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ABSTRACT: New safety format suitable for design of reinforced concrete structures using non-linear analy-
sis are required due to the global nature of such approach. Safety formats based on partial factors, global 
factors and probabilistic analysis are discussed. Their performance is compared on four examples ranging 
from statically determinate structures with bending mode of failure up to indeterminate structures with shear 
failure. 

1 INTRODUCTION 
 
In recent years, more engineers use non-linear analy-
sis while designing complex buildings, dams, or 
bridges. This evolution is supported by rapid in-
crease of computational power as well as by new ca-
pabilities of the available tools for numerical simula-
tion of structural performance.  

The code provisions on the other hand provide 
very little guidance how to use the results of a non-
linear analysis for structural design or assessment. 
The safety formats and rules that are usually em-
ployed in the codes are tailored for classical design 
procedures based on beam models, hand calculation 
or linear analysis and local section checks. On the 
other hand, non-linear analysis is by its nature al-
ways a global type of assessment, in which all struc-
tural parts, or sections, interact. Until recently the 
codes did not allow applying the method of partial 
safety factors for non-linear analysis, and therefore, 
a new safety format was expected to be formulated. 
Certain national or international codes have already 
introduced new safety formats based on over-
all/global safety factors to address this issue. Such 
codes are, for instance, German standard DIN 1045-
1 (1998) or Eurocode 2 EN 1992-2, (2005). This pa-
per will try to compare several possible safety for-
mats suitable for non-linear analysis: partial factor 
method, format based on EN 1992-2, (2005) and 
fully probabilistic method. A new alternative safety 
format is also proposed by authors, which is based 
on a semi-probabilistic estimate of the coefficient of 
variation of resistance. 

Standard design procedure for civil engineering 
structures based on partial safety factors usually in-
volves the following steps:  

1) Conceptual design with initial dimensioning 
of structural elements based on estimates and 
engineering judgment. 

2) Linear elastic analysis of the structure con-
sidering all possible load combinations. Re-
sults are actions in some critical sections, 
which could be referred as design actions 
and can be written as  

1 1 2 2 ......d S n S n SiE S Sγ γ γ= + + niS          (1)                 
They include safety provisions in which 

the nominal loads ni  are amplified by ap-
propriate partial safety factors for load-
ing Si

S

γ , where index i stands for load type, 
and their combinations. 

3) Design resistance of a section is calculated 
using design values of material parameters 
as: 

( ,...), /d d d kR r f f f mγ= =                   (2)           

The safety provision for resistance is used on 
the material level. The design value of mate-
rial property df  is obtained from the charac-
teristic value kf by its reduction with an ap-
propriate partial safety factor mγ .  

4) Safety check of limit state is performed by 
design condition, which requires, that design 
resistance is greater then design action: 

dE R< d                       (3)           

Note, that in the partial safety factor method the 
safety of material criteria in local points is ensured. 
However, the probability of failure, i.e. the probabil-
ity of violation of the design criteria (3) is not 
known.  



The required reinforcement is designed using 
steps 2), 3) and 4) in which the resistance function  
is changed. At the same time, changes in dimensions 
may be needed. The whole procedure is repeated un-
til all sections satisfy the design criteria that are usu-
ally specified by national or international design 
codes. The final steps of the design verification 
process often involve assessment of serviceability 
conditions, i.e. deflections, crack width, fatigue, etc. 
In certain cases, these serviceability conditions 
might be the most important factors affecting the fi-
nal design. 

r

In the above outlined design procedure, the non-
linear analysis should be applied in step 2) to replace 
the linear analysis. Following the current practice 
designer will continue to steps 3), 4) and perform the 
section check using the internal forces calculated by 
the non-linear analysis. This is a questionable prac-
tice due to the following reasons. If design values 
for material parameters are used in the non-linear 
analysis, then very unrealistic, i.e. degraded, mate-
rial is assumed. In statically indeterminate struc-
tures, this may result in quite unrealistic redistribu-
tion of forces, which may not be necessary on the 
conservative side. Furthermore, in the non-linear 
analysis material criteria are always satisfied implic-
itly by the employed constitutive laws. Therefore, it 
does not make sense to continue to step 3) and per-
form section checks. Instead, a global check of 
safety should be performed on a higher level and not 
in local sections. This is the motivation for the intro-
duction of new safety formats for non-linear analy-
sis.  

