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ABSTRACT: We aim to model the static-dynamic fracture, often propagates in mixed-mode in lightly rein-
forced concrete beams. When a beam does not have enough shear reinforcement, fracture can initiate and 
propagate unstably and lead to failure through diagonal tension. In order to study this phenomenon numeri-
cally, a model capable of dealing with both static and dynamic crack propagation as well as the natural transi-
tion of these two regimes is necessary. A cohesive model for concrete fracture and an interface model for the 
deterioration between concrete and steel re-bar, both combined with an insertion algorithm, are chosen for 
this task.  The static process is solved by dynamic relaxation (DR) method together with a modified tech-
nique to enhance the convergence rate.  This same DR method is used to detect a dynamic process and 
switch to a dynamic calculation. The numerically obtained load-displacement curves, load-CMOD curves and 
crack patterns fit very well with their experimental counterparts, having in mind that we fed the calculations 
only with parameters measured experimentally.

1 INTRODUCTION 

In this paper we investigate the evolution of 3D 
mixed-mode fracture in notched reinforced concrete 
beams subjected to static loading.  As observed in 
the experimental results of Carmona, Ruiz & Del 
Viso (2007), under static loading conditions, mix-
mode fracture can propagate in static or dynamic re-
gime. The conditions of transition between these two 
regimes vary with beam geometry, reinforcement ra-
tio, location and inclination of the rebars. Knowing 
those conditions beforehand is essential to beam de-
sign and safety of a whole structure, since without a 
rebar to slow down and eventually stop the dynamic 
fracture, the beam would collapse. The idea of add-
ing reinforcements to transform a brittle behavior --
beam collapsing--  into a ductile one --rebar yield-
ing-- is many times more important than sole in-
creasing of peak loads. In other words, mere high 
peak load may present false high load capacity if 
ductility is lacking.  

When a beam is not sufficiently reinforced to re-
sist shear, the crack initiated from the notch can run 
unstably and leads to diagonal tension failure, see 
Figure 1.  To numerically reproduce this entire pro-
gress of the crack initiation, propagation and “hinge” 
forming, is undoubtedly a challenging task. A com-
putational model that is able to not only handle both 
static and dynamic fracture but also detect the  
transition in between is required. To tackle this 
problem, we adopt an explicit discrete cohesive 
model, with a three-dimensional discretization, in-
corporated with a modified dynamic relaxation (DR) 

method. The modified DR, see Yu & Ruiz (2004), is 
served both as a solver and a detector for dynamic 
processes. 

 

 
 

 
 
 
 
 
 
 

Figure 1. A lightly reinforced concrete beam failed through di-
agonal tension 

2 FINITE ELEMENT METHODOLOGY 

We model the concrete bulk using the Neo-Hookean 
material extended to the compressible range. The 
fracture in concrete is modeled using a 3D cohesive 
model developed by Ortiz & Pandolfi (1999), with a 
linear-decreasing cohesive law. The steel rebar is 
explicitly represented using 10-node tetrahedrons 
and follows an elastic perfectly-plastic constitutive 
law. The steel-concrete interface is simulated 
through an interface element endorsed with a per-
fectly plastic bond-slip law.  Both the cohesive 
elements and the interface elements are inserted 
upon crack initiation or bond deterioration, the ge-
ometry is updated through an effective fragmenta-
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tion algorithm, see Pandolfi & Ortiz (2002). The 
whole process is solved using a modified dynamic 
relaxation method (Yu & Ruiz 2004). All the mate-
rial properties were measured through independent 
experiments and their values are listed in Table 1, 
where E represents the material elastic modulus, 
ft ,GF are the tensile strength and the specific frac-
ture energy of the concrete, Sc0.2  stands for the 
0.2% yield strength of the steel rebar, Tc is the bond 
strength of the steel-concrete interface. Note that the 
value 174 GPa is the nominal modulus measured for 
a ribbed rebar. 

 
Table 1.  Mechanical properties of concrete, steel and the inter-
face in between given in Carmona, Ruiz & Del Viso 2007. 

