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ABSTRACT: This paper presents a discrete element model dedicated to model the behavior of reinforced con-
crete structures. Starting for a standard discrete model, a strategy is proposed to take into account the reinforce-
ment bars into the material, while keeping the initial numerical efficiency and robustness of the discrete model:
no degrees of freedom are added in the numerical problem and the efficient “elastic prediction algorithm” can
still be applied when linear behavior is considered for the rebars. Rebars meshing is obtained by rearranging the
location of the particle nuclei around the bars, and an additional model parameter is introduced for accounting
the behavior of the steel-concrete interface. The capabilities of the proposed approach is illustrated by several
comparisons with experimental results, either in 2D or 3D.

1 INTRODUCTION

Discrete element models have shown their ability to
represent cracking in brittle heterogeneous materials
(Cundall and Strack 1979; Kun and Herrmann 1996;
Delaplace, Roux, and Pijaudier-Cabot 2001). In par-
ticular, they have been used to study the concrete be-
haviour (Schlangen and Garboczi 1997; Bolander and
Saito 1998; Van Mier and Van Vliet 2003; Delaplace
and Desmorat 2007): discrete models take into ac-
count the material heterogeneity, crack (see as a dis-
continuity in the model) is naturally represented, al-
lowing the computation of its length, its aperture. Fur-
thermore, they are robust in a numerical sense be-
cause the uniqueness of the solution is guaranteed.
The main drawbacks of these models is the large num-
ber of elements that should be considered, leading to
excessive computational times.

Needs for numerical simulation of reinforced con-
crete structures is always increasing with an even
more refined description of the damage zone: recent
engineers rules (see for example the EuroCodes 2
in Europe) are based on an explicit description of
the crack pattern. The widely used finite element ap-
proach is then sometimes not sufficient to obtain this
fine crack pattern, due to the macroscopic approach of
such model. Then, the use of a discrete element model
can be considered to obtain this fine crack pattern, un-
der the condition that reinforcement bars are added
in the model (note that for a too large structure lead-

ing to a prohibitive computational time, a coupled fi-
nite element/discrete element approach could be used
(Chiaia, Vervuurt, and Van Mier 1997; Xiao and Be-
lytschko 2004; Rojek and Onate 2007)). The goal of
this study is to provide a numerical strategy to include
rebars in a discrete model.

2 DISCRETE MODEL

A discrete particle model is used to represent the be-
havior of concrete, considered here as an isotropic
brittle material. Cohesion forces link the initially
neighbored particles, and a perfectly brittle behavior
is assigned to each link. The force of such model is
its simplicity that leads to a robust and efficient nu-
merical implementation. The drawback is of course
the number of particles that should be considered
to obtain a pertinent discretization at the material
mesoscale.

2.1 Random mesh

The particle assembly is computed from a Voronoi
tessellation. A preliminary regular grid is mapped
onto the geometry that the user wants to mesh (fig-
ure 1), and a nuclei cell is allocated randomly into
each grid cell (Moukarzel and Herrmann 1992). This
procedure allows an easy classification of the particles
and an easy application of the boundary conditions.
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Figure 1. The initial regular grid plotted on the sample
with one nucleus per case (top) and the final Voronoi
tessellation (bottom).

2.2 Cohesion forces
Basically, a cohesion link between two particles is
represented with a local ndof ×ndof-matrix, where ndof if
the number of degrees of freedom for each particles:
ndof = 3 in 2D (two translations and one rotation) and
ndof = 6 in 3D (three translations and three rotations).
An Euler-Bernoulli beam matrix is used as the link
matrix. Hence, four parameters should be identified
for each links:

• the beam area Ab and the beam length �b, im-
posed by the mesh geometry (respectively the
boundary size between the two particles and the
distance between the cells nuclei),

• the beam Young modulus Eb, chosen to be iden-
tical for all beams,

• the inertia coefficient Ib (or the dimensionless
parameter α = Ib/IO where IO is the inertia co-
efficient of an equivalent circular section).

The protocol to identify the two last parameters has
been detail in (Woestyn, Delaplace, and Koechlin
2006) in 2D and in (Delaplace and Desmorat 2007)
in 3D. In summary, the inertia coefficient Ib is first
obtained by identifying the material Poisson coeffi-
cient, then Eb by identifying the Young modulus ma-
terial (changing Eb does not affect the apparent mate-
rial poisson coefficient). A key point is that the mate-
rial elastic parameters is independent of the mesh dis-
cretization if a sufficient number of particles are taken
into account: roughly 100 particles per unit length in
2D and 15 particles per unit length in 3D are the num-
bers to be considered for a pertinent discretization.

