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ABSTRACT: For determining the performance classes of steel fiber reinforced concretes (SFRCs), their 
equivalent flexural strength values were investigated according to both Serviceability Limit State and Ultimate 
Limit State. For a certain concrete class, the equivalent flexural tensile strengths depend on both the fiber vol-
ume fraction and the fiber aspect ratio. The mixtures with the longer steel fibers provide higher equivalent flex-
ural tensile strength values than those of shorter ones. Performance classification of SFRCs can be made ac-
cording to the parameters of concrete strength, and the volume fraction and the aspect ratio of steel fibers. In 
order to obtain optimum solutions; equivalent flexural strengths, splitting tensile strength, fracture energy were 
maximized and cost of fibers were minimized simultaneously. Thus, numerical optimization was used to opti-
mize any combination of either factors or responses. 

1 INTRODUCTION 

The brittleness of concrete increases with an increase 
in its strength, i.e. the higher the strength of con-
crete, the lower is its ductility. Therefore, improving 
the ductility becomes a major problem for high 
strength concrete. In concrete, the enhancement of 
the ductility can be realized by using steel fibers 
(Balaguru et al.1992, Wafa & Ashour 1992). 

Many types of steel fibers are used to reinforce 
concrete. SFRC is a concrete mix that contains short 
discrete fibers that are uniformly distributed and ran-
domly oriented. Fibers are originally introduced for 
the purpose of strengthening the matrix, without dis-
tinguishing the difference between the material 
strength and the material toughness. The addition of 
steel fibers, especially those with hooked-ends, into 
concrete significantly improves many of the engineer-
ing properties, especially the mechanical and fracture 
properties, such as impact strength, toughness, resis-
tance to seismic loads, resistance to cracking and 
ductility. SFRCs are superior to plain concrete be-
cause of their higher energy absorption at fracture 
(Bayramov et al. 2004a).  

For a better understanding of the fracture behav-
ior of concrete structures, knowledge of the post-
cracking behavior of concrete material is essential. 
While matrix fails in a brittle manner when it reaches 

cracking stresses, the ductile fibers in a fiber-
reinforced concrete continue to carry stresses well 
beyond the matrix cracking, which helps to maintain 
the structural integrity and cohesiveness of the mate-
rial (Bayramov et al. 2004a). If properly designed, 
after matrix cracking, randomly distributed and short 
fibers arrest microcracks, bridge these cracks, un-
dergo a pullout process and limit crack propagation 
(Banthia & Trottier 1995, Barros & Figueiras 1999). 
Debonding and pulling out of the fiber require added 
energy, giving a substantial increase in toughness and 
resistance to cyclic and dynamic loading. ASTM C 
1018 proposes the evaluation of the toughness indi-
ces and JSCE-SF4 recommends using the equivalent 
flexural strength.   

Type, aspect ratio (length/diameter), volume frac-
tion, orientation in the matrix and pull-out resistance 
of the fibers, as well as matrix properties influence 
the performance of SFRC (Bayramov et al. 2004b, 
Bayramov et al. 2004c, Koksal et al. 2006, Yalcin et 
al. 2007).  

The main objective of this work is to determine 
the performance classes in conventional SFRCs from 
the equivalent flexural tensile strength point of view. 
In order to obtain optimum solutions, equivalent 
flexural tensile strengths for both Serviceability Limit 
State (SLS) and Ultimate Limit State (ULS), split-
ting tensile strength and fracture energy were maxi-



mized and the aspect ratio, fiber content and cost of 
the mixture were minimized simultaneously. For the 
optimum mix design of SFRCs, three-level factorial 
experimental design and Response Surface Method 
were used. 

2 EXPERIMENTAL WORK 

2.1 Specimen characteristics and production 
This experimental work consists of three groups: In 
the first group, the effect of the same type of hooked 
end steel fibers on the mechanical and performance 
properties of concrete having two different concrete 
classes was investigated. The steel fibers of normal 
tensile strength have the same aspect ratio (L/d=80), 
but four different volume fractions. Volume fractions 
of steel fibers were varied between 0.19% and 
0.58%, in steps of 0.13%. Thus, in this group, mix-
tures including two mixtures of control concrete with 
water-cement ratios of 0.45 and 0.65 and eight mix-
tures of SFRCs, therefore a total of ten mixtures 
were produced. 

