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ABSTRACT: Cracking behavior due to rebar corrosion for concrete specimen with single rebar was evalu-
ated experimentally and analytically. In the experiment, the propagation of crack was observed by the electric 
corrosion test. Three-dimensional Rigid- Body-Spring-Method (RBSM) with three phase material corrosion 
expansion model was applied to simulate internal cracking patterns, surface crack width propagation and in-
ternal crack propagation. The effect of corrosion products properties and the penetration of corrosion products 
into cracks during the corrosion process were investigated and cracking behavior due to rebar corrosion was 
simulated reasonably. As the results, the mechanism of surface crack width propagation with internal crack 
propagation was clarified. 

1 INTRODUCTION 

Cracking of concrete due to rebar corrosion is one of 
the major deterioration behaviors and it causes the 
spalling of concrete cover or acceleration of deterio-
ration. It is necessary to predict the internal damage 
from the observable surface condition during main-
tenance process. Therefore, it is desirable to estab-
lish a prediction method to quantitatively assess the 
internal crack propagation behavior and rebar corro-
sion rate from surface cracks. The internal crack pat-
terns due to rebar corrosion considering the differ-
ence of cover thickness or diameter of reinforcing 
bar were clarified (Andrade et al., 1993, Cabrera 
1996). However, the relationships between propaga-
tion of surface and internal cracks as well as pro-
gress of surface crack width have not been clear. 

In this study, the crack propagation behavior is 
investigated both analytically and experimentally. In 
the experiment, the propagation of crack is observed 
by the electric corrosion test. Then, surface crack 
widths are measured and internal crack patterns are 
observed at several rebar corrosion rates. On the oth-
er hand, the crack propagation behavior is simulated 
using Rigid-Body-Spring-Method with three-
dimensional Voronoi particles. In the analysis, the 
three phase material model which consists of rebar, 
corrosion products layer and concrete is proposed. 
For the corrosion products layer, the stiffness of cor-
rosion products is considered by initial strain prob-
lem due to corrosion expansion. Moreover, the effect 
of penetration of corrosion products into cracks dur-
ing corrosion process is considered. The applicabil-
ity of the model is verified by comparing with the 
test results. As the results, the progress of surface 
crack width, the propagation behavior of internal 

cracks, and the effect of internal cracks to the sur-
face crack width and so on are clarified. 

2 EXPERIMENTAL STUDY 

2.1 Testing method 
Dimensions of the specimen with single rebar are 
shown in Figure 1. Two types of specimen are car-
ried out. Type C30 has concrete cover thickness of 
30mm. Type C10 has 10mm cover thickness. There 
are six specimens in type C30 and one specimen in 
type C10.  
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Figure 1. Specimen setup. 
 

In order to accelerate the corrosion process, an 
external direct electric current density 900µA/cm2 is 
applied after 32 days from the casting. Schematic of 
electric corrosion test is shown in Figure 2.  

At the testing time, concrete compressive strength 
and tensile strength are 18.5 MPa and 1.53 MPa re-
spectively. During the test, surface crack widths are 
recorded using crack gauges and crack widths are 
logged in computer files. Testing time is varied for 
six specimens of type C30 to investigate the effect of 



corrosion rate to crack patterns and crack width 
propagation. When the test has been finished, spe-
cimens are cut off along the positions shown in Fig-
ure 1 to observe internal crack patterns and measure 
internal crack widths and lengths. 
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Figure 2. Schematic of corrosion test. 
 

Corrosion rate Wr (mg/cm2) during the testing is 
calculated by dividing mass loss W(mg) by wet sur-
face of rebar (cm2).        

LD
W

rW
⋅

=
π

                (1) 

where D and L are bar diameter (cm) and bar length 
(cm) respectively.  

Mass loss W(g) is calculated by using the follow-
ing empirical formula based on test results as shown 
in Figure 3: 
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⋅         (2) 

where I and T are current intensity (A) and testing 
time (hour) respectively. 
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Figure 3. Rebar mass loss computation. 

2.2 Experimental crack patterns 
Figure 4 indicates the defined internal crack types 
shown in crack patterns. 

Internal crack patterns at several corrosion rates 
of type C30 are shown in Figure 5. 

