
1 INTRODUCTION 

Modulus of elasticity of concrete is a key factor for 
estimating the deformation of structural elements, as 
well as a fundamental factor for determining modu-
lar ratio, n, which is used for the design of structural 
members subjected to flexure. Based on the relation-
ship of modulus of elasticity of concrete that it is 
proportional to the square root of compressive 
strength in the range of normal concrete strength, 
AIJ specifies the following equation to estimate 
modulus of elasticity of concrete. 

( ) ( ) 2/15.15 2003.2101.2 cfE γ×=  (1) 

where E = modulus of elasticity (kgf/cm2) 

γ = unit weight of concrete (t/m3) 
fc = specified design strength of concrete (kgf/cm2) 

Eq. 1 is applied to concrete of a specified design 
strength of 36 MPa or less which is defined as nor-
mal strength concrete, a number of experiments have 
revealed that Eq. 1 over-estimates the modulus of 
elasticity as the compressive strength increases (Fig-
ure.1). This study aims to derive a practical and uni-
versal equation which is applicable to high-strength 
concretes with compressive strengths greater than 36 
MPa, using regress ional analysis of numerous re-
sults of experiments published in Japan. The outline 
of this study was published in 1990. 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. 
 

2 REGRESSIONAL ANALYSIS 
Before performing any analysis, it was necessary to 
create a basic form of the equation for modulus of 
elasticity. In this study the authors adopted the con-
ventional form, in which modulus of elasticity, E, is 
expressed as a function of compressive strength, σB, 
and unit weight, γ. Since it is self-evident that the 
concrete with a compressive strength of 0 MPa has 
modulus of elasticity of 0 MPa, the basic form of the 
equation is expressed as Eq. 2. 

cb
BaE γσ=  (2) 

The parameters examined are compressive 
strength, modulus of elasticity, and unit weight of 
concrete at the time of compression test, as well as 
types and mechanical properties of materials for 
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producing concrete, mix proportioning, unit weight 
and air content of fresh concrete, method and tem-
perature of curing, and age. 

2.1 Estimation of the Unit Weight 
Out of the 3000 experimental data collected, only 
one third included measured unit weight of speci-
mens, γ. In order to express modulus of elasticity as 
a function of compressive strength and unit weight, 
the unit weights of hardened concrete had to be es-
timated when measured unit weights were not avail-
able from the data on materials used, mix propor-
tioning, curing conditions, and age. 

3 EQUATION FOR MODULUS OF 
ELASTICITY 

3.1 Evaluation of Exponent b of Compressive 
Strength, σB 

As compressive strength increases, Eq. 1 overesti-
mates the modulus of elasticity. It is therefore, con-
sidered appropriate to reduce the value of exponent 
b of the compressive strength, σB, to less than ½ in 
order to make it compatible to the measured values. 

Firstly, range of possible values of exponent b in 
Eq. 2 was investigated evaluating 166 sets of data, 
each set of which had been obtained from identical 
materials and curing conditions by the same re-
searcher. Figure. 2 shows the relationship between 
the ultimate compressive strengths and the estimated 
exponent b. Similarly, Figure. 3 shows the relation-
ship between the exponent b and the ranges of com-
pressive strengths in the sets of data. In Figures. 2 
and 3, while the estimated values of exponent b vary 
widely, the values show a tendency to decrease from 
around 0.5 to around 0.3, as the maximum compres-
sive strengths increase and the ranges of compres-
sive strength widens. In other words, whereas 
modulus of elasticity of normal-strength concrete 
has been predictable from the compressive strength 
with exponent b of 0.4 to 0.5, the values of 0.3 to 0.4 
are more appropriate a general-purpose equation to 
estimate modulus of elasticity for a wide range of 
concretes from normal to high-strength. Conse-
quently, the 1/3 is proposed as the value of exponent 
b. 

Figure 2. 

Figure 3. 

3.2 Evaluation of Exponent c of Unit Weight, γ 
Secondly, by fixing exponent b at 1/3, as mentioned 
above, exponent c of the unit weight, γ, was investi-
gated. The relationship between the unit weight, γ, 
and the value obtained by dividing modulus of elas-
ticity by compressive strength to the 1/3 power, 

3/1
BE σ , is shown in Figure. 4 with a regression 

equation (Eq. 3) that was obtained from data on all 
aggregates as shown below. 