2.3 Nonlinear behavior
The material nonlinear behavior is obtained by con-
sidering a perfectly brittle law for the beams (Her-
rmann and Roux 1990; Van Mier and Van Vliet

2003; D’Addetta 2004; Delaplace and Ibrahimbe-
govic 2006). A beam ij linking particles i and j
breaks if the following condition is fulfilled:

Pij

(
εij

εcr
ij

,
|θi − θj |

θcr
ij

)
≥ 1 (1)

where εij is the beam strain, θi and θj are respectively
the rotations of particle i and j. εcr

ij and θcr
ij are two

model parameters identified by fitting respectively the
tensile strength and the compressive strength of the
material (Woestyn, Delaplace, and Koechlin 2006;
Delaplace and Desmorat 2007; Delaplace 2009). This
simple brittle law is sufficient to represent the main
features of the concrete behavior: the decrease in ma-
terial stiffness as the microcracks occur, the large dis-
symmetry in tension/compression behavior. A second
asset of this brittle law is that an elastic prediction
algorithm (presented next) can be used, ensuring the
solution uniqueness.

2.4 Numerical solver
The solution of a problem using the previous dis-
crete model is obtained by solving the general dis-
crete equilibrium equation K(u)u = f , where K is the
global stiffness matrix, u the displacement vector and
f the loading vector. One prefers to use the so-called
elastic prediction algorithm, where just one beam is
broken at each step (Chiaia, Vervuurt, and Van Mier
1997; Schlangen and Garboczi 1997; Rots, Invernizzi,
and Belletti 2006; Delaplace and Desmorat 2007). For
the loading step k, the algorithm is the following one:

1. apply elastic loading f
el,

2. compute u
el by solving the equilibrium equation,

3. compute θmin with

θmin = min
i,j∈(1,..,n)

i�=j

(
1

Pij

)

4. save couple (θminu
el, θminf

el),

5. change the stiffness matrix setting

K
k+1 = K

k −L
T
ijKijLij

where Lij is the connectivity matrix of element
ij.

A more classical algorithm with an incremental load-
ing in displacement can obviously be used, but the
uniqueness of the solution is not guaranteed espe-
cially for two large loading steps. Furthermore, snap-
back behavior occurring frequently for brittle material
can not be reproduced with a increasing incremental
loading.
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  

 

( )
1

1
10

1
10

1
1

22.0188.0
0

,
1

−
⎟
⎠

⎞
⎜
⎝

⎛
−∞

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⎟
⎠

⎞
⎜
⎝

⎛
−∞

−−+−

=

h
cc

g
e

h
cc

g
eGs

s
s
c

w

sc
K

αα

αα

αα

αα

 

(6)

 
 
The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



3 REINFORCEMENT BARS
Including reinforcement bars in a discrete model can
be done:

• by explicitly meshing the rebars (Shiu, Donzé,
and Daudeville 2009),

• by introducing additional degrees of freedom
(dof) for the rebars linked with the dofs of the
initial random mesh through prescribed kine-
matic relations (Bolander and Saito 1998).

The drawbacks of these methods is the additional dofs
and the nonlinear relations between dofs, that can
lead to extra computer time to solve the problem. We
propose here an efficient approach, from a numerical
point of view, to include the rebars: no additional dofs
are considered, and the initial elastic prediction algo-
rithm, at least for an elastic behavior of the rebars, can
still be used. The chosen strategy is then based on the
following points:

• the reinforcement bars are modeled with Euler-
Bernoulli beams, with suitable coefficients,

• the initial random Voronoi tessellation is locally
aligned in order to follow the reinforced bars ge-
ometry.

3.1 Rebars meshing
The meshing steps are shown on figure 2 in a 2D
case for a better visualization. The random Voronoi
tessellation is obtained following the protocol pre-
sented in section 2.1. Then, all nuclei of particles
crossed by a rebar are moved on the rebar line, and
the new tessellation is computed (these different steps
are strictly identical in 3D). A potential drawback of
the method is that the mesh randomness, provided the
isotropic properties of the medium, is lost around the
bars (see the modification of the mesh on the bottom
view in figure 2). This is not a real problem because
the isotropic properties of a real reinforced concrete
is obviously not verified around the rebars.

