
1 INTRODUCTION  

Improving flexural strength in RC members by 
bonding FRP laminates at their soffit is one of the 
most common strengthening techniques which can 
face either a rebar section reduction due to steel cor-
rosion or an increase of actions applied upon the 
member. Nevertheless the possible premature failure 
due to debonding between adhesive layer and con-
crete, which can occur at the beam end (end debond-
ing) or in the cracked zone (intermediate debond-
ing), is one of the failure modes to be prevented. 
In the last years huge research efforts have been car-
ried out for understanding the behavior of reinforced 
concrete beams strengthened by externally bonded 
FRP. Many of these studies are focused on the for-
mulation of mechanical models, either analytical or 
numerical in their possible implementation, able to 
simulate the complex stress and strain distribution 
throughout the FRP-to-concrete adhesive interface.  
Different contributions about this topic have been 
summarized and compared by Chen & Teng (2001). 
A simplified model for evaluating interface stresses 
in FRP (or even steel) strengthened beams has been 
proposed by Roberts (1988); simplified equations 
for evaluating shear and normal stresses throughout 
the FRP-to-concrete interface have been provided by 
assuming linear elastic behavior of the adhesive in-
terface. Similar relationships, even obtained under 
simplified hypotheses for interface behavior, have 
been also provided by Malek et Al. (1996). 
The above mentioned papers mainly deal with inter-
face stress distribution in the elastic range, which is 
an aspect mainly relevant in service conditions. Pre-

mature loss of bonding between FRP and concrete 
can only be simulated by considering a suitable non-
linear relationship between interface stresses and 
strains. Holzenkaempfer (1994) proposed a bi-linear 
relationship between shear stresses and interface 
slips; based on such model, Taljsten (1997) deter-
mined the expression of the ultimate bearing capac-
ity of FRP-to-concrete joints. Further studies have 
been devoted to end and intermediate debonding, but 
nowadays definitive solutions have not yet been 
reached. Nevertheless, several proposals for quanti-
fying the maximum axial strain developed in FRP at 
debonding have been derived from simplified me-
chanical models and calibrated making use of the 
experimental results available in the scientific litera-
ture. Some of the findings of these studies have been 
also utilized in the following Code of Standards is-
sued in various countries: 
- fib bulletin 14 (2001) in Europe; 
- ACI 440 (2002) in the United States; 
- JSCE Recommendations (2001) in Japan; 
- Italian Code CNR DT 200 (2004). 
A mechanical model considering non-linear stress-
strain relationships for concrete, steel and FRP-to-
concrete interface has been already presented by the 
authors (Faella et Al., 2006), with the aim of simu-
lating the behavior of RC beams strengthened by ex-
ternally bonded FRP plates. The model, whose hy-
potheses will be shortly summarized in the 
following, has been also validated in the same paper 
by considering almost thirty experimental results ob-
tained by different authors; the experimental-to-
numerical comparison pointed out that the model is 
able to capture both the overall behavior and the 
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failure load. The axial strain developed in FRP at 
U.L.S. is one of the key parameters to be observed in 
the analyses; in fact, debonding can occur at the 
FRP-to-concrete interface reducing the beam bearing 
capacity with respect to the one obtained for FRP 
tearing-rupture. The mentioned numerical model is 
able to assess the FRP effective axial strain at 
debonding, allowing to point out the key parameters 
which control debonding failure. 

2 THE THEORETICAL MODEL 

In the present section an analytical model is pre-
sented for simulating the behavior of FRP-
strengthened RC beams. Moreover, the formulation 
of a finite element is presented and a secant proce-
dure for non-linear analysis is also described. 

2.1  Analytical formulation within the linear range 
A theoretical model can be formulated for simulat-
ing the mechanical behavior of RC beams externally 
strengthened by means of FRP materials. The fol-
lowing assumptions are made: 
− the RC beam behaves according to the Ber-

noulli theory, while FRP plate flexural stiff-
ness is neglected and only axial forces are con-
sidered; 

− the interaction between the two members is re-
alized through a continuous, linear behaving 
and thicknessless medium; 

− equal transverse displacements, i.e. deflec-
tions, occur in the connected members. 

