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ABSTRACT: There are a wide variety of short fiber reinforced cement composites, such as strain hardening 
and multiple fine cracking in tension. Quantitative material design methods considering the properties of ma-
trix, fiber and their interface should be established. This paper introduces numerical model by means of three-
dimensional meso-scale analysis (i.e. matrix, fiber and their interface are discretized respectively.), to simu-
late the tensile fracture including strain hardening and multiple fine cracking. The fibers with specific length 
and diameter have been arranged within the specimen, and loading tests in analysis have been also carried out 
to compare with experimental results. It was clarified that the proposed model can be roughly simulated the 
tensile failure of high strength Strain Hardening Cementitious Composites (SHCC) includes crack patterns. 
And the effects of matrix strength, its variation and fiber distribution on the tensile fracture were numerically 
investigated. 

1 INTRODUCTION  

The performance of short fiber reinforced cementi-
tious composites has been enhanced in recent years, 
with a variety of material design methods being pro-
posed to achieve the required mechanical perform-
ance. Typical material is Strain Hardening Cementi-
tious Composites (SHCC), such as Engineered 
Cementitious Composites (ECC) developed by Li, 
V.C. (1993). The material was designed based on 
micro mechanics principle. The effects of fiber ori-
entation and heterogeneity due to the fiber distribu-
tion cannot be, however, investigated in ordinary 
material design concepts directly. And a new mate-
rial using hybrid fiber (i.e. combination of different 
fiber lengths or fiber types) has been also proposed. 

Bolander & Saito (1997), for instance, conducted 
2-D analysis in which short fibers were discretized 
as beam elements to examine tensile fracture of fiber 
reinforced concrete parametrically, the effect of the 
fiber distribution on the mechanical performance of 
the resulting composite. Kunieda et al. (2008) pro-
posed three-dimensional meso-scale analysis for 
SHCC based on a Rigid-Body-Spring Model 
(RBSM) (Kawai 1978) to elucidate the tensile frac-
ture of ordinary SHCC (ECC) with PVA fibers. And 
the proposed model can well simulate the tensile 
fracture of SHCC. However, the applicability of the 
model to other type of SHCCs (e.g. high strength) 
should be clarified. 

This paper presents the analytical results of high 
strength SHCC by means of discrete modeling of 
short fibers. In order to interpret the fracture mecha-
nism (strength and strain capacity, crack pattern), 
parametric analyses concerning variation of matrix 
strength and fiber distribution was conducted. 

2 OUTLINE OF PROPOSED MODEL 

2.1  Outline of RBSM 

Figure 1 shows an example of a pair of elements (Vo-
ronoi cells in the Fig.) composing the element stiff-
ness matrix in the RBSM (Bolander & Berton 2004). 
These elements were assumed to be rigid bodies, 
while setting 6 degrees of freedom for each rigid ele-
ment. Six springs were placed on each boundary 
plane of each cell, in the normal (1 spring) and tan-
gential (2 springs) to the boundaries and rotational di-
rections (3 springs). The material properties (tensile 
strength, elastic modulus, and fracture energy) of the 
matrix were adopted as the mechanical properties of 
the normal and tangential springs, whereas the me-
chanical properties of the rotational springs were as-
sumed based on the literature (Bolander & Berton 
2004). Note that fracture was evaluated using the 
crack band based on the distance between each ele-
ment h to minimize the effect of the discretization on 
the cracking properties (Thomure et al. 2001). 
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Figure 1. Elements and defined degrees of freedom. 

 

 
Figure 2. Fiber location and zero-size spring. 

2.2 Modeling of fiber action before cracking of 
cement matrix 

Before cracking of cement matrix, the stress borne 
by fibers was calculated based on the shear lag the-
ory by Cox (1952). Cox expressed the tensile stress 
distribution acting on fibers in the matrix as Equa-
tion 1. The authors therefore expressed the reinforc-
ing effect of fibers before cracking by calculating 
the tensile stress of fibers using Equation 1. 
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where σ f = tensile stress of fibers (MPa), Ef = elastic 
modulus of fibers (MPa), εm = strain of matrix in the 
direction of the fiber, l = fiber length (mm), x = dis-
tance from the end of fiber (mm), and β = constant 
determined by material constant of matrix and fibers 
(1.0 in this study). 

