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ABSTRACT: Uniaxial tensile performance of fiber reinforced cementitious composite is simulated based on 
fracture mechanics criteria, with the specific objective to study the phenomena of strain-hardening and multiple 
cracking under direct tension. In the model, instead of describing the matrix fracture resistance by a single pa-
rameter at the crack tip, we separate it into two parts, a crack tip toughness (KIC_M) and a tension softening 
curve representing the interlocking effect of aggregates. The latter is added to the fiber bridging stress to come 
up with the overall bridging stress vs crack opening relation for fracture analysis. To analyze crack propaga-
tion, a superposition method is employed to calculate the stress intensity factor at the crack tip resulted from 
both the applied load and the crack bridging stress. For a particular crack size, the corresponding load is calcu-
lated as the value when KIC_M is reached at the crack tip. Using the model, the effects of various material pa-
rameters, including matrix toughness, initial flow size, fiber content and specimen geometry on the tensile per-
formances are investigated. The requirements for tensile strain-hardening and multiple cracking are analyzed 
and possible methods for material performance optimization are discussed. 

1 INTRODUCTION 

Concrete is a typical brittle material where first 
cracking in tension is accompanied by immediate lo-
calization of deformation followed by decreasing 
load. In normal reinforced concrete structures, as the 
stress reaches the tensile strength of concrete under 
mechanical and/or environmental loads, a small num-
ber of widely spaced discrete cracks will form and 
the crack width quickly opens to a macroscopically 
visible level. The formation of widely opened cracks 
allows water and other chemical agents, such as deic-
ing salt, to go through the cover layer to come into 
contact with the reinforcements.. The durability of 
the concrete structure is then significantly affected. 
Many methods have been proposed to improve the 
durability of concrete structures in the past, but most 
focus on the transport properties of un-cracked con-
crete, with little attention paid to the control of 
cracks.  To prevent the rapid penetration of water 
and corrosive chemicals through cracks, a fundamen-
tal approach to reduce the crack width in concrete 
during its service stage has to be developed (Lepech 
et al. 2006). 

In recent years, a class of high performance fiber  

reinforced cementitious composite, called Engineered 
Cementitious Composites (ECC), with an ultimate 
strength higher than their first cracking strength and 
the formation of multiple cracking during the inelas-
tic deformation process has been developed (Li, 
2002). After first cracking, tensile load-carrying ca-
pacity continues to increase, resulting in strain-
hardening accompanied by multiple cracking. For 
each individual crack, the crack width first increases 
steadily up a certain level and then stabilizes at a con-
stant value. Further increase in strain capacity is re-
sulted from the formation of additional cracks until 
the cracking reaches a saturated state with crack 
spacing limited by the stress transfer capability of the 
fibers. After that, a single crack localizes and the load 
slowly drops with increased deformation. Typically, 
strain localization occurs at a tensile strain of 3-5%, 
with crack spacing of 3-6mm and crack width around 
60µm (Li, 2002). Cracks of such a small width will 
have little effect on the water permeability of the ma-
terial (Wang, et al. 1997). With little degradation in 
transport properties under high deformation, the du-
rability of the structure can be maintained.  

The design criterion for ECC is first proposed by  
Li and Leung (Li & Leung, 1992) and further devel-



oped in subsequent investigations (Li 1993, Leung 
1996, Kanda et al. 1999). To come up with the con-
dition for multiple cracking to be achieved, fracture 
analysis is performed on a crack bridged by fibers. 
Also, in the analysis, the crack is taken to be propa-
gating in an infinite space. In reality, however, an air 
void that is not bridged by fibers can serve as the 
crack initiator. In other words, the crack is initially 
not bridged by fibers, and the bridging effect be-
comes more and more significant as the crack grows 
in size. Also, when the crack approaches the bound-
ary of the specimen, the stress intensity due to both 
the applied load and the bridging stresses will vary 
significantly from that in the infinite domain. To take 
these effects into consideration, a new fracture me-
chanics model is proposed in this paper for the analy-
sis of cracking in fiber reinforced cementitious com-
posites. 