Initiation of visible crack occurs on the surface of 
concrete cover (vertical crack). When corrosion 
products increase, the crack propagates inside the 
concrete cover. After that, lateral cracks appear and 

their lengths increase. With further amount of corro-
sion products, inside crack initiates and propagates 
inside the specimen from the rebar. 
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Figure 4. Internal crack types. 
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Figure 5. Type C30 crack patterns. 
 

In the case of 10mm cover thickness (type C10), 
two cracks appear on concrete surface and propagate 
to the rebar. Then, lateral cracks occur when amount 
of corrosion products increase as shown in Figure 6. 
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Figure 6. Type C10 crack pattern. 

2.3 Surface crack width propagation 
In the case of 30mm cover thickness (type C30), 
propagation of surface crack width against corrosion 
rates at different rebar mass loss levels is shown in 
Figure 7. It can be seen that opening of surface crack 
initiates after a significant amount of corrosion 
products are formed. It can be explained that a criti-
cal corrosion amount of corrosion products is re-
quired to build up enough expansion stress and to 
cause cracking in concrete as B.H.Oh discussed 
about the value (Oh et al. 2009). After the initiation, 
surface crack width propagates rapidly up to the val-
ue of 0.4mm. After that, the speed of propagation 
reduces with occurrence of lateral cracks and effect 
of penetration of corrosion products into cracks 
which is discussed in the later part of the present pa-
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



per. Moreover, the speed of propagation increases 
again with the propagation of the inside crack. 
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Figure 7. Type C30 surface crack width propagation. 

3 ANALYTICAL MODEL 

3.1 Three- dimensional RBSM 
Rigid- Body-Spring-Method (RBSM) is one of the 
discrete approaches, which are used as structural 
analysis, since it is easy to deal with crack propaga-
tion of concrete directly. The method represents a 
continuum material as an assemblage of rigid parti-
cle elements interconnected by zero springs along 
their boundaries (Fig. 8). In this study, three-
dimensional RBSM is applied. Each element has six 
degrees of freedom at center points. Boundary be-
tween two elements is divided into triangles formed 
by the center and vertices of the boundary. At each 
center point of triangle, three springs, one normal 
and two shear springs are set. The analytical model 
is divided into elements using Voronoi random 
polygons. In RBSM model, crack widths can be 
automatically measured during the analysis. The 
three-dimensional model is possible to simulate 
complicated problems. 

3.2 Material model 
Figure 9 shows concrete material models which are 
used in analysis. 

In the compressive model, f’c is compressive 
strength of concrete, Gfc compressive fracture en-
ergy, Ec is Young modulus of concrete.  

The tensile behavior of concrete up to the 
strength is modeled by using linear elastic. While bi-
linear softening branch of 1/4 model is assumed af-
ter cracking as shown, in which ft is tensile strength, 
Gft is tensile fracture energy and h is distance be-
tween centers of Voronoi elements. 

Tangential springs represent the shear transfer-
ring mechanism of concrete. The shear strength is 
assumed to follow the Morh- Coulomb type criterion 

with the tension and compression caps. The shear 
fracture criterion is expressed as follows (Saito. 
1999): 
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Rebar is modeled as linear elastic. 
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Figure 8. RBSM Voronoi polygons. 
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Figure 9. Concrete material model. 

3.3 Corrosion expansion model 
Modeling expansion of corrosion products is shown 
in Figure 10. Three phase material model including 
rebar, corrosion products and concrete is applied. 
The merit of the model is that the properties of cor-
rosion products such as thickness (H) and elastic 
modulus (Er) are assumed directly. The model is ef-
ficient to investigate the effect of corrosion products. 
In the model, initial strain is gradually increased in 
normal springs located on boundary of the corrosion 
products layer based on initial strain problem. 