2.3  Modeling of fiber action after cracking of 
cement matrix 

2.3.1 Outline of modeling 
Short fibers with the specific length were randomly 
arranged in elements assuming the specimen size to 
be analyzed, so as to attain the specified fiber con-
tent by volume. As shown in Figure 2, a zero-size 
spring was placed on a point, where a fiber crosses 
two elements boundary, and the bonding stress of 
the fiber was acted on the spring. The embedment 
length l’ and the angle to the normal direction to 
crack plane (orientation angle) φ were also calcu-
lated for each fiber. Note that the orientation angle 
was determined from the inner product of the normal 
vector and the vector in the direction of fiber orien-
tation. 

 
Figure 3. Pullout displacement obtained from crack width 

(before softening in pullout behavior). 

 

 
Figure 4. Procedure for calculation of fiber bridging force. 

 
After cracking, the stress transfer by fibers across 

a crack plane in the cement matrix (hereafter re-
ferred to as “the matrix”) was calculated by the steps 
shown in Figures 3 and 4 (Kunieda et al. 2008). Half 
of the calculated crack width W0 was assumed to be 
the length of fiber pull-out displacement before sof-
tening of bond stress slip relation. After the soften-
ing, it was also assumed that the fiber having shorter 
embedment length was pulled out. Pull-out dis-
placement was assumed to be equal to total crack 
width. The shape of slip distribution was determined 
through the analysis of single fiber pull-out tests. If 
the shape of slip distribution is known, then the bond 
stress distribution is determined from the bond 
stress-slip relationship. The bridging forces of fibers 
across cracks can then be calculated by integrating 
the bond stress distribution in the direction of the fi-
ber axis. Uniaxial bond stress-slip curve as shown in 
Figure 5 was identified through the results of single 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 

 

nsc
w

s

e
w

c

e
w

h
h

D
t

h

h

e
w

&&& ++
∂

∂

∂

∂

=∇•∇+
∂

∂

∂

∂

− αα

αα

)(

    

(3)

 
 

where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



fiber pull-out tests (Kozawa et al. 2008). Note that 
the water to binder ratio (W/B) of used matrix was 
0.18, and high strength Polyethylene (PE) fiber was 
used in the tests. 

 

 
Figure 5. Bond stress-slip relation (PE fiber, W/B=0.18). 

 

 
Figure 6. Bridging of inclined fiber to crack plane. 

 

 
Figure 7. Shape of dumbbell-shaped specimen. 

 
Eventually, normal force to crack plane due to 

bridging of fibers was modeled. However, the effect 
of cracking on section shear resistance is not consid-
ered. 

2.3.2 Increase of bond strength due to orientation 
angle 

As shown in Figure 6, a fiber was not always ar-
ranged perpendicular to crack plane, that means the 
fiber has orientation angle φ. Li et al. (1990) re-
vealed the increase of bond strength in the inclined 
fiber pull-out test, and derived the following Equa-
tion; 

 

 
Figure 8. Tensile stress-strain curves of specimen with differ-

ent fiber content. 

 

 
Figure 9. Final crack patterns after tensile tests. 
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where F = pull-out load (N), F0 = pull-out load at an 
orientation angle of 0 rad.(N), φ = orientation angle 
of fiber (rad.), f = parameter on snubbing effect. Re-
garding the parameter f, 0.5 was identified through 
numerical results (Kozawa 2009). 

2.3.3 Decrease of rupture strength of fiber due to 
orientation angle 

There are experimental findings that the rupture 
strength of fiber tends to be lower than the values 
given in the manufacturer’s catalogue in the case of 
PVA fiber (Kanda & Li 1998). The orientation angle 
of each fiber to the crack plane affects rupture 
strength of fiber itself, as described in the following 
Equation;  

 
φ

σσ
'f

fu
n

fu e
−

=                           (3) 
 
where σ fu = rupture strength of fibers (MPa), σ

 n
fu = 

apparent rupture strength at an orientation angle of 0 
rad.(MPa), φ = orientation angle of fiber (rad), f’ = 
strength reduction factor. In the previous research 
with PVA fibers, 0.3 was adopted as a f’ value. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



It has also been experimentally confirmed that the 
pull-out of fiber was observed in the case of PE fiber 
having ultra high strength. In this study, the apparent 
fiber strength value was used for the analysis. 

