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ABSTRACT: Based on the similarity of stress-strain relationship between the static and the dynamic experi-
ments, dynamic constitutive equation of concrete is putted forward in this paper extended from Mazars static 
damage model. In terms of the relationship between damage and strain field, dynamic damage is introduced 
into the analysis of stress/strain field near the crack tip of Mode I crack. And the dynamic damage factor of 
concrete is derived from dynamic fracture mechanics coupled with damage mechanics. The coupling analysis 
of fracture and damage supplies a theoretical basis for the dynamic failure mechanism of concrete. Iteration 
method is adopted to decouple the equation and compute the dynamic and static damage factors of concrete. 
The theoretical results are in a good agreement with the experiments, which indicates that the analysis of 
damage-fracture coupling for concrete material is valid. 

1 INTRODUCTION 

As a kind of composite material, concrete contains 
many cracks in the interface between aggregate and 
matrix due to the shrinkage and other reasons. The 
failure of concrete is always caused by the linkages 
among cracks (Wang et al. 2006). The damage of 
concrete relates closely with the development of 
cracks. The damage mechanics and the fracture me-
chanics are two effective methods to study the me-
chanical properties of cracked concrete. Damage 
mechanics focus their research emphases on the evo-
lution process of original defects, and great pro-
gresses had been made on the static damage model 
up to now. Loland damage model (Loland 1980), 
Mazars damage model (Mazars 1982) and Sidoroff 
damage model (Sidoroff 1985) are three extensive-
applied models in the current investigations. How-
ever, few of dynamic damage models have been es-
tablished in the concrete researches. Fracture me-
chanics focus their studies on the regularity of 
macrocrack developments in the solid. The damage 
before macrocracks’ formation and damage around 
macrocrack are often neglected in the fracture re-
searches. Generally, the microcracks and microde-
fects in the concrete material can’t be simplified into 
macrocracks, therefore fracture mechanics are fail-
ure to study the behavior of concrete in present state. 
Fracture models applied extensively to concrete ma-
terial include the linear elastic fracture model (Yu et 
al. 1991), fictitious crack model (Hillerborg 1983) 

and blunt crack band model et al. (Bažant 1985). 
Hence the failure of concrete is the interaction of 
damage and fracture. So damage-fracture coupling 
can reflect the failure processes of concrete better. 

Besides the static loading, concrete structures al-
ways suffer dynamic loadings such as earthquake, 
impact and explosion. Compared with the static per-
formance, concrete under dynamic loading generally 
shows different mechanical behavior which is sensi-
tive to the loading rate (Sukontasukkul et al. 2004). 
Investigations on the dynamic damage of concrete 
material were relative shortage compared with that 
on the static damage. Brooks (Brook et al. 1989) 
used the concept of high stress volume to study the 
dynamic damage behavior of concrete under uniax-
ial tension, but many parameters are gained by curve 
fitting method. Based on static damage kinematical 
law, a dynamic damage constitutive relationship for 
concrete under uniaxial tension was established by 
LI (Li et al. 1993), and a good conformity with ex-
periment was achieved in his study. Dynamic frac-
ture mechanics were the frontier in fracture mechan-
ics. The dynamic damage-fracture coupling analysis 
on the concrete material was unwonted. Therefore, 
an effort is made in this paper to obtain some bene-
ficial discussions on this topic. Firstly, dynamic 
damage factor model is given based on the similarity 
of stress-strain relationships under static and dy-
namic loadings. Secondly, dynamic damage model 
is introduced into dynamic fracture mechanics of 
concrete to analyze the stress/strain fields near the 



tip of Mode I crack, and the coupling analysis of 
damage and fracture is carried out in the same time. 
Finally, iteration method is applied to simulate the 
distribution of static and dynamic damage in the 
concrete. 

2 DYNAMIC DAMAGE OF CONCRETE 

Many kinds of static concrete damage models had 
been established in the past centuries. Mazars model 
was famous in the static damage researches based on 
the isotropic hypotheses on the concrete material 
(Mazars 1982): 
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where Ds is the static damage factor of concrete; n 
and ks are material constants calculated by: 
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In which, u

sσ and u
sε  are the peak stress and the 

peak strain respectively; Es is the Young’s modulus 
under static loading; 0

sε  is the threshold strain of 
static damage of concrete; εe is the equivalent strain 
and can be defined as: 
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where ε1，ε2 and ε3 are principal strains in three di-
rections; x  is defined as: 
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The similarity between static and dynamic stress-

strain relationships is achieved in many experiments 
(as shown in Fig. 1). Therefore, the effective stress 
and the damage under dynamic loading can be de-
fined as follows: 
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where σ ′ is the effective stress; σ  is the dynamic 
macroscopic stress; Dd is the dynamic damage factor 
of concrete; 0

dε  is the threshold strain of dynamic 
damage; nd and kd are two material constants, which 
can be defined as follows according to the corre-
sponding definitions under static loading: 
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In which, u

dσ and u
dε  are the peak stress and the 

peak strain of concrete material respectively under 
dynamic loading; Ed is the dynamic Young’s mod-
ulus of concrete. 
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Figure 1. Stress-strain relationships under dynamic and static 
loadings. 

 
According to the reference (Li et al. 1996), the 

dynamic and static parameters of concrete satisfy the 
following relationships: 
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where ( )εσK , ( )εεK  and ( )εEK  vary with strain 
rate ε  and strainε , and can be obtained from ex-
perimental curve of concrete under dynamic and 
static loadings.  

The damage thresholds under dynamic and static 
loadings satisfy: 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



Substituting Equation (10) and Equation (11) into 
Equation (7) yields the relationship between dy-
namic and static damage factors. Accordingly, refer-
ring to the static relationship, the dynamic damage 
constitutive Equation can be written as: 
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where δij is Kroneker Delta function; υ is the Pois-
son’s ratio of concrete. 

