PARAMETER

Oncethe sizeof the RVE hasbeenfound,a multi-
scaleprocedurecanbeperformed.Below, � denotes
thesizeof theRVE, suchthat � rve

� ��� with � the
numberof spatial dimensions.The differencebe-
tweenactualand initial configurationis mentioned
below as �� rve and �� rve, respectively.

Thereareseveral stepsin the procedureof mul-
tiscaling.First of all material is consideredon the
higher level (macro/structurallevel). Then in or-
der to improve the accuracy of the response(in
the regions of critical activity) the lower level
(meso/materiallevel) is analysed.Finally, the re-
sultsfrom themeso-level aretransferedbackto the
macro-level.Or in termsof equations:a mechanical
loading is appliedat macro-level (with a homoge-
neousstructure),this loadingshouldbe in equilib-
rium with the internal forceswhich are computed
from the stressesat meso-level (wherethe material
alreadyhasa heterogeneousstructure).

Themeso-macroconnectionis usedasaconstitu-
tiveequationon themacro-level. Thusinsteadof an
explicit formulationof the

� 
��
relation,datafrom

themeso-level is considered.
Here, accordingto the scopeof the currentpa-

per, onemoredistinctionshouldbemade:first-order
homogenisationand second-orderhomogenisation
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techniques.This terminologyin a numericalsense
wasintroducedby (Kouznetsovaetal.2002).Below,
the terms first-order homogenisationand second-
orderhomogenisationtechniqueswill beusedin an
analyticalcontext (first-orderanalyticalhomogeni-
sationandsecond-orderanalyticalhomogenisation
techniques).If we considerthe casewith only val-
uesfor stressand strain (in other words in a case
of local constitutive equations),thenfirst orderho-
mogenisationis used.On theotherhand,if we con-
sideralso the gradientsof thesequantities(in case
of nonlocalconstitutiveequations)secondorderho-
mogenisationmaybeperformed.

Thesehomogenisationtechniquesare basedon
averaging.Theaveragevalueof stressesin theRVE
canbecomputedvia� �

m
� � ��� rve

�� �
m ���! (2)

in which �� rve is thevolumeof theRVE in theactual
configuration.

Theaveragevalueof the stressat the mesolevel
is equalto thevalueof thestressat themacrolevel
in theconsideredintegrationpoint:�

M
� � �

m
�  (3)

in which uppercase" correspondsto the macro
level and lowercase# to the mesolevel, respec-
tively.

First of all, accordingto (2) and(3), valuesof the
stresseson themacrolevel canbefoundas�

M
� ��� rve

�� �
m ��� � ��� rve

��%$ m

�
m ��� (4)

where $ m and

�
m arethemacroscopicstiffnessand

strain,respectively. Next, $ m and

�
m areexpanded

in Taylorseries$ m
� $ M &(' $ M' x ) x &+* � ) x2 � (5)�

m
� �

M &(' � M' x ) x &+* � ) x2 � (6)

Note 1 Here ) x �-, )/. �  1020303 )/. �54 with � the number
of spatial dimensions.

Thefirst-orderandthesecond-orderhomogenisa-
tion schemesareobtainedfor different truncations
of theaboveseries,asis illustratedbelow.

3.1 First-order homogenisation
The first-orderhomogenisationschemeis obtained
when only the first terms in equations(5)-(6) are
considered.Thisyields:

$ m
� $ M (7)�

m
� �

M (8)

Then,from (4) it follows that�
M
� ��� rve

��6$ m

�
m ��� � $ M

�
M (9)

It canbeconcludednow from (9) thatin thefirst-
order homogenisationtechniquethereis no length
scaleparameteron themacroscopiclevel.

3.2 Second-order homogenisation

The second-orderhomogenisationtechnique re-
quiresthe inclusion of also secondorder termsin
the Taylor serieswhen introducing $ M and

�
M in

equations(5)-(6):

$ m
� $ M & ' $ M' x ) x (10)�

m
� �

M &(' � M' x ) x (11)

Now the constitutive relation (4) is rewritten in
thefollowing form:�

M
� ��� rve

��6$ m

�
m �7� � (12)��� rve

��98:$ M &(' $ M' x ) x ; 8 � M &(' � M' x ) x ; ���< 
or, equivalently, as:�

M
� ��� rve

��=8>$ M

�
M & $ M ' � M' x ) x &�

M ' $ M' x ) x &(' � M' x ) x ' $ M' x ) x ;?�7� (13)