 

 
Figure 10. Discritized cement matrix and fibers. 

3 ANALYSIS FOR CRACKING OF 
COMPOSITES WITH STRAIN HARDENING 

3.1  Outline of material response for analysis 

The target of this analysis is Ultra High Performance-
Strain Hardening Cementitious Composites (UHP-
SHCC) developed by Kunieda et al. (2007) and Kamal 
et al. (2008). The material exhibits high strength over 
8MPa in tension, high strain capacity in tension more 
than 2%, with extremely higher durability. Uniaxial 
tensile tests of specimens containing 0.5%, 1.0% and 
1.5% PE fibers (6 mm in length and 0.012 mm in di-
ameter) were carried out. As shown in Figure 7, 
dumbbell-shaped specimens having a cross-section of 
30 x 13 mm were used in the tests to measure the strain 
of the test zone 100 mm in length. 

 
Table 1. Material properties for analysis. 

 

3.2 Outline of analysis 

The analysis models, which are discretization of ce-
ment matrix and fibers including an interface, are 
shown in Figure 10. The test zone measuring 30 x 13 

x 100 mm was taken out of the specimen for the 
modeling, and the strain was determined in the area 
100 mm in length similarly to the experiment. When 
using a RBSM, the crack pattern, which governs the 
strain capacity directly in this study, is affected by 
the mesh size and shape. For simplicity, however, 
the rectangle-shaped element was used and the mesh 
size was 1 mm in the direction of the longitudinal 
axis of the specimen, which is less than experimental 
crack spacing, and 13mm in the depth direction, so 
as to shorten the calculation time (a two-dimensional- 
like division). Fibers were modeled by randomly 
dispersing them in the specimen as shown in Figure 
10. As for the boundary conditions, forced horizon-
tal displacement was given to the right side element, 
while completely fixing the left side element of the 
specimen.  

Table 1 gives the physical properties of the fibers, 
matrix, and fiber-matrix interface for the analysis. 

3.3 Trial analysis for specimen with different fiber 
contents 

Figure 11 shows the stress-strain relationship when 
the tensile strength of the matrix was assumed to be 
7.5MPa. The tensile strength was determined 
through the flexural strength test of matrix itself, in 
which the flexural strength was 7.5MPa. The ex-
perimental results are also represented in the figures. 

In the case of 0.5%, the first crack occurred at 
stress of 7.5MPa, and stress increases up to 3MPa 
after sudden drop in stress. Finally, softening behav-
ior was observed. In this case, total response can be 
well simulated.  

This model also predicts the softening behavior in 
the case of 1.0%, although experimental results 
shows slightly strain hardening up to 1.0% in strain. 

Regarding the analytical result for 1.5% case, the 
analysis reproduced the repeated stress gains and 
losses beginning after the first crack onset and the 
large ultimate tensile strain exceeding 5%, although 
the test results showed only strain capacity ranging 
from 2.0% to 2.5%. No increases in the stress up to the 
point of 2.0% in strain were observed because of 
cracking strength of 7.5MPa. After that, it exhibits 
strain hardening up to 5.2% in strain. The total re-
sponse cannot be simulated quantitatively. Figure 12 
shows analytical crack patterns at strain of 1.0%, 2.0% 
and 4.0%, respectively. In strain hardening materials 
with multiple fine cracks, number of cracks strongly 
affects the strain capacity in tension. As shown in 
crack patterns of this analysis, most interfaces of ele-
ments, which were corresponding to cracks potentially, 
were opened, and it was induced constant crack spac-
ing in each strain level. It seems that this behavior gave 
much strain values in the analysis. 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



  
Figure 11. Stress-strain curves of specimen with different fiber 

content. 

 

 
Figure 12. Analytical crack patterns (1.5% case). 

 
Figure 13. Effect of matrix strength (1.5% case). 

