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ABSTRACT: This study completes to a great extent the derivation of the constitutive relationships for Strain-
Hardening Cement-based Composites (SHCC) subjected to tensile loading. These constitutive relationships
are developed on the basis of a multi-scale modelling approach which considers the definitive physical phe-
nomena observed in experimental investigations, especially in pullout tests. In previous studies by the authors,
fibre pullout behaviour under monotonic as well as cyclic loading was described by a multi-linear relation. A
statistical approach was used to consider the variance of the pullout response of individual fibres as observed
in the experiments, where fibre embedment length and inclination served as main parameters. In this study
these responses are superimposed in order to describe the stress-crack opening behaviour of each individual
crack during loading, unloading, and reloading. Subsequently, characteristic stress-strain relations for SHCC
under tensile loading are derived by considering an increasing number of serial cracks and the contribution of
the uncracked matrix. Particular cracking behaviour is adjusted by varying the model parameters. The mod-
elled tensile behaviour is compared with the representative results of the uniaxial tensile tests performed on

the investigated SHCC and discussed.

1 INTRODUCTION

This article treats Strain-Hardening Cement-based
Composites (SHCC), which display high strain ca-
pacity when subjected to tensile loading. This ductile
behaviour results from progressive multiple cracking
achieved by the optimised crack-bridging action of
short, thin, well distributed, polymeric fibres.

The characteristic behaviour of SHCC in tension
under monotonic, quasi-static loading has been stud-
ied intensively in the last few years; see Mechtch-
erine (2007). Mechtcherine & Jun (2007) investi-
gated the macroscopic behaviour of SHCC under
different loading regimes using deformation-
controlled monotonic and cyclic tests as well as
load-controlled cyclic and creep tests. Only a moder-
ate effect of the loading regime on the tensile behav-
iour of SHCC was found for the set of parameters
investigated.

Since the stress-strain behaviour observed at the
macro-level, where the material can be assumed to
be homogeneous, depends on a number of microme-
chanical mechanisms, a multi-scale approach is
needed to develop a sound physical material model
as a basis for a material law. For representative vol-
ume elements of the material, Kabele (2007) defined
the stress vs. strain relationship, which considers mi-
cromechanical phenomena and further employs spa-
tial averaging in order to link the scales of observa-
tion.

To investigate micromechanical phenomena, a se-
ries of experiments, including single-fibre tension
tests, single-fibre pullout tests, and optical observa-
tions were performed by the authors; see Jun &
Mechtcherine (2008). Subsequently, authors intro-
duced the basis of a multi-scale modelling approach
to derive the constitutive relations for SHCC under
monotonic and cyclic tensile loading. This approach
implies that the macroscopic behaviour of SHCC in
the hardened state can be considered as a result of
the development and joint action of multiple serial
cracks, see Jun et al. (2009).

In this paper, the stress-crack opening relationship
for the individual cracks is derived from the con-
certed action of fibres involved in crack bridging.
Subsequently, the joint response of individual cracks
in series and the contribution of the uncracked ma-
trix resulting in the overall stress-strain response of
SHCC exposed to tensile loading are introduced.

2 BASIS OF THE MATERIAL MODELLING

The material composition used in the related investi-
gations by the authors was developed by Mechtch-
erine & Schulze (2005). The average characteristics
of this material in tension were the first crack stress
of 3.6MPa, tensile strength of 4.7MPa and strain ca-
pacity of 2.5%. The SHCC behaviour was investi-
gated in displacement-controlled tests performed on
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dumbbell shaped specimens with cross-section of
24mm x 40mm and the gauge length of 200mm; for
further details see Mechtcherine & Jun (2007).

Jun & Mechtcherine (2008) investigated the char-
acteristic behaviour under tension of 40um thick and
12mm long PVA fibres used in the SHCC composi-
tion. In the same publication the results of single-
fibre pullout tests are presented. The experimental
program included deformation-controlled monotonic
and cyclic tests. The fibres” embedded lengths varied
between 1 and 6mm, with increments of 0.5mm.
Typical stress-deformation response consisted of an
elastic part (before full de-bonding) and a pullout
part, which exhibited softening or hardening behav-
iour. Fibre failures could be observed in individual
tests at any stage. Responses in individual tests var-
ied significantly, even for fibres having similar em-
bedded lengths. In order to understand this phe-
nomenon, optical investigations using
Environmental Scanning Electron Microscope
(ESEM) were performed, see Jun & Mechtcherine
(2008), Jun et al. (2009). The tests performed under
deformation-controlled cyclic loading did not exert a
pronounced effect of the loading regime on pullout
behaviour. Furthermore, these tests showed consis-
tent results with respect to the shape and inclination
of the unloading and reloading branches. The shapes
of the cyclic loops were not influenced by the sce-
nario of pullout failure, i.e., fibre breakage before or
after hardening, fibre pullout after hardening, or in
the softening regime.