In the second group, the effect of aspect ratio of 
the steel fiber on the mechanical and performance 
properties of steel fiber-reinforced concrete was in-
vestigated. The normal strength steel fibers having 
the aspect ratios of 80, 65 and 55 were utilized. In 
this group, nine concrete series with steel fibers, and 
one control concrete were cast. 

In the third group, the effect of the length and di-
ameter of the fiber on the mechanical and perform-
ance properties of concrete was investigated. In this 
group, the steel fibers of high tensile strength having 
the same aspect ratio of 80 were used. The lengths of 
the fibers were 60 mm, 40 mm and 30 mm. In this 
group, nine concrete series were produced by using 
high strength steel fibers. Three plain concretes were 
also prepared as control mixtures. These fibers were 
added in hybrid form to the mixtures having water-
cement ratios of 0.32, 0.44 and 0.75. The steel fibers 
having the same aspect ratio but different lengths and 
diameters were used in different amounts. Volume 
fractions of hybrid steel fibers having high strength 
were 0.27%, 0.50% and 0.73%. In each hybrid vol-
ume fraction, equal volumes from each length were 
used. Twelve concrete mixtures were produced for 
this group. Thus, a total of 32 concrete mixtures 
were produced for this study. 

The specimens were cast in steel moulds and 
compacted on a vibration table. All the specimens 
were demoulded after about 24 hours, stored under 
wet burlap at 20oC until 28 days of age, and were 
then air-cured in the laboratory until their testing 
date at 56 days. The dimensions of the beams, pre-
pared for four point bending tests, were 
150x150x750 mm. At least four beam specimens 

from each concrete mixture were tested.  For each 
mixture, three cylinders, 150 mm in diameter and 
300 mm in height, were used for compressive 
strength and modulus of elasticity tests. Six disc 
specimens, 150 mm in diameter and 60 mm in height, 
were prepared for the splitting tests.   

2.2 Test procedure 
Standard strength tests were conducted in accor-
dance with European Standards (EN 206 and EN 
12390). Four-point bending tests were performed on 
the beams of 150x150x750 mm size, as seen in Fig-
ure 1a. For the plain concretes, the displacement rate 
at the mid-span of the beams was kept constant at 
0.02 mm/min. The beams with steel fiber, however, 
were tested at the displacement rate of 0.05 mm/min 
up to a displacement of 0.5 mm, and then at 0.1 
mm/min up to a 5 mm displacement. The load was 
applied by a Instron 5500R closed-loop testing ma-
chine of 100 kN capacity, and displacements were 
measured simultaneously by using three linear vari-
able displacement transducers (LVDTs).  The load 
versus displacement curve for each beam was ob-
tained by recording the average of three measure-
ments taken at the mid span.  The load- displace-
ment curves were used for evaluating the equivalent 
flexural strengths of both SLS and ULS.  As seen in 
Figure 1b the area under the load versus displace-
ment at mid span curve was described as a measure 
of the energy required for each displacement. 

 Characteristic equivalent flexural strength can be 
calculated as follows: 
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Figure 1. Four point bending test specimen (a), calculation of 
equivalent tensile strength for each deformation region (b).
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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where iT  is the area under load versus displacement 
curve for serviceability limit state (SLS) or ultimate  
limit state (ULS), iδ  is the corresponding displace-
ment for each limit state; bxh (150x150 mm) and S  
(600 mm) are the cross-section of the beam and the 
length of the span, respectively. 

According to DBV (German Concrete Society), 
equivalent flexural strengths of steel fiber reinforced 
concrete are given as indicated in Table 1 (DBV 
1996). In this table and in Figure 1, δ0 shows the dis-
placement at the first crack. 

 
Table 1. Deformation regions for SFRCs. 

Deformation Region Limit State Displacement 
I (small deformation, A) SLS δ1 = δ0 + 

0.65 
II (large deformation, A+B) ULS δ2 = δ0 + 

3.15 

3 RESULTS AND DISCUSSION 

3.1 Compressive behavior of SFRCs  
In the first group, a decrease in the water-cement ra-
tio from 0.65 to 0.45 has resulted in an increase of 
55% in the compressive strength of concrete without 
steel fiber. The effect of fiber volume fraction on 
compressive strength of SFRC is not consistent for 
each concrete class. For each water/cement ratio, 
there is also no significant effect of fiber volume frac-
tion on the modulus of elasticity. According to the 
second group of test results, similar to the first 
group, there is no significant change in compressive 
strength or modulus of elasticity, when the plain and 
steel fiber reinforced concretes are compared.  

