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ABSTRACT: Ten 890×890×70 mm concrete panels were tested under in-plane pure-shear monotonic loading 
conditions to evaluate the effectiveness of steel fibers in controlling concrete cracking. The results of the tests 
indicate that concrete elements exhibiting ductile behavior, good shear resistance, and good crack control 
characteristics can be obtained with an adequate addition of steel fibers. Assessments were also made of the 
influence of fiber aspect ratio, fiber length, fiber tensile strength, fiber volume content, and concrete compres-
sive strength on the crack control performance of fiber reinforced concrete (FRC). In addition, finite element 
(FE) analyses were performed to investigate whether currently available constitutive models can be utilized to 
accurately represent the behavior of the FRC panels tested. The analytical results indicate that improved con-
stitutive models for tension response and crack spacing of FRC are required for successful finite element 
modeling. 
Keywords: steel fiber, reinforcement, crack control, shrinkage, shear, panel tests, finite elements 

1 INTRODUCTION  

In concrete elements such as one-way slabs or precast 
bridge segments, secondary reinforcement is gener-
ally provided solely to ensure that concrete cracking 
due to shrinkage or temperature changes is controlled. 
This allows the crack widths at the serviceability limit 
state to remain within acceptable limits.  

With the increasing use of high strength concrete, 
a reduction of the cross-sectional area of a concrete 
section is made possible due to the increased strength 
capacity, particularly when high compressive stress 
is present. However, the amount of reduction in the 
cross section dimensions realizable is limited by the 
minimum dimensions required to accommodate the 
reinforcement and to satisfy the requirements for 
concrete cover and reinforcement spacing. If a con-
crete material possessing good crack control charac-
teristics were to exist, the need for shrinkage rein-
forcement could be eliminated. This would lead to a 
thinner and more optimized structure since the struc-
ture could then be designed to more effectively carry 
the load to which it was subjected. 

Previous research on fiber reinforced concrete 
(FRC) has shown that the addition of steel fibers to 
concrete significantly improves the tensile behavior 
and the crack control characteristics of the concrete. 
Research has indicated that the use of FRC results in 
significantly reduced crack widths and crack spacing 
(Grzybowski & Shah 1990, Shah et al. 1998, Ban-
thia et al. 1993, Ong & Paramasivam 1989). It is 
therefore appealing to study the feasibility of the use 

of FRC to replace shrinkage and temperature rein-
forcement in order to obtain optimized designs of 
concrete structures. 

In order to investigate the effectiveness of steel 
fibers in controlling concrete cracking, a series of 
panel tests were conducted at the structural laborato-
ries at the University of Toronto. The tests were 
conducted using the Panel Element Tester. Although 
the crack control behavior of FRC is generally as-
sessed using uniaxial tension tests, bending tests, or 
restrained shrinkage tests, panel tests enable a more 
thorough investigation of FRC behavior by also in-
troducing the influence of shear stress mechanisms. 
Also, due to the larger size of the panel specimens 
relative to typical uniaxial tension test specimens, 
bending test specimens, or restrained shrinkage test 
specimens, conventional steel reinforcement can be 
incorporated and the interaction between the steel re-
inforcement and FRC can be assessed. Thus, various 
concrete behaviors such as tension stiffening, ten-
sion softening, and compression softening can be 
evaluated using the panel tests. Assessments were 
also made of the importance of fibre content, fibre 
aspect ratio, fibre length, fibre diameter, fibre tensile 
strength, and concrete compressive strength on the 
effectiveness of fibre reinforcement. 

2 RESEARCH SIGNIFICANCE 

Panel tests were conducted to investigate the effec-
tiveness of hooked-end steel fibers to control con-



crete cracking. The use of panels enables a more 
thorough assessment of the crack control character-
istics of FRC, particularly in the presence of conven-
tional steel reinforcement. In addition, an assessment 
of the ability of the currently available constitutive 
models to accurately predict the behavior of the FRC 
panels was performed using VecTor2, a nonlinear 
finite element program based on the Modified Com-
pression Field Theory (Vecchio & Collins 1986). 