The partial interaction between beam and FRP re-
sults in an interface slip s which can be expressed as 
follows if the above hypotheses apply:  
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with the symbols reported in Figure 1; in particular d 
is the distance between RC beam and FRP plate cen-
troids. However, assuming the Bernoulli hypothesis 
for the RC beam, the following equivalence between 
the external bending moment M and the forces rep-
resented in Figure 1 can be stated: 
 

dFEIM c ⋅+⋅χ=  (2)
 

where χ is the curvature and EIc is the flexural stiff-
ness of unstrengthened RC beam cross section.  
The longitudinal shear force per unit length F’ de-
pends linearly on the interface slip s: 
 

sbkskF fa ⋅=⋅=′  (3)
 

k being the stiffness constant characterizing shear 
connection; it can be obtained by multiplying the 
adhesive slip modulus (namely, transverse stiffness) 
ka and the width bf of the adhesive layer. 

  
Figure 1. Transverse section of FRP-strengthened RC beam. 
 

Using the compatibility equation (1), the equilibrium 
equation (2) and the interface relationship (3), the 
following second-order differential equation in terms 
of curvature may be obtained: 
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where fullEI  represents the flexural stiffness of the 
overall cross-section when no interface slips occur 
and can be defined as follows if the above men-
tioned hypotheses apply: 
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the term α in equation (4) is defined as follows: 
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The equations briefly outlined above could even be 
obtained by simplifying the one formulated within 
the well-known Newmark theory, widely utilized for 
steel-concrete composite beams (Faella et Al., 
2002), and neglecting the flexural stiffness of the 
bottom element connected to RC beam. 

2.2 Outlines of the finite element formulation within 
the mechanically non-linear range 

A finite element can be formulated (among the other 
possible choices) implementing the exact solution of 
the structural problem for carrying out linear analy-
ses of RC beams externally strengthened by FRP 
plates (Faella et Al., 2006). According to the men-
tioned approach, a formally “force based” finite ele-
ment can be derived by directly solving equation (4) 
in order to obtain the various terms of the flexibility 
matrix D and the vector δ0 of nodal displacements 
due to distributed loads. The usual relationship of 
flexibility-based finite elements can be obtained for 
the simply supported FRP-strengthened beam: 
 

0δDXδ +=  , (7)
 

X and δ being the vectors of nodal forces and dis-
placements, respectively, whose four components 
are represented in Figure 2. 



 
Figure 2. Nodal force and displacement components: simply 
supported-beam for force based element. 
 

The usual displacement-based relationship which re-
lates nodal forces and displacement for the unre-
strained FRP-strengthened beam (Figure 3) can be 
obtained by inverting the flexibility matrix and com-
pleting it with nodal shear forces as explained in the 
mentioned paper (Faella et Al, 2002). The usual re-
lationship between nodal force vectors Q, Q0, and 
nodal displacement vectors s (both characterized by 
the six components represented in Figure 3) can be 
written by means of the stiffness matrix K: 
 

0QKsQ +=  . (8)
 

Closed-form expression for both stiffness matrix 
and equivalent nodal force vector have been pro-
posed in Faella et Al. (2000). 

 
 

Figure 3. Nodal force and displacement components: unre-
strained beam for displacement-based element. 
 

Non linear behavior of the materials of the FRP 
strengthened RC beams can be easily introduced 
within the FE procedure. Several non-linear phe-
nomena have to be considered for simulating the 
premature failure possibly due to FRP-to-concrete 
debonding which can occur in an intermediate sec-
tion or at the FRP cut-off section. The first one deals 
with the overall behavior of concrete in compression 
and tension; the rational formula proposed by Saenz 
(1964) is adopted for concrete in compression while 
a simple linear relationship up to the tensile strength 
is considered for concrete in tension (Figure 4). 
Moreover, intermediate debonding phenomena in 
FRP-strengthened beams is hugely controlled by re-
bar yielding; the typical stress-strain relationship for 
steel rebars is represented in Figure 5 and will be 
adopted in the numerical analyses. Strain-hardening 

in steel is actually neglected because strain values in 
FRP-strengthened beams are usually not so great for 
strain hardening to be developed in steel rebars.  
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Figure 4. Non-linear stress-strain law for concrete. 
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Figure 5. Elastic-perfectly plastic stress-strain law for rebars. 
 