The field of fracture mechanics originated in the 
1920's with A. A. Griffith's work on fracture of brit-
tle materials such as glass (Griffith 1921). Its most 
significant applications, however, have been for the 
control of brittle fracture and fatigue failure of metal-
lic structures such as pressure vessels, airplanes, 
ships etc. In the last thirty years, many attempts have 
been made to apply the fracture mechanics concept 
to cement-based composites, including mortar, con-
crete and fiber reinforced concrete (FRC). Pervious 
studies on this class of materials have shown that a 
relative large microcracking zone, referred to as the 
fracture process zone where material behaves 
nonlinearly, exits adjacent to the crack front. Since 
the size of the zone is not small in comparison to the 
size of the member, the stress distribution within the 
zone has to be considered explicitly in the analysis of 
crack propagation. Two major kinds of model have 
been developed to describe the fracture process zone, 
including (1) the fictitious crack model (FCM) pro-
posed by Hillerborg et al. (1976) and (2) the crack 
band theory proposed by Bazant et al. (1983). The 
former approach models the process zone as part of 
the crack but with bridging stress governed by the 
crack opening. In other words, the behavior of the 
process zone follows a certain crack bridging law. 
The latter imagines the process zone to exist within a 
finite band width in which the microcracks are uni-
formly distributed and the behavior after cracking can 
be described by a softening stress-strain relationship. 
In the literature, these models are sometimes referred 
to as cohesive models, or fracture process models. In 
the present work, FCM will be applied to account for 
the behavior of the process zone.  

In the past, researchers had attempted to use 
classical LEFM and crack bridging law to analyze the 
crack propagation in materials which exhibit crack 
bridging, such as fiber reinforced ceramics and fiber 
reinforced concrete (Cox et al. 1991, Li et al. 1986). 
Since a sharp crack tip is still envisaged to be present 

at the leading edge of the process zone in concrete, 
reinforced ceramics, or even reinforced metals, it is 
more realistic to assume the bridging force within the 
process zone to reduce the net stress intensity factor 
at the crack tip, but a non-zero stress intensity still 
exists (Cox et al. 1991, Li et al. 1986). The crack 
propagating criterion of linear elastic fracture me-
chanics then remains applicable to the above materi-
als, as long as the contribution of the process zone to 
the crack tip stress intensity factor is explicitly incor-
porated.  

In the present paper, mode I crack propagation in 
fiber reinforced cementitious composite is simulated 
based on fracture mechanics criteria, with the specific 
objective to study the condition for multiple cracking 
to occur under direct tension. Compared to existing 
models on the propagation of bridged cracks in fiber 
materials, there are three additional considerations in 
this work. Firstly, we assume cracks to initiate from 
internal defects (such as entrapped air bubbles) which 
are not bridged by fibers. Therefore, fiber bridging 
effects do not affect crack initiation but come into 
play during the propagation of cracks. Secondly, 
when multiple cracking occurs, the crack opening is 
normally controlled to very small values. Instead of 
describing the matrix fracture resistance by a single 
parameter at the crack tip, we separate it into two 
parts, the crack tip toughness (KIC_M) and a tension 
softening curve representing the interlocking effect of 
aggregates. The latter is added to the fiber bridging 
stress to come up with the overall bridging stress 
with crack opening relation for fracture analysis. 
Thirdly, the finite width of the member is considered 
in the analysis. To analyze crack propagation, a su-
perposition method is employed to calculate the 
stress intensity factor at the crack tip resulted from 
both the applied load and the crack bridging stress. 
For a particular crack size, the corresponding load is 
calculated as the value when KIC_M is reached at the 
crack tip. Using the model, the effects of various ma-
terial parameters, including matrix toughness (KIC_M), 
size of initial unbridged flaw and fiber content on the 
tensile performances are investigated. The require-
ments for tensile strain-hardening and multiple crack-
ing are analyzed and possible methods for material 
performance optimization are discussed.  