3 EXPERIMENTAL PROGRAM 

Ten 890×890×70 mm panels were tested under in-
plane pure-shear monotonic loading condition using 
the Panel Element Tester (see Fig. 1) to evaluate the 
crack control characteristics of FRC. Two panels 
served as control specimens, and as such were or-
thogonally reinforced with 40-D8 deformed wires in 
the longitudinal direction (ρx = 3.31 %) and with 10- 
D4 deformed wires in the transverse direction (ρy =  

 

 
Figure 1. Panel specimen shown in Panel Element Tester. 

 
Table 1.  Test Matrix. 

ID Specified f'c 
(MPa) 

Fiber Content 
(%) 

Fiber Type 

C1C 50 - - 
C1F1V1 50 0.5 RC80/50-BN 
C1F1V2 50 1.0 RC80/50-BN 
C1F1V3 50 1.5 RC80/50-BN 
C1F2V3 50 1.5 RC80/30-BP 
C1F3V3 50 1.5 RC65/35-BN 
C2C 80 - - 
C2F1V3 80 1.5 RC80/50-BN 
C2F2V3 80 1.5 RC80/30-BP 
C2F3V3 80 1.5 RC65/35-BN 

 
Table 2.  Properties of conventional reinforcement. 

Rebar 
Type 

db 
(mm) 

As 
(mm²) 

Es 
(GPa) 

fys 
(MPa) 

eys 
(me) 

fus 
(MPa)

eus 
(me)

D4 5.72 25.81 187.2 446.9 2.41 548.9 57.6
D8 8.10 51.61 224.7 552.2 2.58 647.2 45.4

Table 3.  Properties of fibers (Bekaert 2003). 

Fiber Type lf 
(mm) 

df 
(mm) lf/df 

fuf 
(MPa) 

RC80/50-BN 50 0.62 81 1050 

RC80/30-BP 30 0.38 79 2300 
RC65/35-BN 35 0.55 64 1100 
 
0.42%). The cross-sectional area of the D8 and 

D4 wires are 51.61 mm² (0.08 in²) and 25.81 mm² 
(0.04 in²), respectively. 

The remaining eight panels, containing steel fi-
bers, were reinforced in the longitudinal direction 
only with 40-D8 deformed bars (ρx = 3.31%). Three 
types of Dramix hooked-end steel fibers (RC80/50-
BN, RC80/30-BP, and RC65/35-BN) were used to 
investigate the influence of fiber aspect ratio, fiber 
length, and fiber tensile strength on the crack control 
performance of FRC. In addition, three different fi-
ber volume contents (0.5%, 1.0%, and 1.5%) and 
two different concrete compressive strengths (50 
MPa and 80 MPa) were investigated. The test matrix 
is given in Table 1. Details of concrete mix proper-
ties and construction methods can be found in Su-
setyo (2009). 

The transverse reinforcement provided in the con-
trol specimens represents the shrinkage and tempera-
ture reinforcement typically present in concrete 
structures. It was based on the requirement of the 
Canadian Highway Bridge Design Code (CHBDC) 
(CAN/CSA Standard S6-06 2006), which states that 
the “minimum area of shrinkage and temperature re-
inforcement in each face and in each direction shall 
be 500 mm²/m and the spacing of the bars shall not 
exceed 300 mm”. For an 890×890×70 mm panel, 
this translates to a reinforcement ratio of 1.43%, 
which was deemed to be too high for shrinkage rein-
forcement. It was assumed that the CHBDC re-
quirement was for a typical concrete deck with a 
thickness of approximately 250 mm. In such a case, 
the CHBDC requirement translates to a reinforce-
ment ratio of 0.40%, which is the value used in the 
experimental program. 

The properties of the conventional reinforcement 
and the fibers used in the panels are listed in Table 2  

and Table 3, respectively. Due to the cold-
forming of the deformed wires, the yield plateau 
could not be determined; the yield strength and the 
yield strain were thus determined from the propor-
tionality limit of the wire steel. 

