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ABSTRACT: The characteristics of the biaxial flexure test are discussed. Using this method, the biaxial ten-
sile strength of concrete can be measured economically. Various parameters which may influence the result of the 

test are discussed. The stress distribution and the effect of eccentricity were discussed by means of the finite element 

method. The effect of the support condition, the geometry and the size were studied experimentally. 

1 INTRODUCTION 

Concrete crack is one of the most important factors 
because it influences the serviceability significantly. 
Especially, for some structures with concrete plate 
such as rigid pavements, long span slab and deck 
panel, the tensile failure or crack development is di-
rectly related to the safety of the structures [3]. Ten-
sile strength is considered as a significant parameter 
used to evaluate tensile failure of concrete structures 
together with the fracture energy [2,5],  

The strength depends on the stress state. How-
ever, for practical reasons, the uniaxial strength is 
chosen as a reference value in many applications. 
The uniaxial tensile strength of concrete can be 
measured by several methods like the direct tension 
test, the splitting (or Brazilian) test and the modulus 
of rupture test. 

While various indirect methods are available for 
the uniaxial tensile strength, the biaxial tensile is still 
measured by the direct method [4]. To perform biax-
ial tensile test, generally four actuators are needed 
and also a big frame. It is an expensive test as well. 
Because of these reasons, Biaxial Flexure Test(BFT) 
was recently developed to measure the biaxial ten-
sile strength of concrete [1]. Howerer, the strength 
measured by BFT was influenced by several factors.   

The paper is organized as follows. We introduce a 
biaxial flexure test method to measure the biaxial 
tensile strength of concrete and other quasibrittle 
materials in Section 2. Various parameters which 
may influence the result of the test method are dis-
cussed by means of the finite element method. Then 
effects of the geometry and size of biaxial flexure 
specimens are mentioned in Section 3. Our experi-
mental data of the biaxial tensile strength obtained 
from the biaxial flexure test are followed in Section 
4. Finally, we draw conclusion in Section 5. 

2 THE BIAXIAL FLEXURE TEST(BFT) 
METHOD 

The modulus of rupture method can be generalized 
to three dimensions for the BFT. Instead of a pris-
matic specimen, we use a circular plate. The plate is 
supported on the top of an annular support. The ex-
ternal loading is applied to the specimen through a 
circular edge. Schematic specimen drawing of the 
biaxial flexure test (BFT) is shown in Figure 1.   

 
 

 
Figure 1. Schematic drawing of the biaxial flexure test (BFT) 
method. 
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Figure 2. Distribution of the principle stress on the bottom sur-
face of (a) BFT specimen and (b) the uniaxial specimen. 

 
 

 
Figure 3. The stress distribution on the bottom of a BFT speci-
men; the distance is scaled with respect to a. 

 
 
Distribution of the principle stress of the BFT 

specimen and uniaxial specimen calculated by the 
finite element method is shown in Figure 2. As 
shown in Figure 3, due to axisymmetry of the 
specimen and theory of elasticity, it is obvious that 
on the bottom surface of the concrete plate within 
the circle on which the load in applied, the stress is 
constant in any direction in the region (2b).  

The Equation for stress of a BFT specimen 
caused by the applied load P is expressed as  
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in which  is Poisson’s ratio, a, b is radii to the 
support and the load, respectively. The stress  is a 
nonlinear function of the aspect ratio b/a. 

3 NUMERICAL INVESTIGATION OF THE 
CHARACTERISTICS OF BIAXIAL FLEXURE 
TEST(BFT) SPECIMENS 

3.1 Optimum geometry of the BFT specimen 

Using a three-dimensional finite element method, 
the effect of parameters such as radious of the sup-
port and the loading, thickness(h) and free length(f) 
were studied to propose the optimum geometry of 
the BFT specimens. According to numerical investi-
gation of the characteristics of BFT specimens, Ta-
ble 1. lists the optimum geometry of the biaxial 
flexure test(BFT) specimens for h/a=0.24 and 
f/a=0.05 from the finite element analysis. 

