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ABSTRACT: Reinforced concrete with steel fiber (RSF) beam is superior to ordinary RC beams in shear 
strength and ductility because of high energy absorption at fracture. On the other hand, the shear strength of 
RSF beams with stirrups has not been clarified yet. The objective of this study is to explain the shear strength 
of RSF beams with stirrups. The tension softening diagram, which is one of the fracture parameters, seems to 
be effective to explain the shear resistance mechanism of RSF beams as well as the increment of shear by mix-
ing steel fibers in concrete. The crack width of the diagonal crack has been measured through the image analy-
sis, and the shear carried by steel fiber was calculated based on the tension softening curve. 

1 INTRODUCTION 

The standard specifications of civil engineering struc-
tures have required providing large amount of steel 
bars to prevent shear failure. It leads to make diffi-
cult to fill up concrete during a construction. One of 
the methods to overcome this problem is the applica-
tion of short fiber. Many researchers have reported 
that the addition of steel fibers can significantly in-
crease the shear strength and ductility of reinforced 
concrete (RC) members, because the bridging effect 
of steel fibers will prevent the propagation of cracks. 
Japanese design guidelines for reinforced concrete 
piers with steel fiber (RSF) (JSCE 1999) have re-
garded steel fibers as the reinforcement for the shear 
failure of concrete. The prediction equation for the 
shear strength of RSF piers proposed in the design 
guidelines has been recommended to use for steel fi-
bers with volume fraction of between 1.0 to 1.5 % of 
concrete full volume. One of the reasons for the limi-
tation is that some previous studies on RSF piers 
have discussed the shear carried by steel fibers of the 
RC members without stirrups.  

JSCE guidelines (1999) concluded that the incre-
ment of shear strength by fiber was expressed as a ra-
tio of shear carried by concrete, Vc. The ratio, κexp, 
has been considered 1.0. Watanabe et al. (2008) 
stated that the value of κexp was, however, varied by 
the volume fraction of steel fibers (SF) and the stir-
rup ratio (rw) of RSF beams. The arrangement of 
stirrups was effective to increase the shear carried by 
steel fibers as well as to reduce the variation of κexp. 
A combination of steel fibers and stirrups had a syner-

getic effect to increase the shear strength of concrete 
beams. In addition, there was an optimized combination 
of SF and rw to increase the value of κexp. Authors stated 
that the optimized combination would be related to the 
length and crack width of the diagonal crack in Wata-
nabe et al. (2008). 

The target of this study is to make clear the 
synergetic effect of stirrups and steel fibers to a 
shear resistance of RSF beams. This study focused 
on the tension softening curve to evaluate the ten-
sile stress transferring the diagonal crack. A series 
of bending tests of RSF beams with different stir-
rup ratio was conducted, and the effect of both 
reinforcements on the shear strength of RSF beams 
was examined. We considered the shear force 
transferred by the bridging effect of steel fibers, 
which worked as a function of the length and 
crack width of the diagonal crack. The force trans-
ferring across the diagonal crack would be in-
creased with the increase in the diagonal crack 
length, and be decreased with the increase in the 
diagonal crack width. The force was evaluated as-
sociated with the tension softening curve. Finally, 
this study explained the shear carried by steel fi-
bers. 

 
Table 1. Mix proportions of concrete. 

Unit weight (kg/m3) 
Gmax

*1

(mm)
Slump
(cm) W/C

Water Cement Sand Gravel
SP*2 

20 17 0.35 165 471 917 790 5.2 
*1: Maximum size of aggregate, *2: Superplasticizer. 
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Figure 1. Outline of tested RSF beam. 

2 EXPERIMENTAL PROGRAMS 

2.1 Specimen fabrications 
Table 1 summarizes mix proportions of concrete 
used in this study. The designed compressive 
strength of concrete at the time of the loading test 
was 50 N/mm2. The maximum size of coarse aggre-
gates was 20 mm. Volume fraction of steel fibers was 
1.0 %, that was decided by referring to Watanabe et 
al. (2008). The steel fiber had crimped ends, the 
length of 30 mm, the aspect ratio of 50, the tensile 
strength of 1.0×103 N/mm2, the specific gravity of 
7.85, and the elastic modulus of 210 kN/mm2. 