89.13/11630 γσ BE =  (3) 
From Figure. 4, it can bee seen that Eq. 3 clearly 

shows the effect of the unit weight on modulus of 
elasticity, for concretes made with lightweight, nor-
mal weight, and heavy weight aggregates (bauxite, 
for example). The concretes made with normal 
weight aggregate, however, are scattered over a 
rather wide range of 6000 to 12000 of 3/1

BE σ , 
while they gather in a relatively small unit weight 
range of 2.3 to 2.5. This suggests differences in the 
effects of lithological types of aggregates on 
modulus of elasticity, which will be discussed later 
in this paper. Whereas 1.5 has been used conven-
tionally as the value for exponent c, as indicated in 
Eq. l, 1.89 was obtained from the regression analysis 
as the value for exponent c that is applicable for a 
wide range of concretes from normal to high-
strength concretes. In consideration of the utility of 
the equation, a value of 2 is proposed as the value 
for exponent c. 

 
Figure 4. 



3.3 Evaluation of Coefficient a 
Thirdly, after fixing exponent b and exponent c at 
1/3 and 2, respectively, the value for coefficient a 
was investigated. The relationship between modulus 
of elasticity, E, and the product of compressive 
strength to the 1/3 power and unit weight to the sec-
ond power, 23/1 γσ B , is shown in Figure.5, together 
with regression equation (Eq. 4) obtained from the 
data on all aggregates as shown below. 

23/11486 γσ BE =  (4) 
The coefficient of determination is as high as 

0.769, and the 95% confidence interval of modulus 
of elasticity is within the range of ±8000 MPa, as 
shown in Figure.5. The relationship between 
modulus of elasticity and 23/1 γσ B  can therefore be 
virtually expressed by Eq. 4. 

Figure 5. 

3.4 Evaluation of Correction Factor k 
In the conventional equation for modulus of elastic-
ity, Eq. 1, the only difference in the type of coarse 
aggregate taken into account is the difference in the 
specific gravity, the effect of which is represented 
by the unit weight of concrete, γ. However, use of a 
wide variety of crushed stone has revealed that the 
difference in unit weight is not the only factor to ac-
count for the differences in moduli of elasticity of 
concretes of the same compressive strength. 
Lithological type should also be considered as a pa-
rameter of coarse aggregate. Besides, it has also 
been pointed out by many researchers that modulus 
of elasticity cannot be expected to increase with an 
increase in compressive strength, when the concrete 
contains a mineral admixture for high-strength, such 
as silica fume. This suggests the need to include the 
type of admixtures as another factor affecting 
modulus of elasticity. Thus, the type of coarse ag-
gregate, as well as type and amount of mineral ad-
mixtures should be considered on the investigation 
of the values of correction factor, k. 

23/1
21

2/13/1 14861486 γσγσ BB kkkE ⋅=⋅=  (5) 
Where k = k1⋅k2 

k1 = correction factor corresponding to coarse ag-
gregates 
k2 = correction factor corresponding to mineral ad-
mixtures. 

3.4.1 Evaluation of Correction Factor k1 for 
Coarse Aggregate 

Figure 6. shows the relationship between the values 
estimated by Eq. 4 and the measured values of 
modulus of elasticity of concretes without admix-
tures. According to Figure. 6, most of the measured 
values/the calculated values, i.e. values of k1 in Eq. 
5, fall in the range of 0.9 to 1.2, indicating that each 
lithological type of coarse aggregate tends to have 
an inherent k1. The correction factor k1 for each 
coarse aggregate is presented in Table 1. According 
to Table 1, the effects of coarse aggregate on 
modulus of elasticity are classified into three groups. 
The first group, which requires no correction factor, 
includes river gravel, crushed greywacke, etc. ;the 
second group, which requires correction factors of 
greater than 1, includes crushed limestone and cal-
cined bauxite; and the third group, which requires 
correction factors smaller than 1, includes crushed 
quartzitic aggregate, crushed andesite, crushed cob-
ble stone, crushed basalt, and crushed clayslate. 
Consequently, the value for each type of coarse ag-
gregate is proposed as shown in Table 2, in consid-
eration of the utility of the equation. 

Figure 6. 

Table 1. 



Table 2. 

3.4.2 Evaluation of Correction Factor k2 for Ad-
mixtures 

Table 3 presents the averages of correction factor k2 
obtained for each lithological type of coarse aggre-
gate as well as for each type and amount of admix-
tures. When fly ash is used as an admixture the value 
of correction factor k2 is greater than 1, but when 
strength-enhancing admixtures, such as silica fume, 
ground granulated blast furnace slag, or fly ash fume 
(ultra fine powder produced by condensation of fly 
ash) are used, the correction factor k2 is smaller than 
1. The proposed values of correction factor k2 for 
admixtures are shown in Table 4, in consideration of 
the utility of the equation. 
Table 3. 

Table 4. 