2 PROBLEM FORMULATION 

In the present model, the fine aggregates in the ma 
trix are viewed as bridging elements and a fracture 
toughness calculated from the cracking load for a 
given specimen geometry (such as a single notched 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



beam under bending load) serves as the criteria of 
crack propagation. In other words, crack propaga-
tion occurs when: 

 
ICtip KK =                                (1) 

 
where KIC is the fracture toughness of material and 
Ktip .is the net stress intensity resulting from both the 
applied load and the bridging stresses. Thus, the 
problem reduces to obtaining the crack tip stress in-
tensity factor due to the external force and crack 
bridging stresses respectively.  

 

 
Figure 1. Principle of superposition in edged specimen under 
uniaxial tensile stress and crack bridging stress. 

 
As an example, a single edge notch specimen un-

der uniaxial tension load will be considered. Figure 1 
shows a single edge notch specimen with initial flaw 
size (unbridged crack), a0, bridged crack length, a 
and external tensile load, σa. The bridging stress act-
ing on the crack surface along the cracking section is 
σb, which is a function of crack opening. Based on 
the superposition scheme shown in Figure 1, the 
crack tip stress intensity factor can be obtained by 
summing the contributions Ka of external load and Kb 
of the bridging force (Zhang & Li 2004), i.e. 

  
batip KKK +=                             (2) 

 
Ka can be calculated as the stress intensity factor 

due to the presence of constant stress σa along the 
whole crack (including the bridged part). Under ten-
sile load P, σa=P/bt, where b and t are depth and 
width of the specimen respectively. Then Ka is calcu-
lated by    
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where G(x,a,h) is the weight function representing 
the contribution of a unit force on the crack surface 
to the crack tip stress intensity factor and is specific 
to specimen geometry and crack configuration (Tada 
1985). For a single edge notch specimen under uni-
axial tension, it is given by 
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Similar to the above, the contribution Kb of the 
bridging force to the crack tip stress intensity factor 
can be given by 
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The fundamental material property of the crack 

bridging law σb(w(x)) will be given as an material 
property input. Thus, for a given geometry, loading 
model, crack configuration and crack bridging law, if 
the crack profile, w(x), x∈ (0, a) is known, Ktip can 
be calculated by the above equations. When Ktip 
achieves the KIC-M value, crack starts to propagate. 
Now the remaining problem is to find the crack pro-
file for a given crack length. Following the standard 
derivation outlined in Cox and Marshall (1991), the 
crack opening profile w(x) can be related to the ap-
plied tensile stress σa and bridging stress σb(w(x)) as 
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Thus, for a given crack length, a (a≥a0, a0 is the 

initial unbridged flaw size), solving equations (1), (2) 
and (7) numerically, the critical external load capacity 
σa and crack profile w(x) can be obtained.  

3 NUMERICAL METHOD 

Instead of solving the above equations by integration 
during iteration towards self-consistency to w(x), the 
problem can be solved in the matrix form. With ref-
erence to the single edge notch specimen shown in 
Figure 2, a number of nodes are distributed along the 
potential fracture line. The opening and closing 
stresses acting on the crack surface are replaced by 
nodal forces that are governed by the external tensile 
load and the crack opening displacement according 
to the stress−crack opening relationship respectively. 
When the fracture toughness of cement matrix is 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k
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vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 
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reached at the crack tip, the node is spilt into two 
nodes and a pair of opposite forces is imposed on 
these two nodes. Assume the node number of crack 
tip is m+1, the equation of (2) and (7) can then be 
expressed into the matrix form as: 
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where kiK and kiw are the influencing factors of exter-
nal load and/or fictitious force on the crack tip stress 
intensity factor and crack opening respectively. Fi can 
be related to wi by 

 

i
ii

ip

i

fc
i lB

w
w

w
wlB

w
w

F ∆
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠
⎞

⎜
⎝
⎛+∆

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

= *

2/1

*0

0

2

1

σ
σ

(10) 

 
Detailed description of the above relation and the 

explanation of the parameters will be given in the next 
section. For a given crack length, a and stress crack 
width relation, by solving equations (8), (9) and (10), 
the critical external load capacity σa, fictitious force 
Fi and crack profile w(x) are obtained. The crack 
mouth opening displacement (CMOD) can be calcu-
lated from equation (9) as well. The conventional 
tensile stress-deformation diagram, such as stress-
crack length and stress-crack mouth opening dis-
placement (CMOD) curves can then be obtained by 
the above numerical procedure.  

