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ABSTRACT: This study investigated experimentally and analytically changes in the cracking resistance of 
self-consolidating concrete at an early age. Wedge-splitting tests were performed with four different SCC 
mixes at 1, 2, 3, 14, and 28 days. Softening curves that optimally fit the measure load-CMOD curves were 
found by inverse analysis. Using the results of the tests and inverse analyses, we examined how fracture 
energy and four parameters of bilinear softening curves vary at early ages, and on this basis we suggest a 
model for determining the effects of age on the softening curve. 

1 INTRODUCTION 

Self-Consolidating Concrete (SCC) has seen 
increasingly widespread usage worldwide by virtue 
of its numerous attractive features such as low 
construction cost, high-quality finish, and easy and 
high-speed casting with little labor. SCC has been 
quite successfully established in the precast industry, 
and is now increasingly used in cast-in-place 
concrete construction (Benedict 2005).  

The shortcomings of SCC are mainly related to 
its fresh state; for example, robustness, high 
formwork pressure and test methods to ensure its 
flowability and compactibility (Lange 2007). Much 
research has been performed to resolve these 
shortcomings, but research on SCC’s mechanical 
properties has been relatively limited. Typically with 
SCC, binder content is very high, a small size 
aggregate is used, and much chemical and 
pozzolanic admixtures are added to the mix. 
Therefore, mechanical properties, especially 
variations in the properties at an early age may be 
quite different from those of ordinary concrete.  

The fundamental vulnerability of concrete is 
tensile cracking, which is one of the most important 
properties that need to be examined. In this study, 
the variations in the tensile fracture properties at an 
early age was investigated. Wedge-splitting tests for 
four different SCC mixes were carried out at 1, 2, 3, 
7, 14, and 28 days. The strain softening curve that 
optimally fit the load-CMOD curve of each 
specimen was found through inverse analysis. Based 
on the test and analysis results, this study examined 
how the fracture energy and parameters of the 
softening curves vary as the age increases. A model 
for the softening curve at an early age is also 
suggested.  

2 EXPERIMENTS 

2.1 Materials  

Table 1 shows the mix proportions of four SCC 
mixes. The water-to-binder ratio ranged from 0.31 to 
0.37, type I cement was used in all the mixes, and a 
viscosity modifying agent (VMA) was added to 
prevent segregation. The maximum aggregate size 
was 9mm.  

The flowability of the mixes was examined from 
the slump flow test right after mixing. The flow 
diameter ranged from 620 to 700 mm, and the T50 
time was 4.5 to 5.0 seconds in every mix. The mixes 
satisfied the general requirement for flowability of 
self-consolidating concrete (Ferrara et al. 2007). 

 
Table 1. Mix proportions. 

Unit mass(kg/m3) 

Binder Mix 
w/b 

% 
C F.A. 

W S G SP VMA 

SCC1 37 417 146 209 859 756 3.38 3.38 

SCC2 35 455 136 208 834 751 3.55 3.55 

SCC3 33 499 125 207 810 745 3.74 3.74 

SCC4 31 545 109 205 787 740 3.92 3.92 

2.2 Specimens and test setup 

Twelve specimens were manufactured with each 
SCC mix for the wedge-splitting tests. The 
specimens were wrapped with a wet curing blanket 
and kept in a constant temperature room at 20℃ 
right after casting.  

Figure 1 shows the dimensions of the specimens 
and test setup for the wedge-splitting tests. Two 
companion specimens were tested at 1, 2, 3, 7, 14, 
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and 28 days. The tests were conducted with a servo-
hydraulic closed-loop testing machine. The applied 
load was measured by a 100kN capacity load cell, 
and the crack mouth opening displacement (CMOD) 
was measured with a clip-on gage of 5mm capacity. 
The actuator was controlled by a constant CMOD 
rate of 0.02 mm/min.  

The compressive strength tests were also 
performed at the same ages as the wedge-splitting 
tests.  
 

    
Figure 1. Specimen dimensions and wedge-splitting test setup.  