4 EXPERIMENTAL RESULT 

The results of the panel tests are summarized in Ta-
ble 4. As indicated in the table, all of the FRC panels 
failed due to aggregate interlock failure. Data on re-
inforcement stresses indicate that at the onset of 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



failure, the conventional longitudinal reinforcement 
provided within the FRC panels had not yielded and 
the concrete had not reached its ultimate compres-
sive strength. The failures of the control panels, on 
the other hand, were initiated by yielding or ruptur-
ing of the transverse reinforcement. Note, however, 
that the stresses in the longitudinal reinforcement of 
the control panels remained at levels comparable to  

 
Table 4.  Summary of panel tests. 
ID f'c 

(MPa) 
vcr 
(MPa) 

γcr 
(mε) 

vu 
(MPa) 

γu 
(mε) 

wm 
(mm)

sm 
(mm)

C1C 65.7 2.01 0.086 5.77 6.01 0.55 57.2 
C1F1V1 51.4 2.09 0.197 3.53 2.77 0.55 114.4
C1F1V2 53.4 2.65 0.139 5.17 5.27 0.45 54.7 
C1F1V3 49.7 1.83 0.055 5.37 5.10 0.45 57.2 
C1F2V3 59.7 1.85 0.070 6.68 6.20 0.45 38.1 
C1F3V3 45.5 2.24 0.118 5.59 4.27 0.50 57.2 
C2C 90.5 2.57 0.099 6.40 7.00 0.50 66.2 
C2F1V3 79.0 2.17 0.131 6.90 5.25 0.70 36.0 
C2F2V3 76.5 1.59 0.110 6.31 4.35 0.65 46.6 
C2F3V3 62.0 2.10 0.222 5.57 4.97 0.60 40.6 

 
Table 4-cont.  Summary of panel tests. 
ID fc1,cr 

(MPa) 
fc1,max 
(MPa) 

fc1,u 
(MPa) 

fc2,u 
(MPa) 

fsx 
(MPa) 

fsy 
(MPa)

Fail 
Mode 

C1C 2.05 2.87 1.43 -11.70 250 501 y-bar 
yield 

C1F1V1 2.21 2.83 1.85 -6.73 148 - Shear 
Slip 

C1F1V2 2.59 3.04 2.82 -9.46 201 - Shear 
Slip 

C1F1V3 1.85 3.13 2.97 -9.70 204 - Shear 
slip 

C1F2V3 1.85 3.89 3.69 -12.12 256 - Shear 
Slip 

C1F3V3 2.23 3.85 3.08 -10.12 213 - Shear 
slip 

C2C 2.53 2.55 1.23 -14.53 341 512 y-bar 
yield 

C2F1V3 2.10 3.66 3.44 -13.83 315 - Shear 
slip 

C2F2V3 1.57 3.75 3.62 -10.99 224 - Shear 
slip 

C2F3V3 2.08 2.93 2.89 -10.75 238 - Shear 
slip 

 
those in the FRC panels, and did not reach the rein-
forcement yield strength at the onset of panel failure. 

4.1 Crack control characteristics 
An important property of FRC is its ability to control 
crack propagation. In conventionally reinforced con-
crete (RC), crack control is provided by the bonded 
steel reinforcement; without it, the concrete exhibits 
a brittle behavior. In FRC, the fibers act as crack 
controllers and, therefore, the behavior of the con-
crete is significantly improved. 

Figure 2 compares the maximum crack width of 
all panels. It can be observed that for normal 
strength concrete panels, the FRC panels exhibited 
smaller crack widths than did the control panel un-

der the same shear stress. This exemplifies the abil-
ity of fibers to control crack propagation. Due to the 
smaller crack widths, high stresses could still be 
transmitted across the crack and, thus, the integrity 
of the cracked panels could be maintained. An ex-
ception was Panel C1F1V1. Although it  in it ially  

 

 
(a) 

 
(b) 

 
(c) 

Figure 2. Crack width of the panels. 
 

exhibited smaller crack widths than did the control 
panel, it was incapable of controlling the cracks at 
later load stages. The large crack widths limited the 
magnitude of shear stress that could be transmitted 
across the cracks, and hence led to the poor per-
formance of Panel C1F1V1. 