4 MATERIAL PARAMETERS FOR MODEL 
INPUT 

The parameters used in the model include fracture 
toughness of matrix KIC_M, cracking strength σfc, 
initial unbridged flaw size a0 and crack bridging law 
(or stress-crack opening relationship). 
(1) Fracture toughness and cracking strength of ma-
trix. 

The toughness of cement matrix is a critical mate-
rial property in the simulation of crack propagation. 

In the past, some studies had been carried out to 
determine the fracture toughness of cement paste as 
well as mortar and concrete (Higgins et al. 1976, 
Naus et al. 1969). In these studies, the contributions 

 
Figure 2. Finite element nodes and fictitious force on node 
along the potential fracture line. 

 
of the process zone is included in calculating the 
fracture toughness, i.e. the peak load in the load-
CMOD curves is used as the critical load for KIC cal-
culation. Therefore the measured value of KIC is 
strongly influenced by the content of aggregates and 
is size dependent. However, if the contribution of the 
process zone is considered in the crack bridging law, 
then the fracture toughness of cement paste or mor-
tar as well as concrete will be a constant, independ-
ent of specimen size. In this case, the critical load at 
which crack starts to propagate, i.e. the starting point 
of nonlinearity in the load-CMOD curve, should be 
used for fracture toughness calculation (Zhang & 
Leung & Cheung 2006, Zhang & Leung & Xu 
2009a).  

In addition, the cracking strength defined as the 
stress level at which the initial crack starts to propa-
gate is the beginning point of the crack bridging law, 
which is required in the model calculation. Both the 
cracking strength and fracture toughness can be de-
termined directly from experiments. For a pre-
notched beam under bending load, according to the 
elastic theory, the CMOD and external load (P) 
obeys a linear relationship before the initiation of 
cracking. After initial cracking, the linear relationship 
between P and CMOD no longer exists. Thus the 
cracking load, Pfc can be determined by the point 
where the P-CMOD curve deviates from the initial 
linear portion. This point is regarded as the transition 
point from the linear-elastic stage to the nonlinear-
elastic stage, in which a fictitious crack starts to de-
velop. Typical graphs illustrating the determination 
of cracking load from three-point bending test on 
notched beam is shown in Figure 3. Based on the Pfc 
value, the corresponding cracking strength, σfc, is 
calculated from a finite element analysis that takes 
the notch effect into account. At the same time, frac-
ture toughness KIC_M is calculated also from Pfc 
through classical fracture mechanics theory. Based 
on test results provided in (Zhang et al. 2009b), the 
relationship between cracking strength and fracture 
toughness of PVA fiber reinforced cementitious 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



composites can be expressed as: 
 

MICfc K _78.25=σ                         (11) 
 

where σfc is in the unit of MPa and KIC is in the unit 
of MPam1/2. In the present paper, the effect of KIC-M 
and/or cracking strength on the composite tensile 
performance is investigated by varying KIC-M from 
0.05MPam1/2 to 0.20MPam1/2, and the corresponding 
σfc changes from 1.3MPa to 5.2MPa. 

 

0 0.01 0.02 0.03 0.04 0.05
CMOD (mm)

0

2000

4000

6000

8000

10000

12000

Lo
ad

 (N
)

Pfc

 
Figure 3. Determination of cracking load from bending test. 