E ft GF Sc0.2 Tc Material 
GPa MPa N/m 

 
MPa MPa 

Con-
crete 

36.3 3.8 43.4 -  - 

Steel 174 - -  563 - 
Steel-
concrete 
interface 

     6.4 

 
 

 
Figure 2. Geometry for the beams tested by Carmona, Ruiz & 
Del Viso (2007), where D is of 75, 150 and 300 mm for small 
(S), middle (M) and large (L) specimens. 

3 NUMERICAL RESULTS 

3.1 Validation  

In Figure 2, we show the geometry of the notched 
beams tested by Carmona et al. (2007) and follow 
their nomenclature for a beam of different size (S, M 
or L), reinforced with longitudinal or shear rebars. 
For example, S01 is a small size beam, with zero 
longitudinal, one transversal reinforcement  rebar. 
This was designed to provoke a single propagating 
crack in beams of different sizes and to facilitate the 
study of crack trajectories, peak loads and their rela-

tion with the amount and location of the reinforce-
ments. 

 
 

 

 
 

 
Figure 3. Numerical-experimental comparison for (from top to 
bottom) load-displacement, load-CMOD curves and crack pat-
terns. 

 
Beams M00 and M20 are chosen as validation 

examples.  The complete load-displacement and lo-
ad-CMOD curves are plotted against their experi-
mental counterparts in Figure 3, where letters A to E 
mark different stages of the crack propagation. Tak-
ing into consideration that all fed material parame-
ters are measured ones, the fit is remarkable. 

It needs to be pointed out that, the calculations 
shown in Figure 3 had gone through a static-
dynamic-static transition. In particular, at the last 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



stage of M20, the crack closes due to the formation 
of the “hinge” after the diagonal-tension failure. 
This last part cannot be captured by any sophisti-
cated solvers if considering it static, since the crack 
propagation is intrinsically dynamic. The lower nu-
merical load at post-peak compared to the experi-
mental one is attributed to the material hardening of 
the rebar is not yet included in the numerical model. 

3.2 Dynamic fracture under static loading 

When a structural element fails due to surpassing of  
its loading limit, the collapsing process is usually 
unstable, and is accompanied with dynamic fracture.  
Such a dynamic fracture propagation under static 
loading is demonstrated in Figure 4 for the case of a 
small beam without any reinforcements S00.  Fig-
ure 4(top) shows the numerical crack trajectory su-
perimposed upon the experimental one. A perfect 
match is obtained. In Figure 4(bottom), the discon-
tinuous lines with empty symbols represent the ex-
perimentally recorded load-displacement curve. 
Note that, at post-peak stage, from peak load to zero 
load, no intermediate points were recorded due to 
the rapid failure of the beam. In other words, we 
cannot directly compare the load-displacement data 
after peak load, nevertheless, one can observe that 
the numerical softening curve tends to the experi-
mental one taken at the end of the experiment. The 
matching of both the load-displacement curves and 
crack trajectories validates both the amount and the 
location of the energy spent.  It needs to be pointed 
out that since the test was done with displacement 
control, it was the self-weight that provoked the dy-
namic fracture when the crack was advanced to-
wards the loading plane. 

For a beam with reinforcements, the static-
dynamic transition could occur (a) when the inter-
face is broken and (b) when the rebar is yielded or 
broken, see Figure 3 B-C and D-E, and Figure 4 B-
C. Figure 3 shows that the longitudinal reinforce-
ment of M20 actually stopped the dynamic crack 
propagation, consequently there was a dynamic-
static transition from point C to D, apart from the 
static-dynamic ones B-C and D-E. Such transitions 
are determined by the reinforcement ratio and the 
beam geometry. 
 

 

 

 

 

 

 

 

 

 

 
Figure 4. Experimental and numerical comparison for (top) 
crack patterns and (bottom) load-displacement curve for the 
case of S00, a small beam with neither longitudinal nor trans-
versal reinforcements. 