Figure 1 illustrates the scheme of a tested RSF 
beam. The specimen had the shear span (a) of 700 
mm and the effective depth (d) of 250 mm; shear 
span to the effective depth ratio (a/d) was 2.8. The 
beam width (bw) was 150 mm. In order to cause the 
shear failure in the specified shear span, more stirrups 
were provided in the opposite shear span than the 
test shear span. Specimens were longitudinally rein-
forced by two deformed PC tendons of 25.4 mm in 
diameter; the longitudinal reinforcement ratio (pw) 
was 2.7 %. The yield strength of the PC tendon was 
930 N/mm2 as 0.2 % off-set value. These PC ten-
dons were fixed by anchor plates and bolts to ensure 
sufficient anchorage. A total of three specimens with 
different stirrup ratio (rw) of 0.12, 0.18, and 0.30 % 
were prepared. Stirrups were deformed steels of 6 
mm in diameter. The yield strength was 345 N/mm2. 
The specimen was named according to volume frac-
tion of steel fibers to full concrete (SF) and rw; e.g. 
SF10-r18 was corresponding to the specimen with 
SF=1.0 % and rw=0.18 %. 

2.2 Loading method and measurements 
RSF beams were subjected to a four-point bending 

test. The details of loading and supporting positions 
are illustrated in Figure 1. Specimens were placed 
over roller supports, which were composed of steel 
plates with 50 mm width. A concentrated load was 
applied at the mid-span, and steel plates with 50 mm 
width were provided at loading points.  

During the loading test, applied load, mid-span 
deflection, strain of the longitudinal reinforcement at 
the mid-span, and strain of the stirrups at the middle-
height were measured by using a load-cell, transduc-
ers, and strain gauges. 

2.3 Image analysis and crack width measurement 
The crack width was calculated by using the dis-
placements of targets obtained from the newly de-
veloped system. Watanabe et al. (2009) have devel-
oped the real-time image analyzing system for 
measuring deformation as well as strain generated on 
the surface of targets. The real-time image analysis 
requires obtaining the digital camera parameters be-
fore the start of loading by using a calibration board. 
The camera parameters are effective to reduce any 
distortion of images. Figure 2 shows the outline of 
loading test after the calibration. Red circular targets 
with diameter of 5 mm were arranged on the test 
span surface at an interval of 20 mm. This color is 
suitable for differentiating targets from the concrete 
surface. To improve the accuracy of image analysis, 
several white light-emitting diodes (LED) were put in 
place.  

The image recorded by three digital cameras with 
interval of 5 kN in shear force was transferred to the 
computer during each loading test. Each image has 
15.1×106 pixels (4752×3168), and is converted into 
HSI color space. Targets were identified by consider-
ing their characteristics: area and circularity. After 
computing the gravity centers of each target, the co-
ordinates and displacements of the targets are calcu-
lated.  

The crack width was defined as the displacement 
perpendicular to the direction of diagonal crack. Fig-
ure 3 explains the calculation process of crack width 
by image analysis. The angle of principal tensile 
strain (β) is calculated by Equation (1) at the center 
of the square where the crack passed. The relative 
displacement of two targets (∆x, ∆y) located both 
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Figure 2. Loading test.                   Figure 3. Calculation process of crack width by image analysis. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



sides of the crack is calculated by Equation (2) (Fig. 
3(b)). Then, the crack width (w) is calculated by 
Equation (3), and these procedures are conducted for 
the all set of targets on the both side of the diagonal 
crack (Fig. 3(c)). 
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where, εx is the strain of x (horizontal) direction, εy is 
the strain of y (vertical) direction, γxy is the shear 
strain, (∆x1, ∆y1) and (∆x2, ∆y2) are the displacement 
of the targets in x and y directions. 

Watanabe et al. (2009) concluded that there was 
less than 0.05 mm in gap between the measured data 
through transducers and the developed system. 

 

2.4 Tension softening curves 
Figure 4 indicated the tension softening curve. Five 
notched steel fiber reinforced concrete beams with 
SF = 1.0 % were cast. Three point bending tests of 
notched beams with dimension of 100×100×400 mm 
were conducted according to Japan Concrete Insti-
tute (JCI 2003). Tension softening curves were cal-
culated through “tension softening curve poly-linear 
approximation” developed by JCI. Fracture energy 
(GF) of the steel fiber reinforced concrete was 3262 
N/m.  