In concrete with hybrid high strength steel fibers, 
for each water/cement ratio, effect of fiber volume 
fraction on both compressive strength and modulus 
of elasticity is not significant. However, the addition 
of steel fibers into concrete has an effect of increas-
ing the ductility in the compressive failure rather than 
the compressive strength. 

For the stress-strain curve of concrete with and 
without fibers, cylinder specimens were tested under 
compression using an Instron closed-loop testing 
machine with a capacity of 5000 kN. The longitudi-
nal displacement was controlled by an LVDT placed 
on a specially designed frame alongside the test 
specimen which monitored the axial deformation of 
the specimen. This LVDT was also used as the feed 
back signal. Another LVDT was also placed on the 
frame mentioned. The data from two LVDTs and 
load were recorded simultaneously.   

A typical stress-strain curve of concretes with the 
same water/cement ratio of 0.44 is shown in Figure 
2. As seen in this figure, compressive strengths of 
concretes with hybrid fibers are very close to each 
other and the relative absorbed fracture energies up 
to the peak stresses are almost identical. However, as 
seen in the figure when the volume fraction of fibers 
increases, after the peak stress more energy is dissi-
pated and material becomes more ductile. In other 
words, the total fracture energy of concrete with low 
content of steel fiber decreases significantly in con-
crete.   
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Figure 2. Typical compressive stress-strain curves of concretes 
with high strength hybrid steel fibers (w/c=0.44, L/d=80). 

 
For the three different water/cement ratios, typical 

stress-strain curves of concretes with the same vol-
ume fraction of hybrid fibers (Vf=0.73%) are shown 
in Figure 3. As seen in this figure, for the concrete 
with water/cement ratio of 0.32, the curve of the 
concrete having high compressive strength is almost 
linear up to the peak stress, and there is a sudden 
drop of stress at the beginning of post-peak re-
sponse.     

 

 
Figure 3. Effect of water/cement ratio on the compressive 
stress-strain curve of concrete under compression (Vf=%0.73). 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
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explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 
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where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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3.2 Splitting tensile strength 
In the first group of the tests, it was seen that the in-
crease in steel fiber volume fraction from 0 (i.e. nor-
mal concrete) to 0.58% has resulted in an increase of 
26% in corresponding splitting tensile strength. For 
the water/cement ratio of 0.65, however, this in-
crease was only 10%. Thus, it can be concluded that 
more significant results were obtained in SFRC mix-
tures with low water/cement ratios such as 0.45. 

In second group, it is shown that the splitting ten-
sile strength increases slowly with increasing steel fi-
ber volume fraction (Vf) for all the aspect ratios of 
80, 65 and 55. The highest increase compared to 
plain concrete could be obtained with the usage of 
steel fibers that have the aspect ratio of 80. For the 
specific splitting tensile strength value of 4.51 MPa, 
fibers with the aspect ratio of 55 should be used at 
0.51% (40 kg/m3), while the fibers with the aspect 
ratio of 80 could be used at 0.38% (30 kg/m3). 

In the third group of experiments, there is signifi-
cant increase in the splitting tensile strengths of 
SFRCs with the increase in volume fractions of high 
strength steel fibers at the lower water/cement ratio 
such as 0.32 and 0.44, however, in SFRCs with high 
values of water/cement ratio (0.75), there is a slight 
increase with respect to volume fraction of the fibers. 
Details of these test results can be found in Yalcin 
(2009).   

3.3 Flexural strengths   
In the first group, flexural strength (fflex) increases as 
the fiber volume fraction increases; the increase in 
the fiber volume fraction from 0 (i.e. normal con-
crete) to 0.58%, has resulted in an increase of 46%, 
for the water/cement ratio of 0.45, the increase was 
70%. In the second and third groups, depending on 
the aspect ratio and the fiber volume fraction, signifi-
cant increases in flexural strength were recorded. 