 

 

 
Figure 5. Numerical and experimental crack patterns and load-
displacement curve for S01, a small beam reinforced with one 
transversal re-bar. 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



3.3 Effect of longitudinal and transversal 
reinforcements 

From Figure 3, comparing the case of M00 and M20, 
we observe that longitudinal rebars help to augment  
both the peak and the ultimate loads. Consequently, 
M20 is more ductile compared to the non-reinforced 
one M00. From Figures 4 and 5, for beam S01, how-
ever, the peak load is lower than the beam S00. By 
looking at the crack trajectories, we observe that the 
transversal rebar served to change the main crack 
trajectory at point D. This is clearly seen in Figure 6, 
where the experimental trajectories are put together 
for beams S00, S01, S10 and S11. The fractures 
paths remained the same at the first stage of the 
crack propagation, this shows neither the longitudi-
nal nor the transversal rebar was activated. Then 
then the crack path curved towards the loading plane 
for S10, whereas it went the opposite direction for 
S01. The crack followed a straight line in the case of 
S00.  S11 is a mixture of S01 and S10, but closer to 
S10 than to S01. This reveals the stronger influence 
of the longitudinal reinforcement than the transver-
sal on fracture path. It bears emphasis that such 
complicated trajectory would be an impossible task 
for those methods that work with only pre-embedded 
cracks. 
 

 
Figure 6. Main crack trajectories observed in experiments for 
beams S00, S01, S10 and S11. 

3.4 Size effect in reinforced beams 

According to the size effect law, two geometrically 

similar beams, the smaller one resists proportionally 

more than the larger one. However, Figure 7 shows 

the well-distinguished smaller-is-stronger rule in 

plain concrete beams do not equally reproduce for 

reinforced ones. In Figure 7(top), the load-

displacement values for S10 are doubled to compare 

better with M20. Surprisingly, S10 resists less peak 

load than M20. 
 

 

 

 
Figure 7. Load-displacement comparison for S10 and M20 
(top) and crack surface displacements versus loading-point dis-
placement for S10 and M20 (bottom).  

 
By looking at the movements of the two crack 

surfaces individually, see Figure 7(bottom), we ob-
serve that S10 and M20 show different failure 
mechanisms. Larger absolute amount of reinforce-
ment in M20 has resulted that the left part of the 
beam is being dragged towards the loading plane. In 
other words, even though S10 and M20 share the 
same crack patterns, but the loading capacity do no 
follow the size effect law as observed in plain con-
crete beams. This phenomenon would not be cap-
tured by a non-explicit representation of the rebar 
and cracks. 

3.5 Dowel action and sewing effect of the rebar  

Figure 8 is a snapshot of the fractured beam S11, re-
inforced with one longitudinal and one transversal 
rebar. Note that the phenomenon of dowel action as 
shear transfer mechanism across cracks is repro-
duced naturally as a result of the explicit representa-
tion of rebar and the bond-slip interaction between 
concrete bulk and the rebar.  Additionally observed 
is the sewing effect of both rebars and secondary 
cracks in concrete bulk. Correctly model each physi-
cal phenomenon individually and the interactions 
between reinforcement and concrete is fundamental 
for a right design of an reinforced concrete structure, 
since all those aforementioned factors contribute to 
the entire energy consumption therefore the resis-
tance and global behavior of the beam.  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
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etc.). In the literature various formulations can be 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k
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vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



 
Figure 8. The dowel action, sewing effect of the rebar and sec-
ondary cracks modelled in beam S11.  

4 CONCLUSIONS 

We have modeled the static-dynamic mixed-mode 
fracture in reinforced concrete. The concrete bulk, 
steel rebar and the interface in between are all ex-
plicitly represented. A modified relaxation method is 
employed to solve the static process and detect a dy-
namic one. The methodology was validated against 
experimental results of Carmona, Ruiz and Del Viso.  
The salient features, such as micro cracking, chang-
ing of crack trajectory, pull out and the dowel action 
of the rebar are all naturally reproduced through the 
discrete fracture and explicit representation of the 
rebar. As a by product, the fundamental role of frac-
ture mechanics in reinforced concrete structure de-
sign is thoroughly demonstrated. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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