3 INVERSE ANALYSIS 

3.1 Data processing for companion specimens 

The test data measured from two companion 
specimens were averaged in the method proposed by 
a previous study (Zhao et al. 2008). There are 
several data processing steps in the averaging 
method. First, the data scattered far from the load-
CMOD curve are filtered, and one point is taken 
every 20 points along the load-CMOD curve (Fig. 
2(a)). Second, an average is taken of five points 
consisting of the given point in the first step and two 
points above and below the given point. Third, 100 
equally spaced CMOD values are calculated from 
the zero point to the CMOD at the peak load point, 
and another 100 CMOD values are calculated from 
the peak to the end point. The end point of the 
CMOD for each specimen is set such that the 
distance from the peak to the end point is identical 
for the two companion specimens. Fourth, the load 
values corresponding to the 100 CMOD values are 
calculated by interpolation between the averaged 
data points for the ascending and descending parts 
(Fig. 2(b)). Finally, the 200 CMOD values and the 
corresponding load values for each companion are 
averaged in the order sequenced (Fig. 2(c)).  

3.2 Inverse analysis 

In order to find the softening curve that optimally 
fits the load-CMOD curves measured at different 
ages, an inverse analysis was conducted. Because 
the number of data points used in the optimal fit of 
the inverse analysis significantly affects computer 

running time, the minimum number of data points 
representing the load-CMOD curve is desirable. 
From the averaged data for the companion 
specimens, the minimum number of data points were 
extracted according to the method proposed in the 
previous study. Six points and twelve points were 
found for the ascending and descending parts, 
respectively (Fig. 2(d)).  

In the inverse analysis, the strain softening curve 
was assumed to be bilinear as shown in Figure 3. 
Figure 4 shows the algorithm of the inverse analysis, 
in which finite element analysis is repeatedly 
performed, altering the parameters of the softening 
curve until the error between the measured and 
calculated load-CMOD curves is less than a given 
tolerance (Kwon et al. 2008). Figure 5 is the finite 
element mesh refinement for the wedge-splitting 
specimen. Only half of the specimen was modeled 
considering its symmetry The total number of 
elements and the number of nodes on the ligament 
were 596 and 35, respectively.  
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Figure 3. Data processing for companion specimens. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



 
 
Figure 3. Bilinear softening curve. 
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Figure 4. Algorithm of inverse analysis. 

 

 
Figure 5. Finite element mesh.  

4 RESULTS 

4.1 Test and inverse analysis results 

The parameters of the bilinear softening curve 
obtained from the inverse analysis and the measured 
compressive strength are listed in Table 2. The 
elastic modulus used as the input of the inverse 
analysis were calculated based on the compressive 
strength using the following equation, which is the 
initial tangent modulus suggested in CEB-FIP model 
code 1990 (CEB 1993): 

1
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In Equation (1), Ec(t) is the elastic modulus, fc(t) 

is the compressive strength, and t is the concrete 
age.  

Figure 6 is the comparison between the measured 
load-CMOD and the load-CMOD calculated based 
on the optimized softening curve. The calculated 
load accurately simulates the real load-CMOD 
curve.  

 
Table 2. Parameters of softening curves and compressive 
strength. 

4 Parameters of Softening 

Curves 
ft f1 

w1 wc 
Mix Age 

MPa MPa mm mm 

Compressive 

Strength 

(MPa) 

1D 2.06 0.39 0.017 0.168 21.6 

2D 3.16 0.56 0.020 0.132 33.4 

3D 3.20 0.91 0.018 0.099 35.9 

7D 3.79 0.55 0.022 0.162 46.6 

14 4.08 0.83 0.022 0.144 50.3 

SCC1 

28 4.94 1.07 0.014 0.096 54.4 

1D 2.68 0.49 0.020 0.160 27.3 

2D 4.20 0.87 0.013 0.085 38.4 

3D 4.23 0.77 0.016 0.095 40.3 

7D 4.48 0.93 0.018 0.105 52.8 

14 4.93 1.46 0.010 0.070 55.8 

SCC2 

28 5.02 1.10 0.016 0.093 55.8 

1D 3.39 1.12 0.010 0.085 34.5 

2D 3.86 0.89 0.018 0.105 41.9 

3D 3.92 0.92 0.020 0.103 44.9 

7D 3.91 0.88 0.022 0.095 47.7 

14 4.54 0.82 0.019 0.069 53.0 

SCC3 

28 4.99 0.95 0.016 0.083 53.5 

1D 3.12 0.58 0.021 0.146 36.9 

2D 3.58 0.78 0.019 0.104 43.3 

3D 3.77 0.87 0.016 0.118 45.5 

7D 4.01 0.79 0.021 0.113 49.2 

14 4.12 0.55 0.020 0.139 62.3 

SCC4 

28 4.19 0.79 0.022 0.105 64.9 

 
The compressive strengths at different ages were 

divided by the strength at 28 days, and the 
normalized values were fitted with the following 
equation, which is suggested in CEB-FIP model 
code 1990 (CEB 1993): 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 