The influence of fiber volume content on the 
crack control characteristics can be observed in Fig-
ure 2a. A fiber volume of 0.5% was deemed too low 
to guarantee adequate crack control, as illustrated by 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
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reaction and SF content. This sorption isotherm 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 

 

( ) s
s

s

vg
kc

c

c

vg
k

sc
G αααα +=,
1

                 (5) 

 
where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  

 

( )
1

1
10

1
10

1
1

22.0188.0
0

,
1

−
⎟
⎠

⎞
⎜
⎝

⎛
−∞

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⎟
⎠

⎞
⎜
⎝

⎛
−∞

−−+−

=

h
cc

g
e

h
cc

g
eGs

s
s
c

w

sc
K

αα

αα

αα

αα

 

(6)

 
 
The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



the wide cracks of Panel C1F1V1. Increasing the fi-
ber content to 1.0% significantly reduced the crack 
widths by a factor of 3. However, not much addi-
tional improvement was obtained in increasing the 
fiber content from 1.0% to 1.5%. 

The influence of the fiber type on the crack con-
trol characteristics is also illustrated in Figure 2b and 
Figure 2c. As indicated in the figures, the panels 
containing high aspect ratio fibers exhibited smaller 
crack widths than did panels containing low aspect 
ratio fibers.  

The effectiveness of the fibers to control the 
crack width was less pronounced in high strength 
concrete panels than in normal strength concrete pa-
nels. Although the fibers in the FRC panels still ex-
hibited a remarkable crack control ability, there was 
no indication of a significant improvement in their 
crack control characteristics over those of the con-
ventional RC panel, as indicated in Figure 2. 

4.2 Influence of fiber content 
Figure 3 shows the responses of panels having simi-
lar concrete strengths and fiber type, but different 
amounts of fiber. Panel C1C-R was the control panel 
with zero fiber content, whereas Panel C1F1V1, 
Panel C1F1V2, and Panel C1F1V3 contained 0.5%, 
1.0%, and 1.5% by volume of RC80/50-BN 
Dramix® steel fibers, respectively.  

A comparison of the shear stress-shear strain re-
sponses depicted in Figure 3a indicates strong simi-
larity in behavior prior to cracking. However, the 
similarity diminished as the panels were subjected to 
higher shear stresses. All FRC panels except Panel 
C1F1V1 exhibited a gradual softening in the re-
sponse until failure occurred. The control panel 
C1C-R also exhibited softening in the response, but 
at a lower stiffness. Panel C1F1V1, having only 
0.5% of fibers by volume, exhibited a plateau in the 
response soon after the first crack appeared. Its re-
sponse remained flat until the panel failed at a con-
siderably lower shear resistance and ductility level 
than those of the control panel.  

It is evident that an increase in the fiber content 
led to an improvement in concrete performance. 
Doubling the fiber volume content from 0.5% to 
1.0% resulted in a 46% increase in the shear resis-
tance and a 94% increase in the maximum attainable 
shear deformation. However, less than 4% added 
improvement in performance was obtained from in-
creasing the fiber volume content from 1.0% to 
1.5%. It is suspected that the optimum fiber addition 
threshold for this particular concrete mix might have 
been exceeded with the 1.5% fiber addition, as sug-
gested by Rossi (1998), leading to the minor im-
provement.  

Examinations of the principal tensile stress-
principal tensile strain response of the panels further 

clarified the influence of the fiber content on the be-
havior of FRC. As indicated in Figure 3b, although 
the response of Panel C1F1V1 indicated improve-
ments over the response of the control panel, it still 
exhibited a strain softening behavior immediately af-
ter the maximum principal tensile stress was at-
tained. By increasing the fiber volume content to at 
least 1.0%, substantial improvements in the concrete 
tensile behavior were observed, as indicated by the 
plateau in the principal tensile stress responses and 
by the high residual post-cracking tensile strengths. 
Again, only a marginal increase in the tensile 
stresses that could be transmitted across the crack 
was obtained from increasing the fiber content from 
1.0% to 1.5%, leading to the minor performance im-
provement of Panel C1F1V3 over Panel C1F1V2. 
 