3 EXPERIMENTAL RESULTS AND 
DISCUSSION 

3.1 Calculation of shear carried by concrete, 
stirrups, and fibers 

The shear strength of RSF members can be calcu-
lated according to the equations presented in the 
JSCE design guidelines as follows (JSCE 2005, 
JSCE 1999): 

 
( ) sccal VVV +⋅+= κ1             (4) 
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where, Vcal: calculated value of the shear capacity for 
RSF member (kN), κ : coefficient (=1.0), Vc: shear 
carried by concrete (kN), Vs: shear carried by stirrups 
(kN), fc': compressive strength of concrete (N/mm2), 
pw: longitudinal reinforcement ratio (=As/(bwd)), As: 
cross section area of longitudinal reinforcement 
(mm2), Aw: cross section area of stirrups (mm2), fwy: 
the yield strength of stirrups (N/mm2), z (=(7d)/ 8) 
(mm), and s: spacing of stirrups (mm).  

An experimental value of the shear carried by steel 
fibers (Vf exp) was calculated by Equation (7) as fol-
lows: 

 

scexpcexpexpf VVVVV −−== κ      (7) 
 

where, Vexp: experimental value of the shear carrying 
capacity (kN), Vf exp: the shear carried by steel fibers 
(kN). The value of Vc and Vs were calculated through 
Equations (5) and (6). 

A ratio of the shear carried by steel fiber to Vc is 
expressed by κexp as:  

 

cexpfexp V/V=κ           (8) 
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Figure 4. Tension softening curves. 
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Figure 5. Comparison of shear -deflection curves. 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 
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where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



 
3.2 Summary of experimental results 
Figure 5 illustrates the shear-deflection curves of 
three specimens. All curves show a similar path just 
before the peak. This indicated that the stiffness at 
the beginning and the shear force when diagonal 
crack was generated showed similar even the value 
of Vexp were different. 

Table 2 lists results of loading tests. Values of fc
’ 

were distributed between 46.6 and 53.0 N/mm2. 
Even rw was increased, the value of Vexp was not in-
creased when three test results were compared. All 
κexp: a ratio of Vf exp to Vc, were more than 1.0 as 
stated in Watanabe et al. (2008). The value of κexp 
became smaller with the increase in rw. In addition, 
most of strain measured at stirrups in three speci-
mens showed the yield strain in a pre-peak region.  

3.3 Development of diagonal crack 
Figure 6 compares the distribution of cracks taken at 
the peak by three cameras. All were failed in the di-
agonal tension failure. Even one diagonal crack was 
outstanding in each specimen, the diagonal crack was 
not observed near the top and bottom fibers.  

3.3.1 Crack width increased by loading 
Figure 7 plots crack width development with top 
horizontal axis, which was measured at the middle 
height of a specimen by the increase in shear force. 
The shear force-mid span deflection curve is also 
plotted in the figure with bottom axis. Vc and Vc + Vs 
calculated by Equations (5)(6) are indicated by hori-
zontal lines. 

The diagonal crack was generated at the middle 
height when the shear force reached around 50kN. 
The shear force was not changed drastically among 
three specimens, and was corresponding to the value 
of Vc.  

After the generation of diagonal crack, the crack 
width was increased linearly with the increase in 
shear force. Then, the crack width was suddenly in-
creased when the shear force reached around 0.90 
Vmax. It was corresponding to the shear force when 
the shear force-mid span deflection curve also began 
to show non-linear near behavior the peak. Even the 
figure focuses on the result of crack width at the 
middle height of specimen, this sudden increment of 
diagonal crack width will be related to the peak.  

 

Table 2. Experimental results. 
Concrete properties Diagonal crack Shear force 

Specimen rw 
(%) 

fc
' 

(N/mm2) 
ft

*1
 

(N/mm2) 
β *2 
(°) 

Average 
crack 
width, w 
(mm) 

Length 
(mm) 

Vexp 
(kN) 

Vc
*3 

Eq.(5)
(kN) 

Vs
*3 

Eq.(6)
(kN) 

Vfexp 
(kN) 

Vfcal
*3 

Eq.(4) 
(kN) 

κexp 
Eq.(8)

Vfcal/Vfex

p 

SF10-r12 0.12 53.0 3.91 29 0.91 456 155.5 55.5 12.9 87.2 88.3 1.57 1.01 
SF10-r18 0.18 46.6 3.45 26 0.89 473 136.8 53.2 19.3 64.4 64.6 1.21 1.00 
SF10-r24 0.24 48.3 3.26 28 0.67 483 143.1 53.8 26.9 62.4 84.7 1.16 1.36 

*1: tensile strength, *2: average of angle to horizontal line, *3: calculation by Eqs.(4) to (8). 