Ludgren K.(2002), Oh et al. (2009) suggested a 
model of deformation around rebar due to corrosion 
products which can be described as shown in Figure 
11, in which r, x, U and Ucor are initial radius of re-
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
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etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



bar, corrosion penetration depth, free increase of the 
radius and the real increase of the radius respec-
tively. The strain in the corrosion products is 

freereal
cor

Ux
UU

εεε −=
+
−

 =cor            (5) 

In RBSM model, initial thickness of corrosion 
products layer is modeled constantly as H so  

H
U

free  =ε                   (6) 

This parameter is input data in the analytical pro-
gram through increasing of corrosion rate. U is com-
puted from the corrosion rate as the following equa-
tion (Matsuo et al. 1997) 

s

r dVWU
ρ
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where Wr is corrosion rate (mg/cm2),dV is volume 
expansion ratio of corrosion products (=2.5, in this 
study), ρs is rebar density (=7.85x103 mg/cm3). 
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Figure 10. RBSM corrosion expansion model. 
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Figure 11. Deformation around rebardue to corrosion products. 
 

It may not be easy to measure properties of corro-
sion products such as thickness and linear elastic 
modulus by experiment. We have tried to analyze 
specimens with various values of the initial thick-
ness and the linear elastic modulus of the corrosion 
products layer. As the results, the initial thickness 
(H) 1.0mm and the elastic modulus (Er) 500MPa can 
simulate reasonable cracking behaviors in terms of 

crack patterns and surface crack width propagation 
in comparison with the experimental results. 

4 ANALYTICAL RESULTS 

In the analysis, mesh sizes of Voronoi particles are 
5mm in the cover area and 10mm in the others. An-
other arrangement of Voronoi particles is also tried 
to confirm the similarity of analytical results. 

4.1 Simulation of internal crack patterns 
Analytical crack patterns at several values of the sur-
face crack widths are obtained for type C30 speci-
mens. The analysis is done with two values of the li-
near elastic modulus of corrosion products 500MPa 
and 100MPa to compare the effect of this property to 
internal crack patterns. Figure 12 shows the internal 
crack patterns when Er is 500MPa and Figure 13 
shows the patterns when Er is 100MPa. 
 

 
Figure 12. Type C30 crack patterns (Er=500Mpa). 
 

 
Figure 13. Type C30 crack patterns (Er=100Mpa). 
 

With the different values of the elastic modulus 
Er, the crack patterns are different but the differ-
ences are small. In comparison with the experimen-
tal results in Figure 5, the value 500 MPa can simu-
late better crack patterns of the inside crack when 
the surface crack width is 0.78mm and 1.11mm. The 
crack patterns of vertical crack and lateral cracks are 
similar. 

In the case of type C10, we also analyze speci-
men with the two values 500MPa and 100MPa of 
the elastic modulus Er. Analytical crack patterns at 
surface crack width 0.5mm are shown in Figure 14. 
As well as in the case of type C30 specimen, the 
value 500MPa of elastic modulus of corrosion prod-
ucts can simulate the crack pattern more closely to 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
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explicitly accounts for the evolution of hydration 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



the experimental result (Fig. 6) with two cracks ap-
pearing in the concrete cover. 
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Figure 14. Type C10 crack pattern (surface crack width 0.5mm). 

4.2 Simulation of surface crack width propagation 
Analytical results in the case of type C30 are com-
pared with experimental results as shown in Figure 
15. The analytical results appear reasonably agree-
ment with the experimental results, i.e. initiation 
crack widths occurring with a certain amount of cor-
rosion products and then crack opening propagating 
speedily up. However, analytical values show larger 
surface crack widths than the experimental results, 
especially when corrosion rates increase. 
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Figure 15. Analytical surface crack width propagation (Type 
C30). 
 

With a higher value of the linear elastic modulus 
of the corrosion products, Er=500MPa, corrosion 
expansion pressure induced by corrosion products is 
larger and it causes initiation of surface crack width 
quicker than the smaller case, Er =100 MPa. In the 
early stage of corrosion, the surface crack width in 
the case of Er =500 MPa is closer to the experimen-
tal results than the one in the case of Er=100MPa. 

4.3 Penetration of corrosion products into cracks 
During the corrosion process, it is known that corro-
sion products can penetrate into cracks in concrete 
so this effect may reduce corrosion expansion pres-
sure on concrete accordingly as shown in Figure 16 

(Val et al. 2009, Toongoenthong & Maekawa. 
2004). 
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Figure 16. Penetration of corrosion products into cracks. 
 