Figure 2. The initial mesh without rebars (top), the
modified mesh with the rebars (middle), superposition
of the initial and modified meshes (bottom).

The effect of the remeshing at the macroscale is
studied on a 2D (table 1) and a 3D (table 2) sam-
ples, for different rebars arrangement (only the mesh
is different, the beam parameters are unchanged in
this part). The elastic modulus and the Poisson co-
efficient are given for the different configurations and
compared to the initial random mesh. The variation of
the global coefficient is less than 1% in both 2D and
3D cases, and is of order of the variation due to the
mesh heterogeneity.

Ex (GPa) 32.0 32.1 32.2 32.1
Ey (GPa) 31.7 31.8 31.9 31.8

νx .206 .205 .202 .205
νy .206 .205 .202 .205

Table 1. 2D 128 × 128-particle samples (reference
mesh, 2 horizontal rebars, 4 horizontal rebars, 2 ver-
tical rebars). Model parameters are Eb = 40 GPa,
α = 0.85.

Ex (GPa) 29.9 29.8 30.1 29.9
Ey (GPa) 29.8 29.8 30.0 29.9
Ez (GPa) 29.9 29.9 30.0 30.1

νx .203 .203 .201 .202
νy .202 .203 .202 .202
νz .203 .203 .202 .202

Table 2. 3D 20× 20× 20-particle samples (reference
mesh, 4 horizontal rebars, 9 horizontal rebars, 4 ver-
tical rebars). Model parameters are Eb = 48 GPa,
α = 0.77.

3.2 Rebars parameters
Once the new mesh is obtained, the properties of the
beams assigned to the rebars are changed. Two kinds
of beams are considered. The first ones are the aligned
beams representing the rebar, the second ones are the
beams linking the rebars to concrete (figure 3).

The parameters of the rebar beams are easy to iden-
tify, especially in that case where an elastic behavior
of the rebars is considered (φ is the rebar diameter):

• beam section: As
b = πφ2/4,

• beam inertia: Is
b = πφ4/64,

• beam Young modulus: Es = 200 MPa

• εcrs

ij = θcrs

ij = ∞

The elastic parameters of the interface beams are
equal to the elastic parameters of the beams used for
plain material. The breaking parameter εcr

ij is also un-
changed. Just the rotation breaking parameter θcr

ij is
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



Figure 3. The two kinds of beams considered for the
rebar: the black ones correspond to the rebar beams,
the grey ones (just few of them are plotted on the fig-
ure) correspond to the interface beams.

changed, allowing to represent the decohesion of the
steel with the concrete. We propose next to validate
the model with results obtained from two experimen-
tal tests.

4 NUMERICAL APPLICATIONS
4.1 Beam under tension
The first validation test is the reinforced beam under
tension proposed by (Mivelaz 2006). In this study, a
5m-length beam with a rectangular cross section of
1 × .42m has been tested. Different rebars arrange-
ments and different concrete formulation have been
considered in the study. We present here the results
obtained with the AS5 reinforcement and a standard
concrete (fc28=39 MPa, ft28=2.6 MPa, E = 32 GPa).
The AS5 arrangement is composed of two lines of 12
φ16-rebars (figure 4).

Figure 4. Beam cross section

The used mesh is shown on figure 5. It is com-
posed of 3600 particles. The model parameters are
Eb = 47 GPa, α = 0.74, εcr = 1.2e−4, θcr = 8.0e−4.
The horizontal displacement on the left face and the
displacements of point (0,0,0) are fixed. The loading
is a uniform displacement applied on the right face.

The global force-strain evolution is presented on
figure 6: after a first elastic evolution, a quasi-constant
force is obtained, with different jumps corresponding
to the apparition of macro-cracks perpendicular to the
loading direction.

The cracking pattern is of main interest in this
study, as an evaluation of the permeability of the
cracked beam has been performed in the experimen-
tal study. We present in figure 7 three different crack-

Figure 5. The discrete mesh of the Mivelaz beam.
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Figure 6. The force-strain curve.

ing patterns obtained during the loading. The color
scale represents the crack opening, evaluated with the
displacement jump across the crack: for a crack sep-
arating particles i and j, the crack opening is com-
puted as eij = 〈(uj −ui).nij〉 where ui and uj are the
displacement vectors of particles i and j. The nota-
tion 〈x〉 = max(x,0) is used for the positive part of
a scalar. Note that for this homogeneous loading, the
cracking pattern is different for each different mesh,
due to the heterogeneity introduced in the model. The
evolution of the opening of the first three cracks is
presented on figure 8, with the evolution of opening
of the first experimental crack. The numerical results
show a very good agreement with the value obtained
with the experimental test, in terms of evolution and
magnitude.