 
(2) Crack bridging law 

As a fundamental material property, crack bridg-
ing laws of cementitious composites, such as mortar, 
concrete and fiber reinforced cement composites 
have been investigated both experimentally and theo-
retically during recent years. The experimental results 
show that the shape of stress-crack width curve of fi-
ber reinforced cement composite is complex and 
greatly influenced by the type and amount of fiber 
used (Stang et al. 1992). A micromechanics-based 
model for stress-crack width relationship of FRC ma-
terials has been developed by Li et al. (1993). The 
model provides a basic understanding of the influence 
of micro-parameters on the shape of the stress-crack 
width curve and is especially useful for material de-
sign. In this work, the micromechanics-based model 
developed by Li et al. (1993) is used as the crack 
bridging law (σ-w), which is given by: 
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the equations, df, Lf, Vf, Ef stand for fiber diameter, 
length, volume fraction and elastic modulus respec-
tively. τ is fiber/matrix bond strength. f is snubbing 
coefficient that reflecting the effect of inclination an-

gle. mmff EVEV /=η  and Vm, Em are matrix volume 
fraction and matrix elastic modulus. Typical PVA fi-
ber and fiber/matrix interfacial parameters used in the 
model are listed in Table 1. 

Apart from fiber bridging, matrix itself also exhib-
its bridging action due to the presence of fine aggre-
gates. Due to the lack of a good physical model, an 
empirical model proposed by Stang et al. (1992) is 
used for matrix bridging calculation in the present 
work. In the model, the matrix bridging stress σm is 
expressed as a function of the crack opening w as: 
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where σfc is matrix bridging stress at w=0, i.e. matrix 
cracking strength. The parameter p describes the 
shape of the softening curve with increase of crack 
opening. The parameter w0 corresponds to the 
crack opening when the stress has dropped to half 
of σfc. For concrete, good fitting of experimental 
results can be obtained with p=1.2 and 
w0=0.015mm (Stang et al. 1992). Because the pre-
sent work is focused on the matrix without coarse 
aggregate, a smaller value of w0 is used 
(w0=0.010mm). The total crack bridging of the 
composite can be obtained by summing (12) and 
(13) as shown in (10). Typical stress-crack width 
relationship of PVA fiber reinforced cement com-
posite with the separate components is shown in 
Figure 4.  
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Figure 4. Crack bridging in fiber reinforced cementitious com-
posite. 

 
(3) Initial unbridged flaw size 

In cement matrix, flaws are typically the sources 
where cracks are initiated. Most flaws inherent from 
the mixing process have sizes below 1-2mm, and 
their existence may considerably reduce the cracking 
strength (Zhang & Li 2004). In the model, the initial 
flaw is an equivalent crack resulted from defects at 
the surface of specimen. These defects might result 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



from air voids, aggregate/cement paste interfacial 
cracks and other possible damage in the material 
(e.g. shrinkage cracks). In the present study, a set of 
initial unbridged flaw size a0 within 0.125 to 1.25 
mm is used in the model calculation to investigate 
their effects on tensile performance. 

5 RESULTS AND DISCUSSION 

In this section, the tensile performance of a single 
edge specimen made of PVA fiber reinforced cemen-
titious composites is simulated with the developed 
model. The influence of fracture toughness of matrix 
KIC_M (with the effect of σfc also involved), fiber 
bridging stress reflected by fiber content as well as 
initial unbridged flaw size a0 on the tensile perform-
ance of the composite are presented and discussed. 
The related material parameters used in the model 
are listed in Table 1 where constant fiber/matrix in-
terfacial bond strength is assumed despite the varia-
tion in matrix strength and toughness. 

 
Table 1. Parameters of matrix, fiber and fiber/matrix interface. 
Tensile 
strength 
(MPa) 

Ef 
(GPa) 

df 
(mm) 

Lf 
(mm)

Em 
(GPa) 

τ 
(MPa) 