Note, that $ M and

�
M are macro valueswhile

the integration is carriedout on the mesovolume.
Thereforeit is possibleto bring $ M and

�
M outside

of theintegralandthus:
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�
M

� ��� rve $ M

�
M �� rve& ��� rve $ M

�� ' � M' x ) x �7� && ��� rve

�
M

�� ' $ M' x ) x �7� && ��� rve

�� ' � M' x ) x ' $ M' x ) x �7� (14)

or�
M

� $ M

�
M & $ M�� rve

�� ' � M' x ) x ���& �
M�� rve

�� ' $ M' x ) x �7�& ��� rve

�� ' � M' x ) x ' $ M' x ) x �7� (15)

The threeremainingintegrals in (15) areelabo-
ratedusingintegrationby parts@ for thefirst integral:�� ' � M' x ) x �7� � ) x � M A B (16)@ for thesecondintegral:�� ' $ M' x ) x �7� � ) x $ M A B (17)@ andfinally for thethird integral:�� ' � M' x ) x ' $ M' x ) x �7� �

' � M' x ) x $ M ) x A B 

$ M CEDFC �G� M

�� ) x ) x �7� (18)

In thecaseof periodicboundaryconditionsonthe
mesolevel, thevaluesof the integrals(16) and(17)
andalsothefirst (boundary)partof (18)areequalto

zero,becausethen ) x A B �+H . As aconsequence,(15)
canberewrittenas:�

M
� $ M

�
M


 ��� rve $ M CEDFC �I� M

�� ) x ) x ���!0 (19)

Finally the last integral in (19) can be rewritten
via�� ) x ) x ��� � � J� �K ) x ) x �L��M (20)

where �� refersto the initial configuration,and
K

is
theJacobiantransformationK � �� �rve�� �rve

0
Note, that �� rve and �� rve arerepresentative volumes
in theactualandinitial configurations,respectively,
and ����rve and ��N�rve arethecorrespondingsizesof the
RVE.

With ) x �O, )/. �  1030203 )/. � 4 it is written that� J� �K ) x ) x ��� � � J� �K )/. � )/. D �L��P0 (21)

If we take theaboveintegralwe canconsidertwo
situations:

1. Q �SR : carryingout theintegration,oneobtains� J� �K )/. � )/. � �L�� �T��/U �� 2d+2
rve�� d
rve
0 (22)

2. QNV�SR : in this casetheintegralvanishes:� J� �K )/. � )/. D � �� �WH 0 (23)

Becauseof theresultsin (22) and(23) only same
index derivativesareconsideredin (19)whichyieldsC D C � � M X C � C � � M X C 2

�
M 0 (24)

As aconsequence(19)canberewrittenas�
M
� $ M

�
M


 $ M�/U �� 2d+2
rve�� 2d
rve
C 2

�
M (25)
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Note, that (25) only containsmacroscopicpa-
rametersplus a coefficient that precedesthe C 2-
operator. This coefficient has the dimension of
lengthsquaredandthusactsasamacroscopiclength
scaleparameter.

Note 2 In case of small deformations the macro-
scopic length scale parameter can be rewritten sim-
ply as

��ZY � 2
rve 0

3.3 Aifantis’ gradient elasticity model
Equation(25) bearsclosesimilaritieswith the gra-
dient elasticity model proposedby Aif antis and
coworkers(Ru andAif antis1993;Altan andAif an-
tis 1997):�

M
� $ M

� �
M


\[
2 C 2

�
M
�

(26)

where

[
is amacroscopiclengthscaleparameter. Ac-

cordingto (25) and(26), thephenomenologicalpa-
rameter

[
canbeconnectedwith thesizeof theRVE

via:[
2 �T��FU �� 2d+2

rve�� 2d
rve
0 (27)

4 DEPENDENCEON THE RVE SIZE
Following theconceptof theRVE, it is known, that
with increasingsize,structuralbehaviour shouldnot
be affected. In other words, it should be verified
whetherthe macroscopicresponseconvergeswith
increasingRVE size.

4.1 First-order homogenisation

As a representative exampleof the first-orderho-
mogenisationtechnique,the tension test is con-
sidered.The responseof the linear elastic mate-
rial is analysedin termsof the reactionforceson
the macro-level for a given imposeddisplacement.
Schematically, the procedureis presentedin fig.4.
The unit cell on the meso-level is composedof ag-
gregates,matrix materialand an interfacial transi-
tion zone.