Fracture process of SFRC consists of progressive 
debonding of fibers, during which slow crack propaga-
tion occurs. Final failure occurs due to unstable crack 
propagation when the fibers are pulled out and the in-
terfacial shear stress reaches the ultimate strength. The 
reason for the increase in flexural strength is that, after 
matrix cracking, fibers carry the load subjected to con-
crete until the cracking of interfacial bond between fi-
bers and matrix occurs (Gao et al. 1999) 
As seen in Figure 4, flexural strength of SFRCs can 
be expressed in terms of the variable Vf (L/d) as fol-
lows: 

 
                                     (2) 
           

 
where fm is the flexural strength of plain concrete 

(i.e. matrix), and C1 and C2 are coefficients which 
were determined by experiments. In the relation 
shown by Equation 2, the correlation is high (0.93) 
and the equation is valid for a range of concretes 
prepared in this work. 

 

 
Figure 4. Flexural strength versus the variable Vf (L/d). 

3.4 Complete load-displacement curves under 
bending 

Based on the second group of experiments, typical 
load-displacement curves for the mixture containing 
fibers with the aspect ratio of 80 are shown in Figure 
5. These curves obtained in this study were used for 
evaluating the equivalent flexural strengths for both 
SLS and ULS. The area under each curve was indi-
cated to be a measure of the fracture energy of the 
material. It can clearly be seen that fracture energy 
increases as the fiber volume fraction of steel fiber 
increases. As seen in the figure, after the formation 
of the first crack, except the mixture with the steel 
fiber volume fraction of 0.32%, the progress of strain 
hardening in the ascending branch of the curve is a 
typical indication of high performance cement based 
composites. Similar results were obtained for the 
mixtures with the other aspect ratios. 

fflex = 0.0012 [Vf  (L/d)]2 0.0039 Vf (L/d) + 3.40
R = 0.933
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Figure 5. Typical load versus displacement at the 
midspan-curves for the second group of mixtures con-
taining fibers with the aspect ratio of 80.
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of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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3.5 Fracture energy  
For the three groups of experiments, it is shown that 
the ability of the beam to absorb energy is substan-
tial, eventhough the cut-off point was taken at the 
specified displacement of 5mm. Experimental results 
obtained show that SFRCs allow high values of frac-
ture energies as a result of their high ductility de-
pending on their matrices, aspect ratios and the con-
tents of fibers used. The increase in the fracture 
energy is because of the fiber fracture pull-out and 
fiber debonding in the fracture process. Great num-
ber of fibers form a bridge along crack and therefore 
more tortuous crack propagation is obtained (Bay-
ramov et al. 2004c). 

Fracture energy can be represented by using the     
variable Vf (L/d) as follows 

 
 
                      (3) 

 
where Gm is the fracture energy of plain concrete (i.e. 
matrix), k1 and k2 are coefficients which are deter-
mined by the experiments. 

The variable Vf(L/d) is a very useful tool repre-
senting fracture energy; the function above was fitted 
to the experimental data and a good correlation coef-
ficient of 0.95 was found for a range of fracture en-
ergies between 176 J/m2 (plain concrete) and 8000 
J/m2. As shown in Figure 6, fracture energies were 
calculated from bending test tests of all three groups.  

3.6 Equivalent flexural strengths for serviceability 
and ultimate limit states  

One of the major roles of fibers in concrete is to pro-
vide an increase in the fracture energy. The results 
obtained were based on the area under the complete 
load-displacement curve up to a specified displace-
ment. The specified displacements for SLS and ULS 
are δ0 + 0.65 mm and δ0 + 3.15 mm, respectively. In 
Figure 5, the cut-off point was chosen as 5 mm dis-
placement. It is seen in the curves in the figure that, 
the energy at this displacement (i.e 5mm), however is 

not totally dissipated. As seen in Figure 7, SFRCs 
provide high values of equivalent flexural strengths 
as a result of a high ductility; depending on the as-
pect ratios and volume fractions of fibers used. The 
increase in equivalent strengths for both SLS and 
ULS is because of the high energy absorbed due to 
fiber pull-out and fiber debonding in the fracture 
process. 