 
(a) 

 
(b) 

 
(c) 

Figure 3. Influence of fiber content on panel responses. 
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assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k
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vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



 
(a) 

 
(b) 

 
(c) 

Figure 4. Influence of concrete strength on the shear stress-
strain responses of the panels. 

 
The comparison of the principal compressive 

stress-principal compressive strain responses of the 
panels is depicted in Figure 3c. As illustrated in the 
figure, the responses resembled each other. This 
supported the hypothesis that fiber addition mini-
mally affected the pre-peak compressive behavior of 
the concrete, particularly at small compressive stress 
and strain levels (Naaman & Homrich 1987, Hsu & 
Hsu 1994). 

4.3 Influence of concrete matrix strength 
Figure 4 and Figure 5 compare the shear stress-strain 
and principal tensile stress-strain responses of the 
panels, respectively, to show the influence of con-
crete strength on panel behavior.  

 
(a) 

 
(b) 

 
Figure 5. Influence of concrete strength on the principal tensile 
stress-strain responses of the panels. 

 
As indicated in the shear stress-shear strain re-

sponses plotted in Figure 4, concrete strength did not 
seem to have a substantial influence on the shear 
stress response of the panels, as no significant corre-
lations could be discerned from the observed behav-
iors. In the case of panels containing the RC80/50-
BN fibers, a higher concrete strength resulted in a 
higher shear resistance. However, in panels contain-
ing the RC65/35-BN fibers, the result was opposite: 
a higher concrete strength resulted in a lower shear 
resistance. It appeared that the type of fibers used in 
the panel was more influential than the strength of 
the concrete matrix.  

Another indication that the concrete strength did 
not significantly influence the FRC behavior was 
given by the principal tensile stress responses, plot-
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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assume that the evaporable water is a function of 
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degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
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(Norling Mjonell 1997). Under this assumption and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



ted in Figure 5. The influence of concrete strength 
on the panel behavior varies with the type of fibres 
used. Nevertheless, it is evident that the FRC panels 
substantially outperformed conventionally rein-
forced concrete panels in terms of concrete tensile 
behavior, as indicated by the high residual post-
cracking tensile stress. 

4.4 Influence of fiber type 
Figure 6 plots various responses of panels having a 
similar concrete strength and containing 1.5% of fi-
bers by volume for the case of FRC panels. It is evi-
dent from the plots that varying the type of fibers 
used altered the response of the panels. The plots al-
so indicate that the properties of the fibers used were 
important in determining the shear performance of 
the fiber reinforced concrete panels. Nevertheless, 
regardless of the type of fibers used, fiber addition 
was found to considerably improve the behavior of 
the concrete. 

The shear stress responses of the normal strength 
concrete panels are plotted in Figure 6a and Figure 
6b. It can be observed from the figures that the pan-
els containing short fibers (C1F2V3) exhibited a 
higher shear resistance than the panels containing 
long fibers with a similar aspect ratio (C1F1V3). 
The principal tensile stress responses plotted in Fig-
ure 6c and Figure 6d also suggest similar conclu-
sions. It is presumed that this is due to the actual 
number of fibers present in the panels. Despite the 
same fiber content, the number of individual fibers 
was larger for short fibers than for long fibers due to 
the shorter length and the smaller diameter, leading 
to an increased possibility of the fibers intersecting 
microcracks. The development of microcracks into 
macrocracks could then be well controlled, and the 
concrete performance would be improved. 