Another important factor is that non-linear analy-
sis becomes useful when it is difficult to clearly 
identify the sections to be checked. This occurs in 
structures with complicated geometrical forms, with 
opening, special reinforcement detailing, etc. In such 
cases, usual models for beams and columns are not 
appropriate, and non-linear analysis is a powerful al-
ternative.  

The above discussion shows that it would be 
advantageous to check the global structural 
resistance to prescribed actions rather than checking 
each individual section. The safety format based on 
global assessment is more suitable for design ap-
proaches based on non-linear analysis. This 
approach can bring the following advantages: 

(a) The nonlinear analysis checks automatically 
all locations and not just those selected at 
critical sections. 

(b) The global safety format gives information 
about the structural safety and redundancy. 
This information is not available in the clas-
sical approach of section verification. 

(c) The safety assessment on global level can 
bring, on one hand, more economic solution 
by exploiting reserves due to more compre-

hensive design model, on the other hand, the 
risk of unsafe design is reduced.  

However, the above enthusiastic statements 
should be accepted with caution. There are many as-
pects of design, which require engineering judg-
ment. Also many empirical criteria must be met as 
required by codes. Therefore, a global safety as-
sessment based on non-linear analysis should be 
considered as an additional advanced design tool, 
which should be used, when standard simple models 
are not sufficient.      

The non-linear analysis offers an additional in-
sight into the structural behavior, and allows engi-
neers to better understand their structures. On the 
other hand, non-linear analysis is almost always 
more demanding then a linear analysis, therefore an 
engineer should be aware of its limits as well as 
benefits. Other disadvantage is that the force super-
position is not valid anymore. The consequence is 
that a separate non-linear analysis is necessary for 
each combination of actions. 

Finally, a note to terminology will be made. The 
term for global resistance (global safety) is used 
here for assessment of structural response on higher 
structural level then a cross section. In technical 
literature, the same meaning is sometimes denoted 
by the term overall.  The term global is introduced 
in order to distinguish the newly introduced check of 
safety on global level, as compared to local safety 
check in the partial safety factor method. This termi-
nology has its probabilistic consequences as will be 
shown further in the paper. The proposed global ap-
proach makes possible a reliability assessment of re-
sistance, which is based on more rational probabilis-
tic approach as compared to partial safety factors. 

2  SAFETY FORMATS FOR NON-LINEAR 
ANALYSIS 

2.1 Design variable of resistance 
Our aim is to extend the existing safety format of 
partial factors and make it compatible with nonlinear 
analysis. First we introduce a new design variable of 
resistance R=r(f, a, ..., S). Resistance represents a 
limit state. In a simple case this can be a single vari-
able, such as loading force, or intensity of a distrib-
uted load. In general this can represent a set of ac-
tions including their loading history. We want to 
evaluate the reliability of resistance, which is ef-
fected by random variation of basic variables f - ma-
terial parameters, a – dimensions, and possibly oth-
ers.  

The resistance is determined for a certain loading 
pattern, which is here introduced by the symbol of 
actions S. It is understood that unlike material 
parameters and dimensions, which enter the limit 
state function r as basic variables, the loading is 
scalable, and includes load type, location, load 



and includes load type, location, load combination 
and history. It is the objective of the resistance R to 
determine the loading magnitude for given loading 
model. 

Random variation of resistance is described by a 
statistical distribution characterized by following pa-
rameters: 

mR  mean value of resistance, 
Rk  characteristic value of resistance, , i.e. 5% 

kvantile of the resistance 
d

The design condition is defined in analogy with 
partial safety factor method by Eq.(3) 

R  design value of resistance. 

In general, d and dE R  represent set of actions and 
the limit state is a point in a multi-dimensional 
space, respectively. It is therefore useful to define a 
resistance scaling factor Rk , which describes safety 
factor with respect to the considered set of design 
actions. In the simplified form, considering one pair 
of corresponding components it can be described as: 

R
d

R
k

E
=                                 (4) 

Then, the design condition (3) can be rewritten 
as: 

R R
Where Rγ  is required global safety factor for re-

sistance. Factor R  can be used to calculate the rela-
tive safety margin for resistance 

k

kγ <                      (5)                                                  R R          /d m γ=      (10) 

 m k               (6) 1= −R R
The task now remains to determine the design re-

sistance dR . The following methods will be investi-
gated and compared: 

(a) ECOV method, i.e. estimate of coefficient of 
variation for resistance. 