The well-established and widely accepted elastic-
brittle stress-strain relationship is assumed for FRP 
plate (Figure 6). Finally, shear behavior of the adhe-
sive interface connecting FRP laminate or fabric to 
the soffit of the beam can be described by means of 
the well-known bi-linear elastic-softening curve 
(Figure 7) introduced by Holzenkaempfer (1994). 
The linear branch of the interface law is character-
ized by the shear stiffness ka=k/bf which can be re-
lated to the slip modulus k introduced in eq. (2). 

 

  
Figure 6. Elastic-brittle stress-strain law for FRP plate. 

 
Figure 7. Relationship for FRP-to-Concrete interface  
 
Fiber discretization (Figure 8) is considered for cross 
section in order to evaluate the secant stiffnesses of 
reinforced concrete section and the slip modulus of 
the adhesive interface.  



 
Figure 8. Fiber discretization of the RC beam cross section. 
 

The analysis can be generally pursued until one of 
the following failure modes is attained: 
− concrete crushing, which occurs if the maximum 

strain value εc measured on the concrete fibers at 
the i-th load step achieves its ultimate value εcu; 

− steel rupture, occurring if the steel tensile strain εs 
reaches the corresponding limit value εsu; 

− FRP plate tearing, if the fiber axial strain εf 
measured in FRP at convergence of the i-th load 
step achieves the ultimate value εfu; 

− FRP debonding, depending on the fact that the 
maximum interface slip reaches the ultimate 
value considered in the shear-stress-interface-slip 
relationship assumed in the analysis. 

Further details about the secant procedure imple-
mented for utilizing the proposed Finite Element 
model along with the relevant results which demon-
strate no significant mesh sensitivity of the model 
can be found in Faella et Al. (2006). 

3 DEBONDING FAILURE: BEHAVIORAL 
OBSERVATIONS 

Validation of the proposed procedure can be ob-
tained by comparing numerical and experimental re-
sults obtained by one of the various possible cam-
paigns carried out and reported within the scientific 
literature; the experimental test carried out on the 
beam A10 in the framework of the campaign re-
ported by Gao et Al. (2004) is considered for vali-
dating the numerical procedure. The non-linear 
stress-strain laws introduced in the previous section 
are assumed for concrete and steel bars, while elas-
tic-brittle behavior is considered for FRP; the nu-
merical values collected in Table 1 are considered 
for the corresponding mechanical properties accord-
ing to data reported by the mentioned authors. 
The adhesive interface is modeled by means of the 
above mentioned bi-linear relationship, whose char-
acteristic parameters are determined according to the 
fib bulletin 14 – approach 2 proposal reported in the 
following: 
 

ctmckmax ff285.0 ⋅⋅=τ     [MPa] (9)
185.0su =    [mm].  (10)

Table 1: Relevant mechanical properties for validation. 
 

Material Mechanical Prop-
erty 

Numerical Value 
[MPa] 

Concrete fcm 35.7 
 Ecm 25000 
 fctm 3.57 
Rebar steel fsy 531 
 Es 200000 
FRP ffu 4200 
 Ef 235000 
Epoxy resin fa 30 
 Ea 1000 
 

Slip modulus ka has been estimated according to the 
relationship which accounts for both concrete and 
adhesive shear stiffness Gc and Ga, as pointed out by 
Faella et Al. (2003) and adopted in CNR DT200 
(2004). The value ka=236.7 N/mm3 and the value 
τmax =2.49 MPa have been assumed for the maxi-
mum shear stress. 
Figure 9 shows the curve relating the value of the to-
tal load Q and the corresponding midspan deflection 
of the beam obtained by means of the proposed pro-
cedure. The mentioned figure points out that the 
numerical model can simulate the overall behavior 
of the considered FRP-strengthened beam.  

Initial stiffness, rebar yielding and premature 
failure due to intermediate debonding are repro-
duced with a remarkable precision. Only post-
cracking stiffness is underestimated because tension-
stiffening effect is completely neglected in the 
analysis as a result of the elastic-brittle branch con-
sidered for concrete in tension (Figure 4). Neverthe-
less, no refinements have been undertaken herein for 
taking account of tension stiffening because the is-
sue of concern is the possible intermediate debond-
ing failure which usually occurs after yielding and in 
condition of completely developed cracks. 
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Figure 9. Experimental vs Numerical comparison in terms 
load-deflection curve (Gao et Al., 2004 – Specimen A10). 
 