3.5 Practical Equation for Modulus of Elasticity 
Eq. 5 was derived as an equation for modulus of 
elasticity. Meanwhile, conventional equations such 
as Eq.1 have been convenient in such a way that 
standard moduli of elasticity can be obtained simply 
by substituting standard values of compressive 
strength and unit weight in the equation. In this 
study, Eq. 6 is proposed as the equation to be used 
for modulus of elasticity calculations. The equation 
is based on 60 MPa, a typical compressive strength 
of high-strength concrete, and uses a unit weight of 
2.4, which leads to the compressive strength of 60 
MPa. 

( ) ( ) 3/124
21 604.21035.3 BkkE σγ×⋅=  (6) (Eq. 6) 

4 COMPARISON OF EQUATIONS 

Figures 7-10 show the accuracy of estimation by Eq. 
1 and Eq. 6 as well as by ACI 363R and CEB-FIP 
equations, which are presented in Table 5. 

As pointed out by a number of researchers, the 
equation by the Architectural Institute of Japan 

(AIJ)(Figure. 7) tends to overestimate moduli of 
elasticity in the range of compressive strength over 
40 MPa, except in the cases where crushed lime-
stone or calcined bauxite is used as the coarse ag-
gregate. The residuals also tend to increase in rela-
tion to the compressive strength. 

The equation by ACI 363R (Figure. 8) slightly 
underestimates moduli of elasticity when crushed 
limestone or calcined bauxite is used as the coarse 
aggregate, regardless of the compressive strength. In 
the case of other aggregates, the equation tends to 
overestimate the moduli, though marginally, as 
compressive strength increases. 

The CEB-FIP equation (Figure. 9) leads to clear 
differences in residuals depending on the lithological 
type of coarse aggregate. When lightweight aggre-
gate is used, the equation overestimates the moduli, 
and the value of the residuals tends to decrease as 
the specific gravity of coarse aggregate increases 
from crushed quartzitic aggregate to crashed gray-
wacke, crushed limestone, and calcined bauxite. 

The residuals by the new equation (Figure. 10), as 
a whole, fall in the range of ±5000MPa, regardless 
of the compressive strength levels, although a por-
tion of data display residuals near ±10000MPa. The 
new equation is therefore assumed to be capable of 
estimating moduli of elasticity for a wide range of 
concretes from normal to high-strength. 
Table 5. 

Figure 7. 

Figure 8. 
 



Figure 9. 

Figure 10. 

5 EVALUATION OF 95 % CONFIDENCE 
INTERVALS 

The accuracy of the equation being enhanced by in-
corporating the correction factors, 95% confidence 
intervals should be indicated, because the reliability 
of the estimated values is required in structural de-
sign and is used when determining materials and 
mix proportioning so as to ensure safety. 

Excluding the ease of using fly ash as an admix-
ture, only five values of the product of the correction 
factors, k1 and k2, are possible, i.e. 1.2, 1.14, 1.0, 
0.95, and 0.9025. 

A regression analysis of Eq. 2 was conducted for 
the combinations of a coarse aggregate and an ad-
mixture corresponding to each of the five values of 
k1⋅k2, to obtain 95% confidence intervals of both es-
timated and measured moduli of elasticity. The re-
sults are shown in Figures.11-15. The curves indi-
cating the upper and lower limits of 95% confidence 
of the expected values for all k1⋅k2 are within the 
range of approximately ±5% of the estimated values, 
regardless of compressive strength and unit weight. 
The curves indicating those for the observed values 
are also within the range of approximately ±20% of 
the estimated values. Consequently, the 95% confi-
dence limits of the new equation (Eq. 6) are ex-
pressed in a simple form as Eq. 7, and the 95% con-
fidence limits of measured modulus of elasticity can 
be expressed as Eq. 8. 

( )EEe 05.0195 ±=  (7) 

( )EEo 2.0195 ±=  (8) 

where Ee95 = 95% confidence limits of expected 
modulus of elasticity. 
Eo95 = 95% confidence limits of observed modulus 
of elasticity. 

Figure 11. 

Figure12. 

Figure 13. 

Figure 14. 



Figure 15. 

6 CONCLUSIONS 

Multiple regression analyses were conducted using a 
great deal of data published in Japan regarding the 
relationship between compressive strength and

modulus of elasticity of concrete, by assuming com-
pressive strength and unit weight as explanatory 
variables and modulus of elasticity as the target vari-
able. As a result, a new equation (Eq. 6) is proposed 
 as a practical and universal equation for modulus of 
elasticity. It is applicable to a wide range of con-
cretes from normal to high-strength. The 95% confi-
dence limits of the new equation were also exam-
ined, and Eq. 7 and 8 were proposed as the equations 
to indicate the 95% confidence limits for the ex-
pected and observed values, respectively. 
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