 
Table 1. The optimum geometry of the biaxial flexure test 
(BFT) specimens from the finite element analysis.  
Size H 

[mm]
2a 
[mm]

2b 
[mm] 

F 
[mm] 

h/a f/a b/a 

S 30 250 63 6.5 0.24 0.052 0.252
M 60 500 125 12.5 0.24 0.05 0.25 
L 90 750 188 19 0.24 0.051 0.251

 
Figure 4 shows the theoretical solution and the 

numerical solution for various b/a ratio of BFT 
specimen according to Equation 1. When b/a is at 
0.25 the theoretical solution of the BFT specimens 
identify with the numerical solution of analytical 
method. 

The theoretical solution obtained from Equation 1 and 
the numerical one of the proposed optimum geometry of 
the BFT specimens are given in Table 2 as well.  
 

 
Figure 4. The theoretical solution and the numerical solution 
for various b/a ratio. 

 
Table 2. Comparison between the theoretical solution and the 
numerical solution of the BFT specimens.  
 Theoretical solution  

/ numerical solution 

S 1.008 
M 1.003 

 
Specimen Size 

L 1.005 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



3.2 The effect of eccentric loading 

If the center of loading ring does not coincide with 
the center of BFT specimen, as the biaxial flexural 
test was conducted, the different stresses occurred at 
the end points 2b of the specimens. The deviation of 
the stress due to the eccentricity of the loading point 
is presented in Figure 5. The principle stress distri-
bution of bottom surface subjected to eccentric load-
ing (e/a=0) and non eccentric loading (e/a=0.05) is 
shown in Figure 6. 

Results of the finite element analysis showed that 
e/a must be within 3.5% so that the deviation of the 
stresses at the end points 2b of the specimens are not 
over 10% of stresses at the center point of the 
specimens. 
 

 
Figure 5. The deviation of the stress due to the eccentricity of 
the loading point. 

 

 
Figure 6. Principle stress distribution of bottom surface sub-
jected to eccentric loading (a) e/a=0 and (b) e/a=0.05. 

4 EXPERIMENT OF OPTIMAL BIAXIAL 
FLEXURE SPECIMENS 

In order to investigate various parameters which 
may influence the result of the test, optimal BFT 
specimens were proposed through the finite element 
analysis. Using the BFT, the specimens were tested. 

The test results of the modulus of rupture strength 
suggested by ACI 318-05 and these of the biaxial 
tensile strength obtained from the proposed optimal 
BFT specimens are given in Table 3. Then the ten-
sile strength was calculated from the maximum load, 
using Equation 1. The average biaxial tensile strength 
was greater than the average uniaxial strength. 
 
Table 3. Test results obtained from the proposed optimal BFT 
specimens.  

Size (h d)
[㎜] 

modulus of 
rupture  
[MPa] 

average biaxial 
flexural trength 
[MPa] 

Standard 
deviation 

COV

30 263 8.72 1.884 0.22 

60 525 6.59 0.585 0.09 

90 788 

4.56 

3.39 0.723 0.21 

5 CONCLUSIONS  

In this paper, the biaxial flexure test (BFT) for con-
crete is introduced. Using this method, we deter-
mined the tensile strength of concrete subjected to 
biaxial loading condition simply and economically.  
Numerical investigation of the characteristics of biaxial 

flexure test (BFT) specimens was presented and dis-

cussed. The stress distribution and the effect of eccentric-

ity were studied by means of the finite element method. 

According to the result, the optimal BFT specimens were 

proposed to measure the optimal biaxial tensile strength 

of concrete. Using the BFT, the specimens were 
tested. The biaxial tensile strength of concrete was 

higher than the uniaxial one as reported by others. 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
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By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
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etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 

 

( ) ( )
( )

( ) ( )
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−
∞

+

−
∞

−=

11
10

,
1

                            

1
10

1
1,

1
,,

h
cc

g
e

sc
K

h
cc

g
e

sc
G

sc
h

e
w

αα

αα

αα

αααα

 (4) 

 
where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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