 

( ) s
s

s

vg
kc

c

c

vg
k

sc
G αααα +=,
1

                 (5) 

 
where k
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



In Equation (2), βcc(t) is the function representing 
the evolution of strength over time. The parameter s 

was determined by fitting the normalized values as 
shown in Figure 7, and its value is 0.145. 

The fracture energy GF can be obtained by 
calculating the area under the softening curve as 
shown in Figure 8. The fracture energy also 
increases as the age increases, and is fitted by using 
the following equation suggested in CEB-FIP 1990 
model (CEB 1993).  
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In Equation (3), GF0 and α are constant, and the 

compressive strength fc(t) can be obtained by 
multiplying the compressive strength at 28 days with 
Equation (2). Figure 9(a) shows the normalized 
fracture energy with the fracture energy at 28 days 
and the curve fit results. The determined values of 
GF0 and α are 0.0379 and 0.484, respectively.  

The fracture energy is the sum of the area under 
the first branch of the softening curve and the area 
under the second branch as shown in Figure 8. The 
former is GF1(t) and the latter GF2(t) were 
normalized with the fracture energy or the total area 
GF(t) and are plotted in Figures 9(b) and (c). The 
normalized GF1(t) increases at the beginning and 
then gradually approaches a certain value. In order 
to model this time-varying feature of GF1, the 

following equation was fitted with the data of Figure 
9(b):  
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 Figure 6. Comparison between the measured load-CMOD curves and the curve fit results. 
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assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg and k
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vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



 
Figure 8. Fracture energy. 

In Equation (4), rG1 is the normalized GF1, and 
GF(t) is the fracture energy at age t. The values of 
the constants γ, η, and δ  determined by the curve fit 
are 0.436, 0.135, and 0.551, respectively. The 
function rG2 is defined as follows, and the sum of rG1 

and rG2 is one.  
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Figure 9. Normalized fracture energy and curve fit result. 

 
As shown in Figure 9(c), the function rG2 steeply 

decreases at the beginning and asymptotically 
reaches a certain value in the contrary to the 
function rG21.  

Mihashi et al. have suggested a correlation 
between the softening curve and the mechanism of 
the fracture process zone (Nomura et al. 1991). 
According to their study, micro cracks start to grow 
immediately before the stress reaches the tensile 
strength. After reaching the tensile strength, the 
micro cracks are localized and extended along a 
potential line of macro cracks. The first branch of 
the softening curve corresponds to the localization 
and the extension of the micro cracks. Even after the 
separation of the crack surface, stress can be 
transmitted by the bridging effect of the coarse 
aggregates across the main crack. This bridging 
stress corresponds to the second branch of the 
softening curve.  

Based on the results of Figures 9(b) and (c), it 
was found that the proportion of energy needed for 
formation, localization and extension of micro 
cracks in total fracture energy increased as the age 
increased, and the proportion of energy consumed 
by the bridging effect decreased. This feature on 
variation of the fracture energy over time will be 
considered in a model for the aging effect of the 
softening curve suggested in the subsequent section. 

4.2 Effect of age on the softening curve 

In Table 2, the two parameters, ft and wc, show a 
relatively definite trend over time compared to other 
parameters, f1 and w1 ; that is, ft increases and wc 
decreases as the age increases.  

The parameter ft was fitted by using the following 
equation suggested in CEB-FIP model code 1990 
(CEB 1993):  
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



 
In Equation (6), ft0 and β are constant, and the 

compressive strength fc(t) can be obtained by 
multiplying the compressive strength at 28 days with 
Equation (2). The determined values of ft0 and β are 
1.30 and 0.739, respectively. Figure 10 shows the 
normalized ft and curve fit result.  