 
In each case, stress value just before localization 

(failure) in the experiment was roughly simulated by 
the analysis. This means that fiber bridging strength, 
which controls the strength of composite in this ma-
terial, is also evaluated in each series, and the mod-
eling in this study is appropriate in terms of fiber 
bridging response. However, total response repre-
sented by stress strain curves was not simulated 
quantitatively. One of the reasons is existing materi-
als has distribution of strength of matrix and fiber 
orientation etc, these cause sequential cracking 
within a specimen. In the following section, para-
metric studies related to distribution of matrix 
strength and fiber distribution were conducted.  

4 PARAMETRIC ANALYSIS 

4.1 Effect of matrix strength 

Figure 13 shows the analytical results with different ma-
trix strength, especially in the case of fiber content of 
1.5%. Three kinds of matrix strength (5.0MPa, 7.5MPa 
and 10MPa) were adopted as a main parameter. As 
shown in Figure 13, as the matrix strength became 
lower, the strain capacity became higher with strain 
hardening behavior. Because the fiber bridging strength 
was less than 10MPa in the case of 1.5%, it seems that 
matrix strength lower than 10MPa is required to exhibit 
significant strain hardening behavior. 
 

 
Figure 14. Effect of distribution of matrix strength (1.5% case). 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



 
Figure 15. Changing of crack width up to final failure (1.5% 

case). 

4.2 Effect of distribution of matrix strength along 
specimen axis 

Figure 14 shows the analytical results with differ-
ent property of matrix. Note that distribution of 
matrix strength along the specimen axis is as-
sumed to be normal distribution, and three kinds 
of standard deviation (S.D.=0MPa, 1.0MPa and 
2.0MPa) were analyzed under the averaged strength 
of 10.0MPa.  

The result with S.D. of 0MPa showed only two 
cracks, because stress reached up to 10MPa twice, as 
described in previous. After that, softening behavior 
was observed. However, considering standard devia-
tion (S.D.) changed fracture process dramatically 
from strain softening to strain hardening, as shown 
in Figure 14. In a physical behavior, first crack oc-
curs at weakest cross section in a specimen, and sec-
ond crack occurs at secondly weak cross section. 
Sequential cracking along specimen axis seems to be 
strongly affected by distribution of matrix strength. 
Regarding analytical results, larger standard devia-
tion of matrix strength produced higher strain capac-
ity in this analysis, under the assumption of constant 
bridging strength of fiber. 

 

 
Figure 16. Crack patterns of specimen considering distribution 

of matrix strength (1.5% case). 

 
Figure 17. Stress strain curves considering standard deviation 

of matrix strength. 

 

 

 
Figure 18. Number of fibers along specimen axis. 

Table 2. Averaged number of fibers in a cross section and its 
standard deviation. 

 Averaged number of fibers 
in a cross section 

Standard deviation 

Case1 28830 152 

Case2 28858 1565 

Case3 28834 3196 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
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be used according to the sign of the variation of the 
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isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



Figure 15 shows averaged crack width during 
fracture process in the case of 1.5% case. The ana-
lytical model simulates steady state cracking behav-
ior that means no significant increase of crack width 
up to final fracture, and this behavior is similar to 
experimental trend (Li 2003). 

Figure 16 shows crack patterns in the case of 
1.5% with S.D.=1.0MPa. Although previous analy-
sis without considering of S.D. of matrix strength 
indicated constant crack spacing as shown in Figure 
12, the analysis considering S.D. of matrix strength 
shows non uniform crack spacing in each step be-
cause of randomly distributed matrix strength along 
specimen axis. 

Based on this concept considering distribution of 
matrix strength, different fiber content case can be 
also simulated. Especially, slightly strain hardening 
shown in Figure 17(b) was reproduced, while the 
previous analysis estimated softening behavior of 
1.0% case, as shown in Figure 11(b). 

 

 
Figure 19. Stress stain curves of specimens with different fiber 

distribution. 

4.3  Effect of fiber distribution along specimen axis 

In order to assess the effects of fiber distribution in 
the specimen, analysis was conducted by changing 
the standard deviation of number of fibers across the 
each cross section, which is corresponding to poten-
tially crack plane. In this model, each fiber is ran-
domly positioned within the specimen, and averaged 
number of fibers across each cross section was about 
28,800, as tabulated in Table 2. Three kinds of 
analysis with different standard deviation of number 
of fibers in each cross section (SD=0, 152, 1565 and 
3196) were conducted, as shown in Figure 18. Fig-
ure 19 shows the stress-strain relationship of the 
specimens having different fiber distribution. The 
analytical results show that larger distribution of fi-
ber having cross section with less fiber significantly 
reduces strain capacity. 