A further examination of the responses plotted in 
Figure 6 reveals the influence of the fiber aspect ra-
tio on the panel responses. High aspect ratio fibers 
appear to be more effective than low aspect ratio fi-
bers in improving the behavior of the concrete. The 
shear stress responses of Panel C1F1V3 and Panel 
C1F2V3, which contained fibers with aspect ratios 
of 81 and 79, respectively, showed better post-
cracking ductility than did Panel C1F3V3, which 
contained fibers with an aspect ratio of 64. Further-
more, the principal tensile stress responses of Panel 
C1F1V3 and Panel C1F2V3 indicated a plateau after 
the maximum principal tensile stresses had been at-
tained, whereas the response of Panel C1F3V3 
showed a strain softening behavior. These findings 
emphasized the important influence of the fiber as-
pect ratio, more than the fiber length, on the effec-
tiveness of fiber reinforcing, and agrees well with 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 6. Influence of fiber type on the responses of the panels. 
 

the conclusions drawn by Johnston & Skarendahl 
(1992). 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
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s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



The fiber tensile strength did not seem to have a 
significant influence on the responses of the FRC 
panels tested in this research program. It appeared 
that the tensile stresses that were developed in the 
fibers were lower than the fiber ultimate tensile 
strength since no fiber fracture was observed. All ac-
tivated fibers appeared to experience a ductile fiber 
slippage instead of the brittle fiber fracture, account-
ing for the ductile behavior of the FRC panels. Note 
that the tensile strength of the fibers does influence 
the moment capacity of the fibers, which affects the 
required force to straighten the hooks and pull the 
fibers out of the concrete. 

5 MODELLING OF THE PANELS 

Nonlinear finite element (FE) modeling of the panels 
was performed using VecTor2 to investigate whether 
the currently available constitutive models could ac-
curately predict the behavior of the FRC panels. Con-
sider the FE modeling performed for Panel C1F1V3. 
The panel was modeled as one four-node plane stress 
rectangular concrete element with a dimension of 
890×890×70 mm, as indicated in Figure 7. The ele-
ment was restrained against movements in the x- and 
y-directions at the lower left corner, and against 
movements in the y-direction at the lower right cor-
ner. The element was loaded in pure shear, with the 
load applied as a monotonically increasing load at the 
corners of the element. The bonded conventional re-
inforcement was modeled as smeared reinforcement 
embedded within the concrete element. 

Two tension softening constitutive models for 
FRC are available in VecTor2: custom tension sof-
tening model, in which four points representing the 
tension softening curve are provided as input to the 
program; and the Variable Engagement Model 
(VEM) (Voo & Foster 2003). 

The FE analysis results for Panel C1F1V3 using 
the custom tension softening curve and the VEM are 
given in Table 5. The shear stress-strain and principal 
tensile stress-strain responses are plotted in Figure 8. 
It is evident from the results that the FE analysis 
could not accurately capture the behavior of the FRC 
panel using the currently available constitutive mod-
els. Although it managed to reasonably predict 
the responses of the panels up to the failure stresses 
obtained from the experiments, the FE analysis sig-
nificantly overestimated the strength and the defor-
mation capacity of the FRC panels. 

A closer inspection of the FE analysis results re-
veals a possible explanation for the overestimation 
in the predicted response. In the formulation of the 
Modified Compression Field Theory (MCFT) (Vec-
chio & Collins 1986) and the Disturbed Stress Field 
Model (DSFM) (Vecchio 2000), on which VecTor2 
is based, the concrete average post-cracking tensile 

stress is determined as the maximum of the stress 
calculated using the tension stiffening model and 
that calculated using the tension softening model. 

 

 
Figure 7. Finite element modeling of the panels. 

 
Table 5.  FE results of Panel C1F1V3. 
 Experiment Custom Tension 

Softening 
VEM 

vu (MPa) 5.37 7.77 6.10 
γu (me) 5.10 20.70 18.85 
Max fc1 (MPa) 3.13 4.31 2.38 
Max fc2 (MPa) -9.70 -19.20 -16.20 
Max fsx (MPa) 204 501 439 
wm (mm) 0.45 1.63 2.19 
sm (mm) 57.2 57.2 78.1 

 

 
Figure 8. Predicted shear response of Panel C1F1V3. 
 