This effect has been simulated in the RBSM ana-
lytical program. One of the advantages of RBSM 
model is that crack widths and volume of cracks can 
be calculated directly during the analysis (Fig. 17). It 
is therefore convenient to calculate reduction of vol-
ume of corrosion products which penetrate into 
cracks. The reduction of corrosion expansion pres-
sure due to the penetration of corrosion products into 
cracks is calculated by reducing the free increase U 
in the corrosion expansion model as shown in Figure 
18.  

We have assumed the following when consider-
ing this effect in the analysis: 

 Corrosion products can only penetrate into 
cracks if crack widths exceed the threshold 
value of crack width. 

 Corrosion products fully fill in the cracks 
 The free increase U is uniformly reduced 

around the rebar. 
With a free increase of U, the corresponding cor-

rosion product volume Vcor is (Figure 18a): 
 

[ ] LUrULrUrcorV )2(22)( +=−+= πππ       (8) 

since U2≈0, equation (7) can be approximated as 

LUrcorV ⋅⋅= π2                (9) 

where L is the length of rebar. 
When the penetration of corrosion products into 

cracks is considered, the effective corrosion prod-
ucts volume Vcor,eff is: 

crkVcorVeffcorV −=,               

(10) 
where Vcrk is volume cracks as computed in Figure 
17. 

If the effective free increase is Ueff, the effective 
volume of corrosion products in Figure 18b will be 
(similar to (9)) 

LeffUreffcorV ...2, π=             

 (11) 

Proceedings of FraMCoS-7, May 23-28, 2010

hThD ∇−= ),(J                             (1) 
 

The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 
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(chemically bound) water wn (Mills 1966, 
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assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
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s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



from (9),(10) and (11): 
 

crkVLUrLeffUr −= ...2...2 ππ          (12) 
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crkV
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..2π

−=              (13) 

 

Vcrk is total volume of cracks

∑=
NSPG

iiincrk ShV
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, ..ε

where NSPG is numbers of springs
wi=εn,i .hi is crack width at interface surface i

Interface surface i
Si is area of surface i

Normal spring i
εn,i : strain of normal spring i

hi

 
Figure 17. Computation volume of cracks in RBSM model. 
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Figure 18. Computation reduction of free increaseU due to 
penetration of corrosion products into cracks. 
 

Figure 19 shows the propagation of surface crack 
width when this effect is considered for type C30 
specimen. Thresholds of 0.1mm and 0.2mm crack 
width are considered. The value of 500MPa is used 
for the elastic modulus of the corrosion products. 

It can be seen that the propagation of surface 
crack width is reasonably agreement with the ex-
perimental results when the effect of penetration of 
corrosion products into cracks is considered. 

When the threshold of 0.1mm width is set for the 
penetration of corrosion products into cracks, the 
propagation speed of surface of crack width is re-
duced when the surface crack width grows up to 

0.40mm because lateral cracks have occurred and 
the total volume of cracks becomes large which in-
duces a significant reduction on the corrosion ex-
pansion pressure on concrete. 

For the case of 0.2mm threshold, the changing 
point of the propagation is at the value 0.8mm of 
surface crack width. The tendency of crack width 
propagation is similar with the case of 0.1mm thre-
shold. 

 

Experiment

 No penetration
 Threshold =0.1mm
 Threshold =0.2mm

200 400 600 800

0.2
0.4
0.6
0.8

1
1.2
1.4
1.6

0
Corrosion rate (mg/cm2)

Su
rf

ac
e c

ra
ck

 w
id

th
 (m

m
)

B

C

A

D

 
Figure 19. Surface crack width propagation with penetration of 
corrosion products into cracks. 

 
In comparison with the experimental results, if 

the threshold of crack width is set between 0.1mm 
and 0.2mm, it can reasonably simulate the surface 
crack width propagation as shown in Figure 19. 

However, it is noted that in the experiment, cor-
rosion products may not fully penetrate into cracks 
and the speed of penetration also depends on crack 
widths and properties of corrosion products. In the 
analysis, we have assumed the fastest and biggest 
penetration which induces the largest reduction on 
corrosion expansion. 

The threshold of penetration greatly affects the 
propagation of surface crack width. The above as-
sumptions are also simple cases for the analysis in 
this study and it will definitely require further work 
to simulate the effect to the corrosion process. Espe-
cially, it will need further experimental results to ve-
rify the simulation results. 