Following theprocedureof theRVE sizedetermi-
nation,for the materialwith the aggregatesdensity
distributionequalto 30%thesizeof theRVE should
be at least16cm(fig.1). In orderto analysethe de-
pendenceon the RVE, the sizes10cm and 25cm
weretaken.Next, thestatisticalanalysisof thereac-
tion forcesonthemacrolevel showsthatthesample
standarddeviation (Jaynes1995)in the caseof the
sizeof the unit cell equalto 10cmis ] �_^ 0 ^a` and

               
σ

ε

, Κ

Figure 4: Multiscale test. First-orderhomogenisa-
tion

Figure5: Differentsizesof the the meso-level unit
cells] �(H 0 b�c in caseof the sizeof the unit cell equal
to 25cm.Thus,thesamplestandarddeviation in the
first case( � � � rve) is muchlargerthanin thesec-
ondcase( � � � rve). In otherwords,with increas-
ing sizeof the unit cell on the mesolevel the devi-
ationof themacroscopicresponseapproacheszero,
i.e. themacroresponseconverges.

4.2 Second-order homogenisation
Using the analogywith the first order homogeni-
sation scheme,the dependenceon the meso-level
RVE sizeof themacroresponsecanbeanalysedalso
for thesecondorderanalyticalhomogenisationtech-
nique.

Unlike the first-order homogenisationscheme,
here the size of the RVE is linearly connectedto
the macroscopiclength scaleparameter(as it was
shown in (27)),whichplaysacrucialrole in thedef-
inition of the macroscopicresponse(25). Thus,in-
creasingthe RVE sizedoesnot lead to convergent
macroscopicbehaviour.

Numerical homogenisation(Kouznetsova et al.
2002)seemsto confirmtheseanalyticalfindings.

5 CONCLUSIONS
The homogenisationschemeshave beencompared
in terms of (i) the appearanceof a macroscopic
lengthscale,and(ii) the dependenceof the macro-
scopicresponseon the RVE size.If first-orderho-

5



mogenisationis chosento be usedin a multiscale
analysis,no macroscopiclengthscaleparameteris
introduced,which is acceptablein applicationssuch
as linear-elasticity and hardening processes,but
causesproblemsin softeningapplications(wherea
lengthscaleparameterneedsto be includedin or-
der to maintainwell-posednessof the problem).In
thelastcasethesecond-orderhomogenisationtech-
niqueseemsto work betteron onehand:a macro-
scopiclengthscaleparameteris found which is re-
latedto thesizeof the RVE. But on the otherhand
abig disadvantageof thesecond-orderhomogenisa-
tion techniqueis its limited applicability: from the
analyticalderivationit becameclearthatthemacro-
scopic length scaledependslinearly on the RVE
size,sothatthemacroscopicresponsedoesnotcon-
vergewith increasingRVE size.In contrast,thefirst-
orderhomogenisationproceduredoesnotdependon
thesizeof theRVE — increasingtheRVE sizeleads
to aconvergentmacroscopicresponse(aslongasan
RVE exists).

Thus,for casesof linearelasticityandhardening
applications(wherean RVE exists) the first-order
homogenisationtechniquegives better(more real-
istic) results.Schematically, all the above can be
placedin a table:

Results macrolength convergencein
scaleparam. macroresponse

Analytic. I no yes
II yes no

Numeric. I no yes
II yes* no*

whereI andII correspondto thefirst andsecondor-
derhomogenisationtechniques,respectively.

In this paperanalyticalresultsfor first- andsec-
ondorderhomogenisationhavebeenpresented.Nu-
merical first-orderhomogenisationwas usedfor a
linear elastic problem to prove the convergence
of the macroscopicresponsewith respectto RVE
size.Numericalfirst- and second-orderhomogeni-
sation was studiedby Kouznetsova (Kouznetsova
etal.2002)for hardeningmaterials(theseresultsare
markedwith anasteriskin thetable).

For softeningapplications(wherea macroscopic
lengthscaleparameteris required),thesecond-order
homogenisationtechniqueseemsto provide bet-
ter results:a macroscopiclengthscaleparameteris
found (both analytically and numerically).But in-
tuitive preferenceto usea second-orderhomogeni-

sation techniquewhile consideringsofteningpro-
cessescanalsobequestioned:problemsarisewhen
finding the size of the RVE, one could argue that
it even doesnot exist (Lacy et al. 1999; Graham
and Yang 2003). Taking the last issueas working
hypothesis,then neitherfirst nor second-orderho-
mogenisationtechniquecanbeimplementedin soft-
eningapplications.
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