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ABSTRACT: In orderto give a micro-mechanicatiescriptionof materialbehaiour the analysisof two ho-
mogenisatiortechniquedfirst-orderor local and second-ordeor nonlocal)is presentedn the paper The
macroscopidength scaleparameteiin the caseof nonlocalhomogenisations found in termsof the rep-
resentatie volume element(RVE) size. The dependencef the length scaleparameteon the RVE sizeis
investigatedor the two schemesandit is found that the first-orderhomogenisatiorschemebeharesmore
realisticin the senseof corvergenceof the macroscopiaesponsewith increasingRVE size, althougha

macroscopidengthscaleis lackingin this scheme.
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1 INTRODUCTION

In orderto describeand analysethe behaiour of
heterogeneousaterialdifferentapproachesanbe
used.First of all theseapproachesan be classi-
fied with respecto the scaleof interest:onecanbe
interestedin a structureas such (so-calledmacro-
scaleapproach)or one can be more interestedin
processeavhich are taking place on the material
level (meso-l@el approach)thoughsometimeghe
micro-structureof the materialis of big importance
(micro-scaleapproach)Whenthevariousscalesn-
teract,multiscaleanalysisgivesa betterapproxima-
tion of the real responseof the material. The big
advantageof the multiscaleanalysisis thatonecan
take thelower-scaleinfluencednto accountn order
to describehehigherscaleresponsandvice versa.
In Section2 the basisof the multiscaleprocedure
is consideredthe questionof the size of the Repre-
sentatve VolumeElement(RVE) is addressedSec-
tion 3 andSection4 give thedetailedanalysisof the
firstandsecond-ordehomogenisatiotechniques.

2 RVE SIZEDETERMINATION
A key ingredientof any multiscalemodellingtech-
niqueis the RVE. This conceptis reviewed briefly
below.

An importantrole in multiscaleanalysids played

by the size of the consideredmeso-structurabr
micro-structuralnit cell. If thissizeis, ononehand,
largeenoughto rendera statisticahomogeneouge-
sponsewhile on the otherhandit is small enough
comparedo themacroscopistructuraldimensions,
then the meso-structuralinit cell is denotedas a
Representate Volume Element. The Representa-
tive VolumeElement(RVE) is widely usedin nowa-
daysmechanicqAidun et al. 1999; Ashihmin and
Povysher 1995; Behrenset al. 1999; Fraldi and
Guarracind2001),etc.

Several methods are available in literature in
order to determinethe RVE size (Bulsaraet al.
1999; Ashihminand Povysher 1995).An objective
methodto determinethe size of the RVE wasalso
proposedn (Gitmanet al. 2003). The ideaof this
methodis as follows: on the meso-leel a three-
phasematerialis assumedmatrix, aggreatesand
interfacial transitionzone). For differentaggreyate
densitydistributions (fig. 1) a setof realisationss
generatedwhich arethenusedasinput for finite el-
ementanalyses. Then a statisticalanalysis,which
is basedon the Chi-squarecriterion (1), is usedto
determinghesizeof the RVE:
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Figurel: Tensiontest. Aggregatesdensitydistribu-
tion a) 30%b) 45%c) 60%in unit cell
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Figure 2: Dependencef Chi-squarevalue on the
sizeof theunit cell
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whereg; is theaveragevalueof thestressn thecur-
rentunit cell, < o > is the averagevalue of o; in
all unit cells (note, that all valuesof o are dimen-
sionless)n is the numberof unit cells undercon-
sideration,i.e. therearen unit cells with the same
sizebut differentaggreyatedistribution. Sothe idea
of the methodis to startfrom the smallestunit cell
size,thenincreasehe size of the unit cell andfind
valuesof x? usingequation(1) until thevalueof x?
is lessthanthetablevalueof Chi-squarecoeficient
(for agivenreliability coeficientandthe numberof
experiments).Then,accordingto the initially given
reliability coeficientandthenumberof experiments
the tablevalue of the Chi-squarecoeficient canbe
found.And, asalaststepwith the help of the curve,
fig. 2, (asa crossingof atablevalueof Chi-square
with experimentalcurve), the correspondingize of
the unit cell is determinedwhich will be consid-
eredasa size of RVE for a given value of aggre-
gatedensitydistribution, fig. 3. Thus,for amaterial
with aggreyatedensitydistribution 30%, according
to the graph,the size of the RVE shouldbe at least
16 cm, for a materialwith aggreyatedensitydistri-
bution45%,thesizeof theRVE shouldbemorethan
23 cm and for a materialwith the aggrejateden-
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Figure3: Sizeof the RVE versusaggraatedensity
distribution

sity distribution equalto 60%, the size of the RVE
shouldnot be lessthan 14 cm. The maximumsize
of theaggreyateswasconsideredas5 cm. It should
bementionedthata materialwith anaggreyateden-
sity distribution equalto 0% or 100% corresponds
to a purelyhomogeneoumaterial,andin following
considerationthesizeof theRVE of thosematerials
is 0.