(b) EN 1992-2 method, i.e estimate of dR  using 
the overall safety factor from Eurocode 2 EN 
1992-2. 

(c) PSF method, i.e. estimate of dR using the 
partial factors of safety 

(d) Full probabilistic approach. In this case dR  is 
calculated by a full probabilistic non-linear 
analysis. 

Furthermore, the limit state function r can include 
some uncertainty in model formulation. However, 
this effect can be treated separately and shall not be 
included in the following considerations.  
It should be also made clear, that we have separated 
the uncertainties of loading and resistance (and their 
random behavior). Our task is reduced to describe 
the resistance side of design criterion (3). 

2.2 ECOV method – estimate of coefficient of 
variation 

This method is newly proposed by the authors. It is 
based on the idea, that the random distribution of re-
sistance, which is described by the coefficient of 
variation , can be estimated from mean RV mR  and 

characteristic values kR . The underlying assumption 
is that random distribution of resistance is according 
to lognormal distribution, which is typical for struc-
tural resistance. In this case, it is possible to express 
the coefficient of variation as:                            

1
1.65

γ

,...)m mf

(d y

cmf

 ln m
R

k

RV
R

 
= 

 
                             (7) 

Global safety factor Rγ of resistance is then esti-
mated as: 

exp( )Vγ α β=      (8) R R R
where Rα is the sensitivity (weight) factor for re-

sistance reliability and β  is the reliability index. 
The above procedure enables to estimate the safety 
of resistance in a rational way, based on the princi-
ples of reliability accepted by the codes. Appropriate 
code provisions can be used to identify these pa-
rameters. According to Eurocode 2 EN 1991-1, typi-
cal values are 4.7β =  (one year) and 0.8Rα = . In 
this case, the global resistance factor is: 

 
exp( 3.76 )R V≅ −      (9) R

R

 
and the design resistance is calculated as: 
 

 
The key factor in the proposed method is to de-

termine the mean and characteristic values  Rm , Rk. 
It is proposed to estimate them using two separate 
nonlinear analyses using  mean and characteristic 
values of input material parameters, respectively. 

( , ( ,...)k kR r R r f= =     (11) 
The method is general and reliability level β  and 
distribution type can be changed if required. The ad-
vantage of this approach is that the sensitivity to in-
dividual parameters such as for instance steel or 
concrete strength can be estimated. The disadvan-
tage is the need for two separate non-linear analyses. 

2.3 EN1992-2 method 

Design resistance is calculated from 
, ..., ) /m cmR r f f S Rγ=      (12) 

Table 1: Material parameters used in EN1992-2 method 
1.1ym ykf f=  Steel yield strength 
1.1pm pkf f=  Prestressing steel yield 

strength 
1.1 s

cm ck
c

f fγ
γ

=  Concrete compressive 
strength, where sγ and cγ are 
partial safety factors for steel 
and concrete respectively. 
Typically this means that the 
concrete compressive strength 
should be calculated as 

0.843 ckf=  



Material properties used for resistance function 
are shown in table above. 

 
The global factor of resistance shall be  1, 27γ =R

The evaluation of resistance function is done by 
nonlinear analysis assuming the material parameters 
according to the above rules. 

2.4 PSF method – partial safety factor estimate 

Design resistance Rd can be estimated using de-
sign material values as 

( ,..., )d dR r f S=      (13) 
In this case, the structural analysis is based on ex-
tremely low material parameters in all locations. 
This may cause deviations in structural response, 
e.g. in failure mode. It may be used as an estimate in 
absence of a more refined solution. 

2.5 Full probabilistic analysis 

Probabilistic analysis is a general tool for safety 
assessment of reinforced concrete structures, and 
thus it can be applied also in case of non-linear 
analysis. A limit state function  can be evaluated by 
means of numerical simulation.  In this approach the 
resistance function r (r) is represented by non-linear 
structural analysis and loading function s(s) is repre-
sented by action model. Safety can be evaluated with 
the help of reliability index β, or alternatively by 
failure probability Pf taking into account all uncer-
tainties due to random variation of material proper-
ties, dimensions, loading, and other.  

Probabilistic analysis based on numerical simula-
tion include following steps: 

(1) Numerical model based on non-linear finite 
element analysis. This model describes the resis-
tance function r (r) and can perform deterministic 
analysis of resistance for a given set of input vari-
ables. 