The parameter wc was also fitted with the 
following equation suggested in the CEB-FIP 1990 
model (CEB 1993):  
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In Equation (7), GF(t) and ft(t) can be obtained 

from Equations (3) and (6), respectively. The values 
of wc were averaged for all the mixes according to 
their respective ages, and the function wc(t) was 
fitted with the averaged values based on the 
averaged compressive strength at 28 days; that is, 
GF(t) and ft(t) were calculated based on the 
compressive strength at 28 days averaged for all the 
mixes. The constant µ determined from the curve 
fitting was 5.57.  
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4.3 A model for the aging effect of the softening 
curve of self-consolidating concrete 

Based on the test and inverse analysis results, the 
compressive strength, fracture energy, ft(t), and wc(t) 
were fitted with the corresponding equations 
suggested in CEB-FIP model code 1990 (CEB 
1993). If the two parameters f1 and w1 are 
determined, then a model for the aging effect of the 
softening curve can be made. The energy GF1(t) and 
GF2(t), which correspond to the areas under the first 
branch and second branch of the softening curve, 
respectively, can be expressed by the following 
equations:  
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In Equations (8) and (9), rG1(t) and rG2(t) can be 

calculated from Eqs. (4) and (5), GF(t) from 
Equation (3), and ft(t) and wc(t) from Equations (6) 
and (7), respectively. Now, Equations (8) and (9) 
form a system of quadratic equations with the two 
variables, f1(t) and w1(t), which can be solved by the 
following:  
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In Eqs. (10) and (11), the parameter t representing 

the concrete age is omitted. The four parameters of 
the softening curve can be calculated from Eqs. (6), 
(7), (10), and (11), and these equations can be used 
as a model to present the effect of ages on the 
softening curve of self-consolidating concrete. 

Figure 11 shows the comparison between the 
parameters of the inverse analysis and the 
parameters calculated from the model. Although 
there are deviations between the model and the 
inverse analysis results, it can be seen that the model 
has the same trend on the variation of the parameters 
over ages as that of the inverse analysis results.  
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moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
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that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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Figure 11. Comparison between the inverse analysis result and 
the model for aging effect of the softening curve. 

In order to examine how much load-CMOD 
calculated from the model deviates from the 
measured load-CMOD curve, peak loads and 
CMOD at peak load were compared in Figures 12 
and 13, respectively. In Figures 12(a) and 13(a), the 
optimized softening curve gives very close peak 
loads and CMODs to the measured ones. As shown 
in Figures 12(b) and 13(b), although the peak loads 
and CMODs calculated based on the model deviate 
more to the 45-degree inclined line compared to 
those based on the optimized softening curve, the 
deviation is still small enough to predict the real 
peak loads and CMODs at peak loads by the model. 
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As mentioned previously, the fracture energy is 
the area under the softening curve as shown in 
Figure 8. The fracture energies were calculated from 
the optimized softening curve and the model, 
respectively, and were compared in Figure 14. 
Although the deviation is larger than those shown in 
Figures 12 and 13, the data points are symmetrically 
distributed and gather near the 45-degree inclined 
line. The averaged difference between the fracture 
energies obtained from the inverse analysis and the 
model is 0.00624 N/mm. This amount of difference 
is small enough to predict real tensile fracture 
behavior by the model.  
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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Figure 14. Comparison between fracture energies calculated 
from the optimized softening curve and the model.  

5 CONCLUSION  

In order to investigate changes in the tensile 
cracking resistance of self-consolidating concrete at 
an early age, wedge-splitting tests were performed 
with four different SCC mixes at different ages, and 
inverse analyses were carried out to find strain 
softening curves that optimally fit the load-CMOD 
curves measured in the tests. From the experiments 
and the analyses, it was found that the fracture 
energy increases with age.  In particular, the 
proportion of energy corresponding to the area under 
the first branch of the softening curve to the total 
fracture energy increases as the age increases. This 
means that the proportion of energy needed for the 
formation, localization, and extension of micro 
cracks grows larger than the proportion of the 
energy related to the bridging effect over time. 
Considering this finding on the fracture energy and 
the optimal fits for the tensile strength and 
maximum crack opening displacement, a model for 
the effect of aging on the softening curve of self-
consolidating concrete was suggested. The model 
gives the four parameters of softening curves 
varying over ages, and can be used to predict tensile 
fracture behavior without a large amount of error.  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 
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where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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