3 HOMOGENISATION TECHNIQUES AND
THE MACROSCOPIC LENGTH SCALE
PARAMETER

Oncethe size of the RVE hasbeenfound, a multi-
scaleprocedureanbeperformedBelow, L denotes
the sizeof the RVE, suchthat Ve = L% with d the
numberof spatial dimensions.The differencebe-
tweenactualandinitial configurationis mentioned
below asVjve andViye, respectiely.

Thereare several stepsin the procedureof mul-
tiscaling. First of all materialis consideredon the
higher level (macro/structuralevel). Thenin or-
der to improve the accuray of the response(in
the regions of critical actvity) the lower level
(meso/materialevel) is analysed.Finally, the re-
sultsfrom the meso-l@el aretransferedackto the
macro-level. Or in termsof equationsa mechanical
loadingis appliedat macro-level (with a homoge-
neousstructure),this loading shouldbe in equilib-
rium with the internal forces which are computed
from the stressest meso-leel (wherethe material
alreadyhasa heterogeneoustructure).

Themeso-macr@onnectioris usedasa constitu-
tive equationon the macro-level. Thusinsteadof an
explicit formulationof the o — ¢ relation,datafrom
themeso-l&el is considered.

Here, accordingto the scopeof the currentpa-
per, onemoredistinctionshouldbe madefirst-order
homogenisatiorand second-ordethomogenisation



techniguesThis terminologyin a numericalsense
wasintroducedoy (Kouznetswaetal. 2002).Below,
the terms first-order homogenisatiorand second-
orderhomogenisatiotechniquewill be usedin an
analyticalcontet (first-orderanalyticalhomogeni-
sationand second-ordermnalyticalhomogenisation
techniques)If we considerthe casewith only val-
uesfor stressand strain (in otherwordsin a case
of local constitutve equations)thenfirst orderho-
mogenisations used.On the otherhand,if we con-
sideralsothe gradientsof thesequantities(in case
of nonlocalconstitutive equationsyecondrderho-
mogenisatioomaybe performed.

Thesehomogenisatiortechniquesare basedon
averaging.Theaveragevalueof stressein the RVE
canbecomputedvia

1
<Om>= = /Ude, (2)
VrveV

in which Vi is thevolumeof the RVE in theactual
configuration.

The averagevalueof the stressat the mesolevel
is equalto the valueof the stressat the macrolevel
in the consideredntegrationpoint:

oM =< Om >, (3)

in which uppercaseM corresponddo the macro
level and lowercasem to the mesolevel, respec-
tively.

Firstof all, accordingto (2) and(3), valuesof the
stressesnthemacrolevel canbefoundas

1 1

oM = —— / 0mdV = — [ DmemdV (4)
rve er
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whereDp, anden, arethe macroscopigctiffnessand
strain,respectrely. Next, D, ande, areexpanded
in Taylor series

D= Dy + 6;1 M 5x + O(6x°) (5)
Em=¢ém + 8;—;"& + O(6x%) (6)

Note 1 Here 6x = {6z, ...,dz4} with d the number
of spatial dimensions.

Thefirst-orderandthe second-ordehomogenisa-
tion schemesre obtainedfor differenttruncations
of theabove series asis illustratedbelow.

3.1 First-order homogenisation

The first-orderhomogenisatiorschemeis obtained
when only the first termsin equations(5)-(6) are
consideredThisyields:

Dy = Dy (7)

Em=EM (8)

Then,from (4) it followsthat

1
om = _—/Dmede = Dyem 9)
Vive J

It canbe concludechow from (9) thatin thefirst-
order homogenisatiortechniquethereis no length
scaleparameteon the macroscopidevel.