Figure 7 shows the effects of aspect ratio and fi-
ber content on the equivalent stresses for SLS and 
ULS. For a certain volume fraction of hooked end 
steel fibers, the equivalent strengths (feq-I, feq-II) in-
crease significantly, as the aspect ratio of SFRC in-
creases. In SFRCs with the aspect ratio of 80, feq-II 
increases rapidly with the increasing steel fiber vol-
ume fraction. It should be noted that these experi-
mental results are valid for normal strength matrix 
and low carbon steel fiber; which has a yield strength 
of 1100 MPa. It can be concluded that the capability 
of the beam to absorb energy is substantial, even if 
the cut-off point is taken at the specified displace-
ments of δ0 + 0.65 and δ0 + 3.15 mm. Figures 7a and 
7b show the effects of fiber content on the equivalent 
flexural tensile strengths for both SLS and ULS for 
three different aspect ratios. As seen in these figures, 
for a certain volume fraction of hooked end steel fi-
bers, equivalent flexural tensile strength (feq-I or feq-II) 
increases significantly as the aspect ratio of steel fiber 
increases. For a certain concrete class it is seen that, 
the fiber content and aspect ratio are the main vari-
ables in determining the performance classes of 
SFRCs (Bayramov et al. 2002, Falker et al. 1999). 
Hence, it can be concluded that the results obtained 
give a clear picture of how a quasi-brittle concrete 
transforms into a ductile composite with the addition 
of steel fibers.  

Based on the test results obtained in this work, 
the performance classes of SFRCs for both small and 
large deformations (i.e. SLS and ULS) can be given. 
For example, the performance class of SFRC with 
water/cement ratio of 0.55, fiber volume fraction of 
0.51% and aspect ratio of 80 can be denoted by 
C35/45 F 3.54/4.21. Similarly, the performance class 
of the mixture (L/d=65 and Vf=0.45%) can be said to 
be C35/45 F 3.11/2.82. 

4 OPTIMIZATION 

In this study, for the second group of experiments a 
multi-objective simultaneous optimization technique 
was used in which Response Surface Method (RSM) 
is incorporated. For this purpose, in the second 
group, nine experimental data for each response of 
SFRCs, were fitted to the mathematical model by us-
ing analysis of variance (ANOVA). For each me-
chanical property of SFRCs in each series, the fitted 
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Figure 6. Fracture energy versus the variable Vf (L/d). 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



regression models for fracture energy are given be-
low: 
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Solving such multiple response optimization prob-
lems using desirability technique involves using a 
technique for combining multiple responses into a 
dimensionless measure of performance called the 
overall desirability function (Derringer & Suich 
1980). The desirability approach involves transform-
ing each estimated response, di, into a unitless utility 
bounded by 0<di<1.  

In case of maximizing and minimizing of individ-
ual responses, the desirability will be defined by the 
formulas given in Equations 4 and 5, respectively. 

 

A multi-objective optimization problem is solved 
by using the single composite response (D) given in 
Equation 6, which is the geometric mean of the indi-
vidual desirability function (Myers & Montgomery 
1995). 
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where n is the number of response included in the 
optimization.  

After building the regression models, all inde-
pendent variables are varied simultaneously and in-
dependently in order to optimize the objective func-
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Figure 7. Equivalent flexural strength versus fiber vol-
ume fraction curves for SLS (a), equivalent flexural 
strength versus fiber volume fraction curves for ULS (b) 
(Group 2, w/c=0.55). 
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Figure 8. Response surface plot of the composite desir-
ability (D) when feq-I, feq-II, fsp and Gf are maximized and 
fiber content (Vc), L/d and cost of mixture are minimized 
simultaneously (Group 2). 

 
Figure 9. Contour plot of composite desirability (D) when 
feq-I, feq-II, fsp, fsp and Gf are maximized and Vc, L/d and cost 
of mixture are minimized simultaneously (Group 2).
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



tions. For the second group of this work, composite 
desirability (D) for this multi objective optimization 
is shown in Figures 8 and 9. Here the optimal values 
of design variables are L/d=72.2, Vc=40.9 kg/m3, and 
cost of mixture is 1.97 unit. 

5 PERFORMANCE CLASSES FOR SFRCS 

Based on the three groups of experiments and within 
the limits of this work, performance classes of SFRC 
can be determined according to both SLS and ULS. 
The results obtained are shown in Table 2. In case of 
high volume fractions and high aspect ratios of steel 
fibers as in groups 1 and 2 and also in all concretes 
with hybrid high strength steel fibers, the values of 
equivalent flexural strength determined according to 
ULS are higher than those of SLSs. The Reason for 
this is that, after the formation of the first crack, a 
typical strain hardening behavior is observed in these 
mixtures except the mixtures with low volume frac-
tions and low aspect ratios, and also low strength of 
plain concrete.  