Since less fiber imparts decreasing of bridging 
strength at a cross section to a composite, reduction 

of not only strain capacity but also ultimate strength 
was observed as shown in Figure 19. 

5 CONCLUSIONS 

In this study, a three-dimensional analysis method 
with discretized short fibers was assessed through 
the analysis of high strength strain hardening cemen-
titious composites (UHP-SHCC). The findings ob-
tained include the following:  

 
(1) By analysis conducted on a material with 

high strength strain hardening and multiple fine 
cracks in tension (UHP-SHCC), this model roughly 
simulated mechanical response represented by stress 
strain curves and crack pattern. 

(2) Parametric analysis was conducted to inter-
pret fracture mechanism of strain hardening and 
multiple fine cracks in UHP-SHCC. Strain capacity 
was increased due to larger distribution of matrix 
strength. Strain capacity, however, decreased with 
increasing of distribution of fiber. 

 
The authors intend to enhance the model so as to 

be useful for the development of fiber reinforcing 
materials.  

REFERENCES 

Bolander, J.E. & Saito, S. 1997.Discrete modeling of short-
fiber reinforcement in cementitious composites, Advanced 
Cement Based Materials, 6, 76-86. 

Bolander, J.E. & Berton, S. 2004. Cohesive Zone Modeling of 
Fracture in Irregular Lattices, Fracture Mechanics of Con-
crete Structures, Proc. of FRAMCOS-5, 989-994. 

Cox, H. 1952. The Elasticity and Strength of Paper and Other 
Fibrous Materials, British J. of Applied Physics, 3. 

Kamal, A., Kunieda, M., Ueda, N. & Nakamura, H. 2008. 
Evaluation of Crack Opening Performance of a Repair Ma-
terial with Strain Hardening Behavior, Cement and Con-
crete Composites, 30(10), 863-871. 

Kanda, T. & Li, V. C. 1998. Interface Property and Apparent 
Strength of High-Strength Hydrophilic Fiber in Cement 
Matrix, Journal of Materials in Civil Engineering, ASCE, 
10(1), 5-13. 

Kawai, T., 1978. New Discrete Models and Their Application 
to Seismic Response Analysis of Structures, Nuclear Engi-
neering Design, 48, 207-229. 

Kozawa, K. 2009. Study on Tensile Fracture Mechanism of Ul-
tra High Performance-Strain Hardening Cementitious 
Composites and Its Modeling, Master Thesis of Nagoya 
University. (in Japanese) 

Kunieda, M., Denarié, E. Brühwiler, E &Nakamura, H. 2007. 
Challenges for Strain Hardening Cementitious Composites 
– Deformability Versus Matrix Density, Proc. of the fifth 
International RILEM Workshop on HPFRCC, 31-38. 

Kunieda, M., Kozawa, K., Ueda, N., Nakamura, H. & Ogura, 
H. 2008. Three-dimensional Meso-scale Analysis for Strain 
Hardening Cementitious Composites, Creep, Shrinkage and 
Durability Mechanics of Concrete and Concrete Structures, 
Proc. of CONCREEP8, 745-751. 

Proceedings of FraMCoS-7, May 23-28, 2010

hThD ∇−= ),(J                             (1) 
 

The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
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structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 

 

( ) s
s

s

vg
kc

c

c

vg
k

sc
G αααα +=,
1

                 (5) 

 
where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  

 

( )
1

1
10

1
10

1
1

22.0188.0
0

,
1

−
⎟
⎠

⎞
⎜
⎝

⎛
−∞

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⎟
⎠

⎞
⎜
⎝

⎛
−∞

−−+−

=

h
cc

g
e

h
cc

g
eGs

s
s
c

w

sc
K

αα

αα

αα

αα

 

(6)

 
 
The material parameters k

c
vg and k
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vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 
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where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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