Finally, comparing numerical results with respect to 
only one experimental case could be not sufficient 
for assessing the accuracy of a numerical procedure 
for simulating the overall behavior of FRP-



strengthened beams. Consequently, a complete ex-
perimental-to-theoretical comparison can be found 
in Faella et Al. (2006) in terms of force, displace-
ment and FRP axial strain at debonding with respect 
to the results of more than thirty experimental tests 
taken by the scientific literature. 

4 DEBONDING FAILURE: BEHAVIORAL 
OBSERVATIONS 

In the present section, a short discussion is proposed 
for showing the two possible debonding failure 
modes induced by bending which has been observed 
by various authors and can be reproduced by the 
proposed model. A simply-supported RC beam is 
considered in the present section; in a first case it 
will be considered a complete FRP-strengthening 
throughout all the beam length, while in a second 
case it will be interrupted at a distance a=600 mm 
from the theoretical support point. The beam trans-
verse section is rectangular in shape with a depth 
h=600 mm and the width b=300 mm; reinforcing 
steel area at the bottom of the section is As=900 
mm2 (0.5% of the transverse section area) and the 
FRP area is 180 mm2 (bf=75 mm), which corre-
sponds to 0.1% of Ac. A value Ef=205 GPa is as-
sumed for FRP Young modulus. 
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a) interface slips for various load levels up to debonding; 

0

250

500

750

0 300 600 900 1200 1500 1800 2100 2400 2700 3000

z [mm]

σ
f,
 σ

s 
[M

Pa
]

Externally Bonded Plate
Reinforcement Bars

Q/2

Q=247.8 kN

 
b) axial strains in steel and FRP at debonding ; 
Figure 10. Intermediate debonding phenomenon for complete 
strengthening. 

 

For the first case, Figure 10 shows the interface 
slip evolution under increasing load levels (Figure 
10a) and the axial stress in steel rebars and FRP 
plate at debonding (Figure 10b). They both deal with 
the beam characterized by FRP strengthening run-
ning throughout all the beam length and show how 
two peak values can be recognized in interface slips. 
The first and most relevant one is achieved in corre-
spondence of the steel rebar yielding: it increases 
sharply at the steel yielding section resulting in in-
termediate debonding. Such local slip growth is due 
to the fact that load after yielding is only carried out 
by FRP plate as one can see in Figure 10b, where a 
sudden increase in FRP strain slope can be observed 
starting from the above mentioned section. Another 
peak in slip value occurs near the support due to 
flexural cracking whose effects can be also observed 
in terms of FRP and steel axial stresses: slope 
changes suddenly in the section where cracking be-
gins at about 500 mm from the theoretical support.  

Figure 11 shows the relationship between the ap-
plied load Q and the maximum strain εf,db developed 
in FRP for the considered beam pointing out the 
principal states of stress for concrete, steel and the 
adhesive interface. Concrete cracking induced by 
bending results in a sudden transition between the 
uncracked to the cracked state as already pointed out 
in the previous section devoted to validation. An al-
most linear branch is followed up to rebar steel 
yielding which results in a sharp reduction of bend-
ing stiffness. 
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Figure 11. Debonding phenomenon for partial strengthening – 
Force-FRP strain curve. 
 

Interface shear stresses abruptly increases after 
yielding as one can see in terms of interface relative 
displacements in Figure 10a and increments in bend-
ing moment can be only carried by FRP. Conse-
quently, after yielding adhesive interface is charged 
of resisting to a shear stress as great as the total 
shear force Q/2 and the maximum value of interface 
shear stress τmax is suddenly achieved after yielding, 
as one can see in and Figure 11 which directly 