6 CONCLUSIONS 

Based on the experimental test results obtained and 
evaluated in this work, the following conclusions can 
be drawn: 

1) For a certain aspect ratio, as the steel fiber vol-
ume fraction increases, mixtures with lower water 
cement ratio give higher equivalent flexural strengths 
for both serviceability and ultimate limit states. 

2) After the formation of the first crack, in all 
mixtures except the mixtures with the low value of 
steel fiber volume fractions and aspect ratios, the 
typical strain hardening in the ascending branch of 
the load-displacement curve is an indication of high 
performance cementitious composites. 

3) For a certain concrete class, the equivalent 
flexural tensile strengths depend on both the fiber 
volume fraction and the fiber aspect ratio. The mix-
ture with the longer steel fibers provides higher 
equivalent flexural tensile strength values than those 
of shorter ones. 

4) Within the limits of this work, in mixtures hav-
ing a certain water-cement ratio, there is no signifi-
cant effect of fiber volume fraction on the compres-
sive strength or the modulus of elasticity. In 
concretes with hybrid high strength steel fibers, for a 
certain water/cement ratio the addition of steel fibers 
into concrete has an effect of increasing the ductility 
in compressive failure rather than the compressive 
strength. 

5) Response surface method (RSM) is a promis-
ing approach for optimizing steel fiber reinforced 
concrete (SFRCs) to meet several performance crite-
ria such as minimum cost and brittleness. The ex-
perimental design made by using RSM provides a 

Table 2. Performance classes for SFRCs. 
Equivalent flexural  
strengths, MPa 

W/C Concrete 
class 

Fiber 
type 
 

Fiber volume 
fraction Vf, % 

feq-I (SLS)  feq-II (ULS) 

Performance classes 

0.19 2.39 2.00 C40/50 NSF 2.39/2.00 
0.32 3.48 3.67 C40/50 NSF 3.48/3.67 
0.45 3.86 4.16 C40/50 NSF 3.86/4.16 0.45 C40/50 

0.58 4.18 5.26 C40/50 NSF 4.18/5.26 
0.19 2.08 1.53 C30/37 NSF 2.08/1.53 
0.32 2.38 2.75 C30/37 NSF 2.38/2.75 
0.45 2.94 3.53 C30/37 NSF 2.94/3.53 0.65 C30/37 

NS 
80/60 

0.58 3.38 4.60 C30/37 NSF 3.38/4.60 
0.26 2.49 2.51 C35/45 NSF 2.49/2.51 
0.38 3.22 3.70 C35/45 NSF 3.22/3.70 NS  

80/60 0.51 3.54 4.21 C35/45 NSF 3.54/4.21 
0.32 2.75 2.42 C35/45 NSF 2.75/2.42 
0.45 3.11 2.82 C35/45 NSF 3.11/2.82 NS  

65/60 0.58 3.60 3.53 C35/45 NSF 3.60/3.53 
0.38 2.76 2.37 C35/45 NSF 2.76/2.37 
0.51 3.03 2.78 C35/45 NSF 3.03/2.78 

0.55 C35/45 

NS  
55/60 0.64 3.32 3.02 C35/45 NSF 3.32/3.02 

0.27 3.04 4.37 C80/95 HSF 3.04/4.37 
0.50 3.62 5.26 C80/95 HSF 3.62/5.26 0.32 C80/95 
0.73 4.39 6.13 C80/95 HSF 4.39/6.13 
0.27 2.37 2.90 C55/67 HSF 2.37/2.90 
0.50 3.37 5.08 C55/67 HSF 3.37/5.08 0.44 C55/67 
0.73 3.96 6.26 C55/67 HSF 3.96/6.26 
0.27 2.19 2.23 C25/30 HSF 2.19/2.23 
0.50 3.19 4.35 C25/30 HSF 3.19/4.35 0.75 C25/30 

HS  
80/60 
80/40 
80/30 

0.73 3.69 5.49 C25/30 HSF 3.69/5.49 
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 



thorough examination of SFRC properties over the 
selected range of fiber volume fraction and aspect ra-
tio, and the strength of concrete. In order to provide 
an adequate representation of the responses, fitting 
mathematical models that are usually assumed to rep-
resent each concrete property of interest, can be 
done in identifying optimal mixtures. The results 
show that the predictiveness of the regression model 
is satisfactory. 