(2) Randomization of input variables (material 
properties, dimensions, boundary conditions, etc.). 
This can also include some effects of actions, which 
are not in the action function s (s) (for example pre-
stressing, dead load etc.). Random properties are de-
fined by random distribution type and its parameters 
(mean, standard deviation, etc.). They describe the 
uncertainties due to statistical variation of resistance 
properties.  

(3) Probabilistic analysis of resistance and action. 
This can be performed by numerical method of 
Monte Carlo-type of sampling, such as LHS sam-
pling method. Results of this analysis provide ran-
dom parameters of resistance and actions, such as 
mean, standard deviation, etc. and the type of distri-
bution function for resistance. 

(4) Evaluation of safety using reliability index β 
or probability of failure. 

Probabilistic analysis can be also used for deter-
mination of design value of resistance  function r (r) 
expressed as Rd. Such analysis involves the steps (1) 
to (3) above and Rd  is determined for required reli-
ability β  or failure probability . fP

2.6 Nonlinear analysis 
Examples in this paper are analysed with program 
ATENA for non-linear analysis of concrete 
structures. ATENA is capable of a realistic 
simulation of concrete beahior in the entire loading 
range with ductile as well as brittle failure modes as 
shown in papers by Cervenka (1998), (2002).  The 
numerical analysis is based on finite element method 
and non-linear material models for concrete, 
reinforcement and their interaction. Tensile behavior 
of concrete is described by smeared cracks, crack 
band and fracture energy, compressive behavior of 
concrete is described by damage model with 
hardening and softening. In the presented examples 
the reinforcement is modelled by truss elements 
embeded in two-dimensional isoparametric concrete 
elements.  Nonlinear solution is performed 
incrementally with equlibrium iterations in each load 
step. 

3 EXAMPLES OF APPLICATION 
The performance of presented safety formats will be 
tested on several examples ranging from simple 
determinate structures with bending failure mode up 
to statically indeterminate structures with shear 
failure modes. 

 
Example 1 : simply supported beam in bending 
 
Simply supported beam is loaded by a uniform 

load. The beam has a span of 6m, rectangular cross/-
section of h=0.3m, b=1m. It is reinforced with 5∅14 
along the bottom surface. The concrete type is 
C30/37 and reinforcement has a yield strength of 
500 Mpa. The failure occurs due to bending with a  
reinforcement yielding 

 
Example 2 : deep shear beam  
 
Continous deep beam with two spans. It 

corresponds to one of the beams that were tested at 
Delft university by Asin (1998). It is a statically 
indeterminate structure with a brittle shear failure. 

 
Example 3 :  bridge pier 
 
This example is chosen in order to verify the 

behavior of the various safety formats in the case of 



a problem with second order effect (i.e. geometric 
nonlinearity). This example is adopted from a 
practical bridge design in Italy that was published by 
Bertagnoli et. al. (2004). It is a bridge pier loaded by 
normal force and moment at the top. 

 
Example 4 : bridge frame structure 
 
The bridge frame structure in Sweeden fails by a 

combined bending and shear failure. It is an existing  
bridge that was strengthened by fibre carbon bars, 
and subjected to a field test up to failure by a single 
load in the middle of the left span.  

The examples are shown in Figure 1 to Figure 4. 
 
 
 
 
 
 
 
 

Figure 1: Beam geometry with distributed design load for ex-
ample 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Figure 2: Deam beam geometry for the example 2. 

 
In the nonlinear analysis the load is gradually in-

creased up to failure. Typical result from such an 
analysis is shown in Figure 5 for the case of the ex-
ample 1. The figure shows the beam response for in-
creasing load using various safety methods pre-
sented in Section 2. The straight dashed line 
represents the load-carrying capacity given by stan-
dard design formulas based on beam analysis by 
hand calculation and critical section check by partial 
factor method. The other curves corresponds to the 
analyses with different material properties as speci-
fied by the safety format approaches that are pre-
sented in Section 2. The curve denoted as PSF, thus 
corresponds to the partial factor method from Sec-

tion 2.4, in which the used material parameters are 
multiplied by the corresponding factors of safety.  
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 3: The geometry of the example 2, the bridge pier with 
second order effecft. 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
Figure 4: Bridge frame structure, example 4. 