f 
 

1620 42.8 0.039 12 20.0 2.0 0.8

 
Effect of fracture toughness 

Figures 5a and 5b show the effect of matrix tough-
ness KIC_M on the tensile behavior, in terms of tensile 
stress versus crack length and crack mouth opening 
relations respectively. The simulation results are for a 
single edged specimen with a constant unbridged ini-
tial notch of 0.25mm. From these figures, it can be 
observed that the global tensile load carrying capac-
ity for a fixed crack bridging law increases with the 
increase of KIC_M at the initial stage of crack devel-
opment. After the crack length achieving about 80% 
of the total specimen width, all curves start to con-
verge to the same loading capacity, which is the 
maximum fiber bridging capacity. With increase of 
matrix toughness, the tensile stress versus crack 
length relation is gradually changed from a mono-
tonic increasing trend to an initially decreasing trend 
followed by increasing stress. This behavior can also 
be found in the curves of tensile stress versus crack 
mouth opening (Fig. 5b). The rate of stress decrease 
at the initial stage of crack propagation is reduced 
with decreasing matrix toughness and finally changes 
to a trend with monotonic increasing stress as matrix 
toughness is reduced to a certain value, which is 
KIC_M=0.05MPam1/2 in this case. The increase of ten-
sile strength with crack length shows the possibility 
of multiple-cracking in the material under tension, 
which of great interest for material ductility im-
provement. If the cracking stress is blow the peak 

tensile strength and the local stress at the maximum 
crack opening along the crack length is also lower 
than the peak bridging stress, the composite has 
strain-hardening potential, i.e. there exists a margin 
of load carrying capacity for developing sequential 
multiple cracking. 
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Figure 5. Tensile stress versus crack length (a) and crack 
mouth opening (b) curves of edged specimen with different 
matrix toughness. 

 
The results present in Figure 5 clearly show that 

the lower the matrix fracture toughness, the higher 
the likelihood of multiple cracking. This is consistent 
with the experimental results that ECC with higher 
matrix strength has a lower tensile strain capacity 
(Zhang et al. 2009c). On the other hand, the above 
results also indicate that the reduction of matrix 
toughness will help to reduce the stress jump which 
occurs during loading, which is commonly observed 
in tensile tests (Zhang et al. 2009c). It needs to be 
noted that the fiber/matrix interfacial bond strength 
and bond related parameters are assumed to be con-
stant even when KIC_M is varying. This assumption 
may be reasonable because previous experimental re-
sults shown that the effect of matrix proportion on 
the fiber/matrix bond strength of PVA fiber rein-
forced cementitious composite is limited due to the 
strong chemical bond between PVA fiber and cement 
matrix (Li et al. 2002). 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



Effect of fiber bridging 

 
Most high performance fiber reinforced cementitious 
composites are reinforced by short discontinuous fi-
bers. Crack bridging provided by fibers in the com-
posite is one of the most important factors governing 
the macroscopic mechanical properties of the com-
posite. Figures 6a and 6b display the effect of fiber 
volume content (Vf), which governs fiber bridging, on 
the tensile stress versus crack length and crack 
mouth opening (CMOD) diagrams respectively. Fig-
ure 7 presents the corresponding stress-crack open-
ing relationship of the composites with different fiber 
content. In the calculation, KIC_M=0.1MPam1/2 and fi-
ber parameters listed in Table 1 were used. Fiber 
volume of 0%, 1.0%, and 2.0% were used in the 
simulation. According to the results, for the given 
PVA fiber and related fiber/matrix interfacial parame-
ters, as fiber content reaches 2%, the composite 
starts to show strain-hardening behavior. By con-
trast, as fiber content is lower than 2%, strain soften-
ing under tensile load can be expected. Clearly, the 
requirement on fiber bridging, represented by fiber 
content, is critical for strain-hardening achievement. 
For given matrix, fiber and fiber/matrix interfacial pa-
rameters, the volume of fiber needed for strain-
hardening and multiple cracking performance of the 
composite can be obtained through model simulation. 

As an example to illustrate fiber bridging, the 
crack profile and corresponding stress distribution 
along the crack length at different crack propagation 
stage (reflected by crack length) are shown in Figures 
8 and 9 for fiber content of 0 and 2% respectively. In 
the calculation, KIC_M=0.10MPam1/2 and initial flaw 
size a0=0.25mm were assumed. Differences in the 
crack shape as well as stress distribution along the 
crack can be observed for the two cases. When there 
is no fiber reinforcement, the crack opening increases 
monotonically with distance from the crack tip, so 
maximum and minimum crack opening occur at crack 
mouth and tip respectively. The stress distribution 
along the crack shows obvious softening with in-
crease of crack opening. For the composite with 2% 
fiber addition, at initial stage of crack growth, for 
crack 
length less than 30mm, the crack opening along the 
crack length increases monotonically with distance 
from the crack tip. As crack length increases to a cer-
tain level, say about 80% of the specimen width, the 
crack profile shows an arc shape with maximum 
crack opening occurring near the center of the crack. 
The corresponded stress distribution along the crack 
length displayed in Figure 9b is also interesting. For 
crack length over 25mm, the stress value along the 
crack becomes almost constant except for a small 
zone near the crack tip and the stress increases with 
increasing crack opening. This is similar to the so-