6) Performance classification of SFRCs can be 
made according to the parameters of concrete 
strength class and the volume fraction and aspect ra-
tio of steel fibers. The cost of the steel fiber used in 
the production of SFRCs is also important from the 
application point of view. The volume fraction and 
aspect ratio of steel fiber must be minimized, how-
ever, in order to get an optimal mixture, the equiva-
lent flexural tensile strength, splitting tensile strength 
and fracture energy should be maximized. Thus, nu-
merical optimization can be used to optimize any 
combination of either factors or responses. The cost 
of steel fibers with the high aspect ratio is higher than 
that of the lower ones, but their performances are in 
contrary to their prices. Since the designer is inter-
ested in the equivalent flexural tensile strength, but 
not in the price of steel fibers, SFRC producer 
should find an optimum solution. In the future, it is 
expected that, in the determination of the perform-
ance classes of SFRCs, in addition to the concrete 
strength, the properties such as ductility and durabil-
ity in the hardened state and workability in fresh state 
will also be considered.  
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The proportionality coefficient D(h,T) is called 
moisture permeability and it is a nonlinear function 
of the relative humidity h and temperature T (Bažant 
& Najjar 1972). The moisture mass balance requires 
that the variation in time of the water mass per unit 
volume of concrete (water content w) be equal to the 
divergence of the moisture flux J  
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The water content w can be expressed as the sum 

of the evaporable water we (capillary water, water 
vapor, and adsorbed water) and the non-evaporable 
(chemically bound) water wn (Mills 1966, 
Pantazopoulo & Mills 1995). It is reasonable to 
assume that the evaporable water is a function of 
relative humidity, h, degree of hydration, αc, and 
degree of silica fume reaction, αs, i.e. we=we(h,αc,αs) 
= age-dependent sorption/desorption isotherm 
(Norling Mjonell 1997). Under this assumption and 
by substituting Equation 1 into Equation 2 one 
obtains 
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where ∂we/∂h is the slope of the sorption/desorption 
isotherm (also called moisture capacity). The 
governing equation (Equation 3) must be completed 
by appropriate boundary and initial conditions.  

The relation between the amount of evaporable 
water and relative humidity is called ‘‘adsorption 
isotherm” if measured with increasing relativity 
humidity and ‘‘desorption isotherm” in the opposite 
case. Neglecting their difference (Xi et al. 1994), in 
the following, ‘‘sorption isotherm” will be used with 
reference to both sorption and desorption conditions. 
By the way, if the hysteresis of the moisture 
isotherm would be taken into account, two different 
relation, evaporable water vs relative humidity, must 
be used according to the sign of the variation of the 
relativity humidity. The shape of the sorption 
isotherm for HPC is influenced by many parameters, 
especially those that influence extent and rate of the 
chemical reactions and, in turn, determine pore 
structure and pore size distribution (water-to-cement 
ratio, cement chemical composition, SF content, 
curing time and method, temperature, mix additives, 
etc.). In the literature various formulations can be 
found to describe the sorption isotherm of normal 
concrete (Xi et al. 1994). However, in the present 
paper the semi-empirical expression proposed by 
Norling Mjornell (1997) is adopted because it 

explicitly accounts for the evolution of hydration 
reaction and SF content. This sorption isotherm 
reads 
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where the first term (gel isotherm) represents the 
physically bound (adsorbed) water and the second 
term (capillary isotherm) represents the capillary 
water. This expression is valid only for low content 
of SF. The coefficient G1 represents the amount of 
water per unit volume held in the gel pores at 100% 
relative humidity, and it can be expressed (Norling 
Mjornell 1997) as 
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where k

c
vg and k

s
vg are material parameters. From the 

maximum amount of water per unit volume that can 
fill all pores (both capillary pores and gel pores), one 
can calculate K1 as one obtains  
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The material parameters k

c
vg and k

s
vg and  g1 can 

be calibrated by fitting experimental data relevant to 
free (evaporable) water content in concrete at 
various ages (Di Luzio & Cusatis 2009b).  

2.2 Temperature evolution 

Note that, at early age, since the chemical reactions 
associated with cement hydration and SF reaction 
are exothermic, the temperature field is not uniform 
for non-adiabatic systems even if the environmental 
temperature is constant. Heat conduction can be 
described in concrete, at least for temperature not 
exceeding 100°C (Bažant & Kaplan 1996), by 
Fourier’s law, which reads 

 
T∇−= λq                                (7) 

 
where q is the heat flux, T is the absolute 
temperature, and λ is the heat conductivity; in this 
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