 
The response curve EN1992-2 is obtained from 

an analysis, where the material parameters are given 
by Section 2.3. For the ECOV method (Section 2.2), 
two separate analyses are needed: one using mean 
material properties, and one with characteristic val-
ues. The results from these two analyses are denoted 
by the labels “Mean” and “Char.” respectively. The 
ultimate load carrying capacities from each analysis 
are then used to estimate the design resistance dR . 
For all examples the calculated design resistances 
are shown in Table 2. The design resistances are 
normalized with respect to the values obtained for 
PSF method to simplify the comparison.  



Typical results from the nonlinear analyses are 
presented in Figure 6, for the case of the example 2. 
This figures shows also the comparison of the calcu-
lated failure mode and the experimental crack pat-
tern. For each example, a full probabilistic analysis 
was also performed. Each probabilistic analysis con-
sists of several (at least 32 to 64 analyses) nonlinear 
analysis with different material properties as shown 
in Figure 7. 
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Figure 5: Load-displacement diagrams for bending example 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Figure 6: Shear wall tested in the laboratory, Asin (1999). 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7: Shear wall tested in the laboratory, Asin (1999). 
 

Table 2: Comparison of calculated values for design resistance 
sing various safety formats. u 
 PSF ECOV EN 1992-2 Probabilis-

tic 
Example 1 
Bending 

/ PSF
d dR R  

 
1.0 

 
1.0 

 
0.95 

 
0.96 

Example 2 
shear 
beam 

/ PSF
d dR R  

 
1.0 

 
1.02 

 
0.98 

 
0.98 

Example 3 
bridge pier 

/ PSF
d dR R  

 
1.0 

 
1.06 

 
0.98 

 
1.02 

Example 4 
bridge 
frame 

/ PSF
d dR R  

 
1.0 

 
0.97 

 
0.93 

 
1.01 
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4 CONCLUSIONS 

The paper presents a comparison of several safety 
formats for non-linear analysis of concrete struc-
tures. The global safety approach is proposed. A 
new method for verification of ultimate limit state 
suitable for reinforced concrete design based on 
non-linear analysis is described. The new method is 
called ECOV (Estimate of Coefficient Of Variation). 
The advantage of the proposed method is that it can 
capture the resistance sensitivity to the random 
variation of input variables, and thus it can reflect 
the effect of failure mode on safety. It requires two 
nonlinear analyses with mean and characteristic val-
ues of input parameters respectively. Other safety 
formats suitable for non-linear analysis that are 
based on global resistance are presented. They are: 
the approach proposed by EN 1992-2, fully prob-
abilistic analysis and a simple approach based on de-
sign values of input parameters, i.e. characteristic 

 Step 38, 
 Scalars:rendering, Basic material, in nodes, Principal Strain, Max., <-1.330E-04;1.741E-02>[None]
 Cracks: in elements, <2.000E-04; ...), openning: <-2.738E-05;1.769E-03>[m], Sigma_n: <-8.546E+00;2.473E+00>[MPa], Sigma_T�: <

-1.330E-04
1.600E-03
3.600E-03
5.600E-03
7.600E-03
9.600E-03
1.160E-02
1.360E-02
1.560E-02
1.741E-02



parameters reduced by partial safety factors. The last 
approach is usually not recommended by design 
codes, but practicing engineers often overlook this 
fact, and use this approach if a non-linear analysis is 
available in their analysis tools. The consequences 
are investigated in this paper.  

The discussed safety formats are tested on four 
examples. They include ductile as well as brittle 
modes of failure and second order effect (of large 
deformation). For the investigated range of prob-
lems, which is quite narrow but still representative, 
all the methods provide quite reliable and consistent 
results.  

Based on the limited set of examples the follow-
ing conclusions are drawn: 

(e) The proposed EVC method gives consistent 
results compare to other approaches. 

(f) The PSF method, which uses input parame-
ters with partial safety factors appears to be 
sufficiently reliable and it is a natural exten-
sion of the classical approach to the modern 
design methods based on non-linear analysis. 

(g) Fully probabilistic analysis is sensitive to the 
type of random distribution assumed for in-
put variables. It can provide additional load-
carrying capacity if statistical properties of 
the analyzed system are known or can be 
accurately estimated. 

The methods are currently subjected to further 
validation by authors for other types of structures 
and failure modes. 

The research presented in this paper was in part 
resulting from the Grant no. 1ET409870411 of the 
Czech Academy of Sciences. The financial support 
is greatly appreciated.  
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