called steady-state cracking that is the basic require-
ment for material strain-hardening (Li & Leung, 
1992, Li 1993, Leung 1996). However, steady-state 
here refers to the almost constant stress distribution 
along the crack, rather than the constant crack open-
ing along the crack length described in former mod-
els (Li & Leung 1992, Li 1993, Leung 1996). The 
present work shows that an arc shape crack profile 
may be resulted even under steady-state and strain-
hardening condition. 

 

0 5 10 15 20 25 30 35 40
Crack length (mm)

0.00

2.00

4.00

6.00

8.00

10.00

Te
ns

ile
 s

tre
ss

 (M
P

a)

KIC=0.1MPam1/2, a0=0.25mm

Vf=2.0%,1.0%,0%

 
(a) 

0 0.05 0.1 0.15 0.2
Crack mouth opening displacement  (mm)

0.00

2.00

4.00

6.00

8.00

10.00

Te
ns

ile
 s

tre
ss

 (M
P

a)

KIC=0.1MPam1/2, a0=0.25mm

Vf=2.0%,1.0%,0%

 
(b) 

Figure 6. Tensile stress versus crack length (a) and crack 
mouth opening (b) curves of edged specimen with different 
matrix toughness. 
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Figure 7. Stress crack opening relationship of the composite 
with different fiber content. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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Figure 8. Crack profiles (a) and stress distribution (b) at dif-
ferent crack length of edged specimen with Vf =0. 
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Figure 9. Crack profiles (a) and stress distribution (b) at dif-
ferent crack length of edged specimen with Vf=2%. 
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Figure 10. Tensile stress versus crack length (a) crack mouth 
opening (b) curves of edged specimen with different initial 
flaw size. 
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Figure11. Close up on the tensile stress-crack mouth opening 
curves of edged specimen with different initial flaw size. 

 
Effect of initial unbridged flaw size  

 
Figures 10a and 10b show the effect of initial un-
bridged flaw size (a0) on the tensile stress versus 
crack length and crack mouth opening (CMOD) rela-
tions respectively. Figure 11 shows the close up of 
the stress- CMOD curves to see the beginning parts 
more clearly. In the calculation, Vf=2% and 
KIC_M=0.1MPam1/2 were used. From these curves, it 
can be seen that for fixed KIC-M and crack bridging 
law, a trend similar to  

the effect of KIC_M is also found for a0 changing 
from 0.125mm to 1.25mm. The larger the initial flaw 
size a0, the lower the first cracking load. This indi-
cates that the enlargement of the initial unbridged 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



flaw will enhance the strain-hardening and multiple 
cracking potentials of the composite. This idea has 
already been used in the production of high ductility 
ECC by Li et al. (2006) and Wang et al. (2007), who 
introduced small plastic bubbles into the matrix to in-
crease the tensile strain capacity. The number and 
size distribution of the initial unbridged flaw in matrix 
control the number of cracks that will form during 
strain hardening prior to reaching the peak bridging 
stress. Therefore, these two parameters will also 
govern the ultimate tensile strain capacity of the 
composite. Apparently, the unbridged flaws in matrix 
play an important role in multiple cracking perform-
ance of the composite. High ductility is closely asso-
ciated with the density of multiple cracks, and satu-
rated multiple cracking can only be reached when a 
sufficient number of flaws exist. The inherent flaws in 
cementitious matrix, such as pores and weak bounda-
ries between phases possess a random nature (Wang 
et al. 2007). The uniformity of the flaws will influ-
ence the number of cracks occurring under a certain 
tensile load level. When more flaws are having the 
same or similar size, the higher will be the number of 
cracks occurring under a give load. Thus, the com-
posite ductility can be improved by manually adding 
small solid particles which has relative weak interfa-
cial bond strength to matrix. By incorporating parti-
cles of similar size to develop a very narrow distribu-
tion of the initial flaw size in the matrix, more cracks 
will form under slowly increased loading to enhance 
the tensile ductility. 