3.2 Second-order homogenisation

The second-orderhomogenisationtechnique re-
quiresthe inclusion of also secondordertermsin
the Taylor serieswhenintroducing Dy andey in
equationg5)-(6):

oD
Dm =Dy + axM X (10)
_ 6EM
Em = E&m + W{SX (11)

Now the constitutive relation (4) is rewritten in
thefollowing form:

1
oM = — / DrémdV = (12)
I/TV(E v

1 0Dy Oem

Vv

or, equivalently; as:

1 Oewm
= — D Dy ——6x
oM Vwe/( MEM + Dwm ax +
Vv
0Dy

ODw s Oem 6x—6x> dv

M Tox Ox . ox (13)

Note, that Dy and ey are macro valueswhile
the integrationis carriedout on the mesovolume.
Thereforeit is possibleto bring Dy andey outside
of theintegralandthus:
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or

D
oM = DMEM—}-V—M a;—)?dxdv
rve
Vv
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(15)

1 6€M 8D|\/|
+ m/W(SX ax oxdV
1%

The threeremainingintegralsin (15) are elabo-
ratedusingintegrationby parts

o for thefirst integral:

8&‘—M(SXdV = 5XE|\/| |I‘

OX (16)
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e for thesecondntegral:

D
/ ODw s av = 8XDwi|r 17)

oX
v

o andfinally for thethird integral:

(‘)E_M(SX 8DM

ox 15)4

oxdv =
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Dy VjV,-st /6X5de (18)
\4

In thecaseof periodicboundaryconditionsonthe
mesolevel, the valuesof the integrals(16) and(17)
andalsothefirst (boundary)partof (18) areequalto

zero,because¢hendx|r = 0. As aconsequencél5)
canberewritten as:

rve

om = Dyem — VLDMVJVisM /5X5XdV. (19)
14

Finally the lastintegral in (19) can be rewritten
via

/6x6de :/%Sx&xdf/,
v v

whereV refersto theinitial configurationandJ is
theJacobiantransformation
5 _ e
=34

rve

(20)

Note, that Ve and f/}ve arerepresentatie volumes
in theactualandinitial configurationsrespectrely,
and L, and L4, arethe correspondingizesof the
RVE.

With dx = {dz1,...,dz4} it is written that

1 1 .
/ SoxoxdV = / SozidadV. (21)
v v

If wetake theaboveintegral we canconsidertwo
situations:

1.7 = j : carryingouttheintegration,oneobtains

1 v 1 irz\fjeJrz
%
2.1 # j:in this casetheintegral vanishes:
1 .
/ jéa;,dm,dv =0. (23)

\%4

Becausef theresultsin (22) and(23) only same
index derivativesareconsideredn (19) whichyields

VjViEM — V;Viem — V26|\/|. (24)
As aconsequencfl9) canberewritten as

D i2d+2
om = Dyem — M e VZSM (25)
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Note, that (25) only contains macroscopicpa-
rametersplus a coeficient that precedesthe V2-
operator This coeficient has the dimension of
lengthsquaredindthusactsasamacroscopitength
scaleparameter

Note2 In case of small deformations the macro-
scopic length scale parameter can be rewritten sim-
ply as 75 Lie-

3.3 Aifantis gradient elasticity model
Equation(25) bearsclosesimilaritieswith the gra-
dient elasticity model proposedby Aifantis and
coworkers(Ru andAif antis1993; Altan andAif an-
tis 1997):

om = Dy(em — I°VZeyn) (26)

wherel is amacroscopitengthscaleparameterAc-
cordingto (25) and(26), the phenomenologicgba-
rameter] canbe connectedvith the sizeof the RVE
via:

l2 B 1 i2d+2

=I5 27
12 1.2 27)

4 DEPENDENCEON THE RVE SIZE

Following the conceptof the RVE, it is known, that
with increasingsize,structuralbehaiour shouldnot
be affected. In other words, it should be verified
whetherthe macroscopiaesponsecornvergeswith
increasingRVE size.

4.1 First-order homogenisation

As a representatie example of the first-order ho-
mogenisationtechnique, the tensiontest is con-
sidered.The responseof the linear elastic mate-
rial is analysedin termsof the reactionforceson

the macro-level for a given imposeddisplacement.

Schematicallythe procedureis presentedn fig.4.
The unit cell on the meso-l&el is composedf ag-
gregates,matrix materialand an interfacial transi-
tion zone.