shows the increase in axial strain at midspan after 
the achievement of the maximum interface shear 
stress τmax. The great part of numerical models avail-
able within the scientific literature usually neglects 
the softening branch of the interface stress-strain 
law, resulting in underestimating the beam response 
after the achievement of the maximum interface 
shear stress and, consequently, a quite significant 
aspect of its mechanical behavior. As shown in 
Figure 11, a little increase in terms of bearing capac-
ity can be observed after the achievement of τmax; on 
the contrary, a significant increase in axial deforma-
tion developed in FRP can be observed after reach-
ing τmax. This though limited ductility has been ex-
perimentally observed by various authors within the 
scientific literature as one of the key difference be-
tween intermediate and end debonding; both these 
failure modes are premature in nature with respect to 
the usual crises due to concrete crushing or steel 
failure, but the first one is at least less fragile than 
the second one which occurs after steel yielding. 

Continuing about the difference between end and 
intermediate debonding, Figure 12 deals with the 
case of incomplete FRP-strengthening. A different 
peak value can be observed in this case either in 
terms of slip concentration near the FRP cut-off sec-
tion (Figure 12a) or in terms of FRP stress whose 
distribution along the beam interface is characterized 
by two different slope changes (Figure 12b).  
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a) interface slips for various load levels up to (end) debonding; 
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b) axial strains in steel and FRP at (end) debonding; 
Figure 12. Debonding phenomenon for partial strengthening. 

 

In this second case, end-debonding failure occurs 
before of intermediate debonding because the ulti-
mate slip value is achieved at FRP cut-off section 
under an ultimate load value slightly lesser than the 
one obtained for complete strengthening. 

Finally, although in the present paper the main 
emphasis is placed upon intermediate debonding, 
Figure 10 and Figure 12, among the other ones, 
show how the proposed procedure can simulate both 
end and intermediate interface debonding failure. 

The above results pointed out that there is a direct 
relationship between the yielding phenomenon and 
the occurrence of premature failure due to interme-
diate debonding. This relationship can be clearly 
pointed out by considering a parametric variation of 
the rebar yield stress fsy (and strain εsy) for the first 
beam characterized by the complete FRP strengthen-
ing. Yielding stress values fsy spanning from 215 to 
700 MPa (and εsy correspondingly between 0.00102 
and 0.00333) have been considered along with three 
possible values for the concrete compressive 
strength fck (15 to 25 MPa) which affects the value 
of fracture energy of the adhesive interface. Figure 
13 reports the results of this parametric investigation 
pointing out the direct relationship between the 
maximum axial strain εf,db developed in FRP at 
debonding (obtained as the maximum value of the 
interface slip achieve the ultimate value su assumed 
for the interface relationship) and the value of the 
axial strain εsy at yielding. Three series of data have 
been represented for considering the effect of frac-
ture energy values upon the occurrence of interme-
diate debonding phenomenon. Although the values 
attained by εf,db in correspondence of the greater 
values of Gf are always greater than the ones 
achieved for the lesser ones, the mentioned figure 
points out that εf,db is not as greater as Gf (or its 
square root, as currently assumed even by the most 
up-to-date codes of standards), but is hugely affected 
by the value of εsy. 
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Figure 13. Maximum FRP axial strain at debonding versus re-
bar yielding strain. 

 
Moreover, the same figure also reports the values 

of axial strains developed in FRP when the maxi-
mum value of the shear stress τ=τmax is achieved at 



the FRP-to-concrete interface; whatever the fracture 
energy be such a value is always strictly related to 
the occurrence of yielding in steel rebars: conse-
quently, the value of such an axial strain is often 
close to εsy. This result points out the need to ac-
count for the complete bi-linear law in order to care-
fully simulate the behavior of the adhesive interface 
and evaluate a consistent value for εf,db (as already 
shown by Figure 11). The present model (despite the 
other mentioned ones available in the scientific lit-
erature), based on a secant treatment of a closed-
form solution for the flexibility and stiffness matrix 
of the strengthened beam, can easily follow the sof-
tening branch of the interface relationship by pro-
gressively relaxing the value of the interface stiffen-
ing without experiencing problems of localization 
which possibly affect the performance of finite ele-
ments when used for simulating softening behavior. 