3 FRACTURE AND DAMAGE ANALYSIS 
AROUND MODE I CRACK UNDER 
DYNAMIC LOADING 

In the case of cracks developing steadily while dy-
namic loading changing with time, the stress field 
near the tip of Mode I crack can be expressed as fol-
lows (Freund 1990): 
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where dK I  is the dynamic stress intensity factor of 
crack; r and θ are two parameters in the polar coor-
dinate (expressed detailedly in Fig. 2). Under impact 
loading, the solution of dK I  can be achieved as: 
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in which, 2a is the length of crack in the infinite 
body; c1 is the velocity longitudinal wave. 
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Making matcf =))2/(( 1 , the stress field near the 

Mode I crack can be gotten as: 
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Figure 2. Mode I crack in the concrete material. 

 
In terms of the relationships between principal 

and component stresses, the principal stress field 
near the crack tip can be obtained as: 
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For plane stress state, ε3 is less than zero. In terms 

of the definition of Equation (4), it has no contribu-
tion to the equivalent strain εe, and can be removed 
from the Equation. So the principle strain field near 
the tip of Mode I crack is: 
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According to the equivalent strain principle in the 

damage mechanics, the effective stress field near the 
crack tip in damaged concrete is: 
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Substituting Equation (18) and Equation (19) into 

Equation (4) yields: 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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From Equation (20) and Equation (1), the damage 

and the strain are two coupling variances. In order to 
get the solution of dynamic damage field, rational 
computing method is needed to decouple the strain 
and damage. 

4 DISCUSSION AND EXAMPLES 

Iteration method is adopted to decouple the Equation 
and get the solution of damage field. By numerical 
computation, we find that the value of damage factor 
approaches to a constant after six times iteration. 
The dynamic damage factor after 1-time and 6-times 
iteration can be expressed as: 
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*
eε  is the dynamic equivalent strain of undamaged 

concrete and can be defined as: 
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Letting m=1 and some dynamic parameters 

like u
dε , 0

dε and Ed being replaced with u
sε , 0

sε  and Es 
accordingly, the static damage field near the tip of 
crack with consideration of damage-facture coupling 
is achieved.  

Referring to the experimental data (Li et al. 1993, 
Xu et al. 1991), the static and dynamic damage 
fields of concrete near the tip of Mode I crack are 
calculated. The parameters for example computing 
are listed in the Table 1. 

 
Table 1  Parameters for example. 
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As stated in the reference (Li et al. 1996), 
σK and Kε were given in the form of strain rate and 

fitted as: 
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where sε  is the quasi-static strain rate; ε is the dy-
namic strain rate. When ε =100 sε , the parameters 
for dynamic calculation are achieved by above 
Equations and listed in the Table 2. 

 
Table 2. Parameters for dynamic calculation. 

( )εσK  ( )εεK  ( )εEK  m nd kd/με 

1.533 1.407 1.089 0.99 0.979 298.3 
 
In terms of the parameters listed in the Table 1 

and 2, the static and the dynamic damage fields near 
the tip of Mode I crack after six-times iteration are 
presented in the following figures (from Figs. 3-5). 
Figure 3 is the distribution of damage field under 
static loading corresponding to fracture toughness. 
Figure 4 is the distribution of damage field under 
dynamic loading corresponding to fracture tough-
ness. And figure 5 is the distribution of damage un-
der dynamic loading when it increases to 1.05MPa 
immediately. Form inside to outside, the isolines of 
damage factors are 1, 0.6, 0.1 and 0 sequentially. 

The zone is damaged entirely when the damage 
factor in this zone equals to 1 (shadow zone in Figs. 
3-5). The length of entirely damaged zone is 18.7 cm 
when θ equals to zero based on the theory in this pa-
per, which means that the crack spreads forward 
steadily for 18.7 cm which is accordant with the test 
result in the reference (Xu et al. 1991)—the steady 
developing length of crack is 20 cm. Therefore, the 
fracture-damage coupling analysis is effective to de-
scribe the distribution of damage and steady devel-
opment of crack in the concrete material. 
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Figure 3. Damage distribution under static loading correspond-
ing to fracture toughness (1.05MPa). 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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Figure 4. Damage distribution under dynamic loading corre-
sponding to fracture toughness. 
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Figure 5. Damage distribution under dynamic loading 
(1.05MPa). 
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Figure 6. Entirely damaged zones under 3 kinds of loading 
rates. 

 
The entirely damaged zones under 3 kinds of 

loading rates mentioned above are compared in Fig-
ure 6. Form this figure, the lagging character of 
damage is shown under dynamic loading compared 
with the static state, which accords well with the ex-
perimental results presented in references (George et 
al. 2001, Bichoff et al. 1991). The strength of con-
crete under dynamic loading increases due to the 

less damage under the same static loading based on 
the damage mechanics. 

5 CONCLUSIONS 

Some conclusions can be drawn as follows by the 
theoretical and the computing analyses in this paper: 

(1) The stress-strain curves under dynamic and 
static loadings are similar. Based on this similarity 
and Mazars damage definition under static loading, 
the concrete constitutive Equation under dynamic 
damage is achieved. 

(2) Fracture and damage are coupled when intro-
ducing damage principle into fracture analysis of 
concrete. This coupling method is valid by the dam-
age field analysis near the tip of Mode I crack, and 
the theoretical results in this paper accord well with 
the experiments. 

(3) The coupling model in this paper shows that 
the dynamic damage of concrete has some lagging 
character compared with the static one, which leads 
to the increase of strength under dynamic loading. 
The model shows great agreement with the existing 
experiments. 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
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isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k
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vg and k
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vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k
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vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 
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where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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