4.4 Simulation of internal crack propagation 
It is necessary to simulate internal crack propagation 
to predict internal cracking behavior from the sur-
face cracks. Analytical results of propagations of 
crack width near the rebar, lateral crack length and 
lateral crack width are compared with the experi-
mental results. The effect of penetration of corrosion 
products into cracks where crack width is larger than 
0.10mm is considered. 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



4.4.1 Propagations of crack width of vertical crack 
near rebar 

The crack width of vertical crack near the rebar as 
shown in Figure 20 is smaller than the surface crack 
width at the same level of corrosion rate as shown in 
Figure 19.  

The propagation of crack width near rebar also 
appears reasonably agreement with the experimental 
values when the effect of penetration of corrosion 
into cracks is taken into account 
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Figure 20. Propagation of vertical crack width nearrebar. 

4.4.2 Propagations of lateral crack length 
The analytical lateral crack length propagation is 
shown in Figure 21. 

The tendency of analytical result is similar to the 
testing results. The propagation of lateral crack 
length is closer to the experiment when the penetra-
tion effect is considered. 

 

200 400 600 800 1000

10

20

30

40

50

60

0

La
te

ra
l c

ra
ck

 le
ng

th
(m

m
)

Experiment

 No penetration
 With penetration

Corrosion rate (mg/cm2)  
Figure 21. Propagation of lateral crack length. 

4.4.3 Propagations of lateral crack width 
Analytical crack widths of the lateral crack at some 
positions from the rebar are compared with the ex-
perimental results as shown in Figure 22a and 22b. 
Again, when the effect of corrosion products pene-
tration is considered, the analytical results appear 
closely to the experimental results. 
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Figure 22a. Propagation of lateral crack width (no penetration). 
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Figure 22b. Propagation of lateral crack width (with penetration). 

4.5 Mechanism of surface crack width propagation 
with internal crack propagation 

From the surface crack width propagation (Figure 
19) and the internal crack propagations (Figure 20, 
21,22a and 22b), a mechanism of surface crack 
width propagation with internal crack propagation 
can be estimated as shown in Figure 23: 

a) Vertical crack initiates from concrete sur-
face (Figure 23a.) and propagates to the 
rebar corresponding to the stage A to B in 
Figure 19. In this stage, surface crack 
width rapidly increases. 

b) Then, lateral cracks initiate (Figure 23b.) 
and increase in their widths and lengths 
which cause rotation on the concrete parts 
as shown in Figure 23c. Inside crack initi-
ates (Figure 23c.). Corrosion products 
penetrate into internal cracks. In this stage, 
the surface crack width also increases but 
the speed of surface crack width propaga-
tion reduces (stage B to C in Figure 19). 

c) With a further amount of corrosion prod-
ucts, the inside crack propagates from the 
rebar and causes rotation on the concrete 
parts as shown in Figure 23d. The speed of 
surface crack width propagation in this 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 

 

( ) ( )
( )

( ) ( )
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−
∞

+

−
∞

−=

11
10

,
1

                            

1
10

1
1,

1
,,

h
cc

g
e

sc
K

h
cc

g
e

sc
G

sc
h

e
w

αα

αα

αα

αααα

 (4) 

 
where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



stage (C to D in Figure 19) is slightly 
higher than the previous stage (B to C).   

 

(a) (b)

(c) (d)
 

Figure 23. Internal cracking mechanism. 

5 CONCLUSIONS 

Experiment and 3D- RBSM analytical model was 
studied to evaluate cracking behavior of the concrete 
specimen with single rebar.  

The three phase material corrosion expansion 
model was applied in the analysis. The values of ini-
tial thickness and linear elastic modulus of corrosion 
products were recommended.  

Internal crack patterns, surface crack width prop-
agation and internal crack propagation were simu-
lated quantitatively and qualitatively and compared 
with the experimental results. Moreover, the effect 
of corrosion products penetration into cracks during 
corrosion process was investigated and it was con-
firmed that the simulation results were quantitatively 
agreed with the experimental results when this effect 
was considered. 

Mechanism of surface crack width propagation 
was clarified and it was strongly dependent on the 
internal crack propagation. Therefore, in order to 
evaluate the surface crack propagation, the internal 
crack propagation must be clarified. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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