The distance shown in Figure 13 between the 
values of εf,db and the corresponding axial strains at 
rebar yielding basically depends upon a series of pa-
rameters among which the rebar area; Figure 13 
deals with a case of relatively small steel reinforce-
ment area, while Figure 14 shows the possible rela-
tionship between the two relevant values achieved 
by FRP axial strain and the rebar steel area As, taken 
as a percentage of the concrete gross section Ac. The 
figure shows how the distance between εf,db and the 
corresponding value obtained for τ=τmax is as great 
as the rebar area is small; moreover, for the lower 
values of As, the yielding phenomenon results in a 
non-relevant increase of interface shear stress (if As 
would be null, no increase occurred at all), and a 
weaker relationship exists between the two values 
within this range of As. 
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Figure 14. Maximum FRP axial strain at debonding versus re-
bar area As. 
 

Load pattern also affects the debonding phe-
nomenon; Figure 15 compared with Figure 13 shows 
that greater values are developed for FRP strain at 
debonding εf,db especially for the lower values of re-
bar strain (and stress) at yielding εsy. Further differ-
ences can be observed in the case of distributed load 
pattern where intermediate debonding phenomenon 
usually occurs in a section not close to the maximum 
bending moment, as usually does under point load 

condition. This aspect, already mentioned in 
Thomsen et Al. (2004), is deeply examined in Faella 
et Al. (2007). 

Finally, the role of fracture energy Gf as a pa-
rameter which affects both end and intermediate 
debonding is pointed out in Figure 16 which com-
pares the values of maximum FRP strain at debond-
ing εf,db developed throughout the adhesive interface 
for the two cases mentioned at the beginning of the 
present section. 
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Figure 15. Maximum FRP axial strain at debonding versus re-
bar yielding strain – Three-Point Bending. 

 
In the case of complete strengthening, intermedi-

ate debonding crisis always occurs while different 
failure modes can be observed for the case of end 
debonding as the value of Gf increases. For the 
lower value of Gf, end debonding prematurely oc-
curs in the RC beam partially strengthened by FRP. 
Failure of the same beam is less and less premature 
as Gf increase; increase in Gf (almost) directly result 
in a corresponding growth of strength against end 
debonding, while yielding in steel rebars occurs re-
sulting in intermediate failure even for the case of 
incomplete strengthening for the greater value con-
sidered of fracture energy Gf. 
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Figure 16. Failure mode versus Fracture energy Gf. 

 
In other words, Figure 16 confirms that fracture 

energy Gf plays a quite different role in controlling 
end and intermediate debonding; indeed, strength 
against the former failure mode is directly enhanced 
as Gf increases, as assumed by both theoretical find-



ings (see Taljsten, 1997) and the current code of 
practice. On the contrary, Intermediate debonding, is 
directly controlled by rebar steel yielding and frac-
ture energy can only partially affect the value of ei-
ther the load Q achieved at debonding or the maxi-
mum strain εf,db developed in FRP. 

5 CONCLUSIONS 

A numerical model has been formulated for simulat-
ing the flexural behavior of RC beams strengthened 
by means of externally bonded FRP systems. Vali-
dation of the presented model has been briefly out-
lined with respect to the results of an experimental 
test carried out on a beam under four-point bending 
which failed for intermediate debonding.  

Behavioral observations have been drawn with 
reference to a simply supported beam with the main 
aim of pointing out the key differences between end 
and intermediate debonding. Accounting for the sof-
tening branch of the shear-stress-interface-slip rela-
tionship is of key importance for emphasizing the 
relative ductility which can be observed in the cases 
of intermediate debonding failure especially when 
quantifying FRP maximum strain rather than the 
maximum force at debonding is of main concern.  

Finally, the role of fracture energy Gf has been 
investigated with respect to both end and intermedi-
ate debonding, pointing out its quite diverse influ-
ence in controlling these two kinds of premature 
failure. General remarks should be deduced by these 
results about the possible enhancement of the simpli-
fied formulae available within the scientific litera-
ture for evaluating the maximum FRP strain at 
debonding εf,db, whose dependence by key parame-
ters like the steel yielding strain εsy and the amount 
of rebar are currently neglected. Moreover, the key 
role played by εsy and emphasized by the results of 
the proposed analyses point out the importance of 
the initial state of stress in the real RC beams which 
are usually pre-loaded and pre-cracked due to the 
presence of the self-weights. 
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