4.2 3-point bending test
The next experimental test is a classical 3-point bend-
ing test on a reinforced concrete beam. The consid-
ered beam, with a length of 5m and a cross section of
0.2× 0.5 m, is reinforced with 2φ32 bars in the lower
part and 2φ8 bars in the upper part (figure 9). The first
results were proposed by (Pera 1973) and have been
analyzed in the “MECA” benchmark (Ghavamian,
Carol, and Delaplace 2003). A second experimental
campaign on the same beam has been recently pro-
posed by (Grondin 2008). The beam has been tested
until failure, and the apparition of cracking has been
observed during the loading.

The used mesh is composed of 150 × 15 × 6 par-
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the following, ‘‘sorption isotherm” will be used with 
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relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
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structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
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paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



Figure 7. Cracking pattern of the Mivelaz beam.
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Figure 9. 3-point bending beam cross section (just the
horizontal rebars are drawn).

ticles. For this first study, just the horizontal rebars
have been modeled (figure 10). The model parame-
ters are Eb = 49.9 GPa, α = 0.74, εcr = 1.24e − 4,
θcr = 8.0e− 4.

The global reponse is plotted on figure 11. The clas-
sical evolution of a reinforced concrete beam is ob-
tained, with a first elastic behavior followed by a stiff-

Figure 10. DEM mesh of the three-point-bending
beam.

ness decrease due to the damage of concrete. Note
that for this loading, the rebars do not reach their plas-
ticity limit: the failure of the beam is obtained for a
lower force level because the stirrups are not consid-
ered in this computation.
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Figure 11. The evolution of the global force vs the
mid-beam displacement.

The global cracking pattern is represented on fig-
ure 12. The first cracks initiate in the bottom of the
beam and propagate to the central loading point on
the upper face of the beam.

Figure 12. Cracked beam

As for the previous case, the evolution of the crack
opening with the loading has been performed, al-
though experimental data are not available. We limit
the study to two cracks located in the central part of
the beam, which propagate all along the loading. A
cut of the numerical sample is shown of figure 13,
with the two observed cracks surrounded by two rect-
angles. The evolution of their opening is plotted on
figure 14.
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 

 

( ) s
s

s

vg
kc

c

c

vg
k

sc
G αααα +=,
1

                 (5) 

 
where k
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



Figure 13. Slice of the cracked beam with the two ob-
served cracks.
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Figure 14. Evolution of the opening of two central
cracks.

5 CONCLUSION

We propose in this study a non-intrusive procedure
to take into account reinforcement bars in a dis-
crete element model. The “non-intrusive” consider-
ation means that the model basis is unchanged, the
number of degrees of freedom is kept constant and
more important the “elastic prediction” solver can still
be used. This is an important point for ensuring the
uniqueness of the numerical solution. The proposed
approach is based on two steps:

• The first step consists in meshing the rebars
by moving the nuclei of the Voronoi particles
crossed by the rebars on the rebars lines. A nu-
merical analysis shows that the effect of the lo-
cal rearrangement can be neglected with respect
to the variability of the response due to the mesh
randomness.

• The second step consists in changing the local
properties of the beam linking the rebars parti-
cles accounting for the steel material properties
of the rebars.

The performance of the approach is shown on two ex-
perimental test, a simple tension test on a reinforced
beam and a more classical three-point bending test.
In both cases, the global force response is obtained.
More interesting, a fine description of the cracking
pattern is obtained, showing the capability of a dis-
crete element approach to model cracking in brittle
material. The evolution of the crack opening is also
obtained and compared to the experimental values.

ACKNOWLEDGEMENTS: We thanks The French
National Project CEOS.fr for financial support.

REFERENCES
Bolander, J. E. and S. Saito (1998). Fracture analy-

sis using spring networks with random geome-
try. Engineering Fracture Mechanics 61, 569–
591.

Chiaia, B., A. Vervuurt, and J. G. M. Van Mier
(1997). Lattice model evaluation of progressive
failure in disordered particle composites. Eng.
Fracture Mech. 57(2/3), 301–318.

Cundall, P. A. and O. D. L. Strack (1979). A dis-
crete numerical model for granular assemblies.
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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