Following theproceduref theRVE sizedetermi-
nation,for the materialwith the aggreyatesdensity
distribution equalto 30%thesizeof the RVE should
beatleastl6cm(fig.1). In orderto analysethe de-
pendenceon the RVE, the sizes10cm and 25cm
weretaken.Next, the statisticalanalysisof thereac-
tion forcesonthemacrolevel shavsthatthesample
standarddeviation (Jaynesl995)in the caseof the
sizeof the unit cell equalto 10cmis S = 6.65 and
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Figure 4: Multiscale test. First-orderhomogenisa-
tion
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Figure5: Differentsizesof the the meso-leel unit
cells

S = 0.37 in caseof the size of the unit cell equal
to 25cm.Thus,the samplestandardieviationin the
firstcase(V < Vrve) is muchlargerthanin thesec-
ondcase(V > Vyve). In otherwords,with increas-
ing size of the unit cell on the mesolevel the devi-

ation of the macroscopigcesponsapproachegero,
i.e.themacroresponse&orverges.

4.2 Second-order homogenisation

Using the analogywith the first order homogeni-
sation scheme the dependencen the meso-leel

RVE sizeof themacroresponseanbeanalysealso
for thesecondrderanalyticalhomogenisatiotech-
nique.

Unlike the first-order homogenisationscheme,
herethe size of the RVE is linearly connectedo
the macroscopidength scale parameter(as it was
shavnin (27)),which playsacrucialrole in thedef-
inition of the macroscopiaesponsd25). Thus,in-
creasingthe RVE size doesnot leadto corvergent
macroscopibehaiour.

Numerical homogenisationKouznetswga et al.
2002)seemgo confirmtheseanalyticalfindings.

5 CONCLUSIONS

The homogenisatiorschemesave beencompared
in terms of (i) the appearancedf a macroscopic
lengthscale,and(ii) the dependencef the macro-
scopicresponsenn the RVE size. If first-orderho-



mogenisatioris chosento be usedin a multiscale
analysis,no macroscopidength scaleparameteiis
introducedwhichis acceptablén applicationssuch
as linearelasticity and hardening processes put
causegroblemsin softeningapplicationgwherea
length scaleparametemeedsto be includedin or-
derto maintainwell-posednessf the problem).In
thelast casethe second-ordehomogenisationech-
nique seemgo work betteron one hand:a macro-
scopiclengthscaleparameteis found which is re-
latedto the size of the RVE. But on the otherhand
abig disadwantageof the second-ordehomogenisa-
tion techniqueis its limited applicability: from the
analyticalderivationit becameclearthatthe macro-
scopic length scale dependdinearly on the RVE
size,sothatthe macroscopicesponseloesnot con-
vergewith increasingRVE size.In contrastthefirst-
orderhomogenisatioproceduraloesnotdependn
thesizeof theRVE — increasingheRVE sizeleads
to acornvergentmacroscopicesponsgaslong asan
RVE exists).

Thus,for casef linear elasticityandhardening
applications(where an RVE exists) the first-order
homogenisatiortechniquegives better (more real-
istic) results. Schematically all the above can be
placedin atable:

Results macrolength | corvergencen
scaleparam. | macroresponse|
Analytic. | | no yes
I yes no
Numeric. | | no yes
] yes* no*

wherel andll correspondo thefirst andsecondor-
derhomogenisatiotechniquestespectiely.

In this paperanalyticalresultsfor first- andsec-
ondorderhomogenisatiohave beenpresentedNu-
merical first-order homogenisatiorwas usedfor a
linear elastic problem to prove the corvergence
of the macroscopiaesponsewith respectto RVE
size.Numericalfirst- and second-ordehomogeni-
sation was studied by Kouznetswa (Kouznetsga
etal. 2002)for hardeningnaterialqtheseresultsare
markedwith anasteriskin thetable).

For softeningapplicationgwherea macroscopic
lengthscaleparameteis required) thesecond-order
homogenisationtechnique seemsto provide bet-
ter results:a macroscopidength scaleparameteis
found (both analytically and numerically).But in-
tuitive preferenceo usea second-ordehomogeni-

sation techniquewhile consideringsofteningpro-
cesseganalsobe questionedproblemsarisewhen
finding the size of the RVE, one could argue that
it even doesnot exist (Lacy et al. 1999; Graham
and Yang 2003). Taking the last issueas working
hypothesisthen neitherfirst nor second-ordeho-
mogenisatiortechniquecanbeimplementedn soft-
eningapplications.
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