Whereas the concrete principal tensile stress due 
to the tension stiffening is assumed to be zero at the 
crack, the concrete principal tensile stress due to the 
tension softening is assumed to continue to exist at 
the crack. In an FRC member, the addition of the fi-
ber significantly increases the post-cracking tensile 
stresses and ductility of the concrete. Thus, the con-
crete principal tensile stresses due to tension soften-
ing remain consistently higher than those due to ten-
sion stiffening throughout the loading history. As a 
consequence, the average tensile stresses could be 
transmitted across the crack without any increase in 
the local reinforcement stresses. This resulted in no 
local shear stresses arising at the crack and, hence, 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  

 

J•∇=
∂

∂
−

t

w
                              (2) 

 
The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



no crack slip occurred. The panel would continue to 
carry the applied load until another failure mecha-
nism, either crushing of the concrete or yielding of 
the x-direction reinforcement, took place. 

Additional FE analyses were performed using 
various crack spacings to investigate the influence 
of 

 

 
Figure 9. Influence of crack spacing on prediction results. 

 
the crack spacing on the predictions. Average crack 
spacing is used to correlate the average concrete 
principal tensile strain required by the constitutive 
models to the crack width used in the VEM and in 
custom tension softening curve. 

The analysis results are plotted in Figure 9. As 
the results indicate, larger crack spacings resulted in 
wider crack widths. With the custom tension soften-
ing curve, a wider crack width caused the concrete 
principal tensile stress to degrade at a faster rate. 
With the VEM, a wider crack width resulted in fi-
bers being engaged sooner in carrying the tensile 
stress, leading to an early strength gain in the panels. 
In both cases, reductions in the strength and defor-
mation capacity of the panel were observed. 

6 CONCLUSIONS 

Panel test results indicated that the FRC panels con-
taining a fiber volume content of at least 1.0% man-
aged to withstand at least 87% of the maximum 
shear stresses sustained by the conventionally rein-
forced concrete panels, and were able to undergo at 
least 62% of the maximum shear deformations of the 
conventionally reinforced concrete panels. The fiber 
volume addition of 0.5% was found to be insuffi-
cient to guarantee adequate shear resistance and 
shear deformation of the panel.  

The amount of fiber addition significantly influ-
enced the behavior of the panels. A fiber volume 
content of 0.5% was too low to control crack propa-
gation. Increasing the fiber content to 1.0% resulted 
in a 46% increase in the shear resistance, a 94% in-
crease in the maximum shear deformation, and a re-

duction in the crack widths by a factor of 3. How-
ever, only a minor improvement was obtained by 
increasing the fiber volume content from 1.0% to 
1.5%, possibly due to fiber saturation. 

The concrete compressive strength was not found 
to significantly influence the shear response of the 
FRC panels. The fiber type was found to be more in-
fluential than the concrete compressive strength. The 
use of fibers with a high aspect ratio resulted in 
much improved post-cracking deformation capaci-
ties and crack control characteristics compared to 
when fibers with a low aspect ratio were used. The 
panels containing short fibers were found to exhibit 
a higher shear resistance and a higher maximum 
concrete principal tensile stress than the panels con-
taining long fibers with a similar aspect ratio due to 
the presumably larger number of fibers for the same 
fiber volume content. 

Significant overestimations of the shear strength 
and the deformation capacity of all FRC panels were 
obtained from nonlinear finite element analyses us-
ing the available constitutive models. They are be-
lieved to be the result of the failure to properly rec-
ognize the correct tension stiffening behavior and 
the aggregate interlock mechanism. In addition, 
crack spacing was found to significantly influence 
the analysis results. 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 

 

( ) ( )
( )

( ) ( )
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−
∞

+

−
∞

−=

11
10

,
1

                            

1
10

1
1,

1
,,

h
cc

g
e

sc
K

h
cc

g
e

sc
G

sc
h

e
w

αα

αα

αα

αααα

 (4) 

 
where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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The material parameters k
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vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 
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where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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