 

(a) SF10-r12 (b) SF10-r18 (c) SF10-r24(a) SF10-r12 (b) SF10-r18 (c) SF10-r24
Figure 6. Crack distribution at the peak. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



3.3.2 Crack distribution along the depth 
Figure 8 shows the distribution of diagonal crack 
width along the height of a specimen. All figures in-
dicate that the crack width was monotonically in-
creased with the increment of shear force at any 
height. The crack width became uniformly along the 
height at around 0.70Vmax. The crack width around 
the middle height of specimens was larger than those 
at the top and the bottom of specimens when the 
shear force was reaching Vmax, because there was 
compression zone at the top flange or restriction by 
longitudinal bars. These three figures indicated that 
the average of the crack width at the peak was de-

creased with the increase in the stirrup ratio as listed 
in Table 2.  

As mentioned in 3.3.1, the crack width was in-
creased quickly when the shear force was reaching 
the peak. The image analysis has an advantage of 
capturing all area in one time. It seems to be difficult 
to measure the crack width at the peak exactly. To 
overcome the problem, the picture taken at the peak 
was compared with other pictures taken around the 
peak with short time interval. In addition, we con-
firmed that there was very slight difference between 
these pictures. This means the error induced by dif-
ferent taken-time of picture at the peak will not affect 
the discussion in this paper.  
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Figure 9. Calculation of shear carried by steel fibers. 
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moisture permeability and it is a nonlinear function 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



3.4 Shear carried by steel fibers 
Figure 9 explains that the calculation of shear carried 
by steel fibers. The specimen was modeled as 15 lay-
ers with a height, hi = 20 mm. Based on the picture 
taken at the peak, the values of wi and the angle of 
diagonal crack, βi, at each element were obtained 
through the image analysis as explained in Figure 8. 
By involving the tension softening curve, the crack 
width was converted to the tensile stress transferring 
across the diagonal crack, σi (Fig. 9(c)). Combining 
the crack surface area and σi, the force transferring 
across the diagonal crack by the bridging effect of 
steel fibers at an element can be obtained.  

Conventionally, some contributions have been re-
ported as a shear resistance mechanism such as the 
resistance in compression zone, interlocking by ag-
gregates, the dowel action by longitudinal bars, and 
tensile force by stirrups, and expressed as Vc+Vs in 
the modified truss analogy (MacGregor & Wight 
2004).  

Figure 9(d) shows the free body diagram of a RSF 
beam, which focuses on the contribution by steel fi-
bers. According to the result of Figure 8, the force 
was generated along the diagonal crack except for 
the compression zone and concrete cover. Vertical 
component of this force with the consideration of βi 
would be corresponding to the shear carried by steel 
fiber. Finally, the value of Vf cal was calculated by the 
equation as follows:  

 
( ) ∑∑

⋅⋅
=⋅⋅⋅=

i

iwi
iiwicalf tan

hb
cosLbV

β
σ

βσ    (9) 

 
The calculated values of Vf cal by Equation (9) and 

Vf exp by Equation (7) were compared in Figure 9 (e) 
and listed in Table 2.  

Vf cal in SF10-r24 was larger than Vf exp. This was 
caused by relatively smaller crack width between 
height of 165 and 195 mm. If the crack width in-
creases, the Vf cal will be closer to the Vf exp. There 
was a potential to induce a synergetic effect on Vc by 
fiber: e.g. interlocking by aggregates. On the other 
hand, Vf cal in SF10-r12 and SF10-r18 showed good 
agreement with Vf cal. This Vfcal will be used for pre-
dicting the shear carried by steel fiber. The increase 
in number of the specimen is required; however, 
these findings imply that the shear carried by steel fi-
ber can be evaluated by using the tension softening 
curve.  

4 CONCLUSIONS 

(1) A ratio of the shear carried by steel fiber to the 
shear carried by concrete, exp , was changed de-
pending on stirrup ratio, rw. 

(2) The crack width at the middle height of some 
specimens was suddenly increased when the shear 

force reached around 90 % of the shear strength of 
RSF beams, Vmax 

(3) The crack width around the middle height of 
specimens was larger than those at the top and the 
bottom surfaces of a specimen. 

(4) The shear carried by steel fiber calculated by 
using the tension softening curve corresponded to the 
experimental value. 

(5) The shear carrying mechanism and shear car-
ried by steel fiber of RSF beams can be evaluated by 
using the tension softening curve. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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