6 CONCLUSIONS 

This article presents a theoretical study on the model 
I crack propagation in cementitious composite with 
the specific objective to study the phenomena of 
strain-hardening and multiple cracking under direct 
tension. A fracture mechanics based model for crack 
propagation simulation of fiber reinforced cementi-
tious composite under direct tension is developed. 
The model assumes cracks to initiate from internal 
defects which are not bridged by fibers initially. In the 
model, instead of describing the matrix fracture resis-
tance by a single parameter at the crack tip, we separate 
it into two parts, a crack tip toughness and a tension 
softening curve representing the interlocking effect of 
aggregates. The latter is added to the fiber bridging 
stress to come up with the overall bridging stress with 
crack opening relation for fracture analysis.  

Using the model, the effects of various material 
parameters, including matrix toughness, initial flaw 
size in matrix and fiber content on the tensile per-
formance are investigated. With the model results, 
the transition from tension softening to strain harden-
ing and multiple cracking behavior can be quantified. 
Lower fracture toughness of matrix, larger initial 

flaw size and improved crack bridging with a higher 
fiber content will enhance the possibility of strain-
hardening and multiple cracking. While the general 
conclusions are similar to those from conventional 
theories, the present analysis is believed to provide a 
more accurate description of the cracking process in 
fiber reinforced cementitious composites and give 
better estimates of the range of micro-parameters for 
the design of composites with pseudo-ductile behav-
ior.  
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



lication on Concrete: Material Science to Applications, SP 
206-23:373-400. 

Naus, D.J. & Lott, J.L., 1969. Fracture toughness of portland 
cement concrete, Journal of American Concrete Institute, 
481-489. 

Stang, H. & Aarre, T., 1992. Evaluation of crack width in 
FRC with conventional reinforcement. Cement and Con-
crete Composites, 14 (2):143-154. 

Tada, H., Paris, P.C. & Irwin, G., 1985. The stress analysis of 
cracks handbook, 2nd edn. Paris Prod. Inc., St Louis, Mis-
souri. 

Wang, K. Wang, K., Jansen, D., Shah, S. & Karr, A., 1997. 
Permeability Study of Cracked Concrete, Cement and Con-
crete Research, 27:381-393. 

Wang, S. & Li, V. C., 2007. Engineered Cementitious Com-
posites with High-volume Fly Ash. ACI Material Journal, 
104 (3):233-241. 

Zhang J., Leung, C. K. Y. & Cheung, Y. N., 2006. Flexural 
Performance of Layered ECC-Concrete Composite Beam. 
Composite Science and Technology, 66 :1501-1512. 

Zhang J., Leung, C. K. Y. & Xu S., 2009a. Evaluation of 
Fracture Parameters of Concrete from Bending Test. Mate-
rials and Structures, In press. 

Zhang, J. & Li, V.C., 2004. Simulation of mode I crack propa-
gation in fiber reinforced concrete by fracture mechanics. 
Cement and Concrete Research, 34:333-339. 

Zhang, J. Gong, C X., Ju, X.C. & Guo, Z L., 2009b. Flexural 
performance of high Ductile fiber reinforced cementitious 
composite. Engineering Mechanics, In press, (in Chinese). 

Zhang, J. Gong, C X., Zhang, M H. & Guo, Z L., 2009c. En-
gineered Cementitious Composite with Characteristic of 
Low Drying Shrinkage. Cement and Concrete Research, 
39:303-312. 

Proceedings of FraMCoS-7, May 23-28, 2010

hThD ∇−= ),(J                             (1) 
 

The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 

 

( ) s
s

s

vg
kc

c

c

vg
k

sc
G αααα +=,
1

                 (5) 

 
where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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