Jun et al. (2009) derived the relations for the pull-
out response of individual PVA fibres and for their
joint action in bridging a crack. Three-dimensional,
random distribution of fibres in SHCC was consid-
ered; no wall effect was taken into account. Based
on this assumption, the probability density functions
for the distribution of the fibres’ embedded lengths
and inclinations were taken from Li et al. (1991).
The formula from the same reference was used to es-
timate the number of fibres N involved in crack
bridging. This estimation was confirmed by the au-
thors by visual investigation of SHCC fracture sur-
faces.

According to Jun et al. (2009) four basic modes
could be observed in the single fibre pullout tests:

- Fibre fails before debonding from the matrix is
completed;

- Fibre fails after debonding and as a consequence
of fibre damage caused by friction with the inhomo-
geneous matrix during the hardening regime;

- Fibre is pulled out after slip hardening;

- Fibre is pulled out after complete de-bonding of
fibre from matrix; no slip hardening occurs.

In very rare cases the fibre failed in the softening
regime after foregoing hardening. This scenario was
not considered in the modelling.
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The pullout responses were described by using a
number of linearly interconnected, characteristic
points. Figure 1 shows a schematic response for the
case with a hardening stage and a subsequent com-
plete fibre pullout without fibre failure. This is the
most “complex” curve shape of the four modes pos-
sible, and it incorporates the characteristic points of
other three possible failure modes as well. The case
where the fibre is broken before completion of
debonding is described by one line only, following
the elastic behaviour of debonded fibre’s free length.
Fibres broken during pullout hardening or pulled out
in the softening regime without undergoing harden-
ing at all are described by two lines. A functional de-
scription of the single fibre pullout model for all de-
fined failure modes is given in Jun et al. (2009).
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Figure 1. Schematic presentation of force-displacement curve
describing fibre pullout behaviour.

Based on this description and knowing the num-
ber of bridging fibres, the pullout responses were
generated within the given ranges. The number of
responses generated for each specific failure scenario
reflects the percentage of the corresponding re-
sponses in the experimental investigation. Fibre re-
sponses are generated only for a representative unit
crack plane area of one square centimetre in order to
limit the computation time. It was shown that this
simplification does not influence the prediction of
the material behaviour on the meso-level when lar-
ger cracked cross-sections are considered.

Because of the limitations of the pullout test setup
used, the effect of fibre inclination could not be stud-
ied directly. The deviation from the vertical results
in increased friction of the fibre at the edge of the
cracked matrix. In order to consider the effect of fi-
bre inclination, the approach according to Kanda &
Li (1998) was adopted, see Jun et al. (2009). Further,
the double-side debonding of fibre from the matrix
on the both sides of the crack was considered using
the approach by Wang et al. (1988).

Due to the introduction of the notion of fibre in-
clination and the related increase in maximum pull-
out force accompanied by a decrease in fibre maxi-
mum load carrying capacity, some fibres are known
to change their prescribed failure mode and break
before debonding and softening or hardening behav-
iour.
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Figure 2 shows unloading-reloading loops ex-
tracted from a force-displacement diagram obtained
in a cyclic fibre pullout test, see Jun et al. (2009).
The figure also contains a simplified linear descrip-
tion of the loops.
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Figure 2. Unloading-reloading loops from a representative cy-
clic pullout test and the model description of the loops by four
straight lines.

The loops were described by four points con-
nected by straight lines. Three parameters are used to
define a loop, see Jun et al. (2009). These three pa-
rameters are defined for each force level reached and
approximated by linear functions by employing the
method of least squares. Based on the linear depend-
encies observed, the shapes of the loops are defined
as a function of the force reached. This procedure is
further used to describe the cyclic fibre pullout be-
haviour.

3 DERIVATIONS OF CONSTITUTIVE
RELATIONS FOR ONE CRACK

The formation and opening of merely one crack
among many in SHCC is regarded as representative
for the material behaviour at the meso-level. The
modelling approach presented assumes that a crack
is formed suddenly, through the entire cross section,
and in a direction perpendicular to the loading direc-
tion. Furthermore, it is assumed that one fibre can
bridge only one crack. In reality, fibres can clearly
bridge more than one crack. Therefore, the newly
developed crack is not necessarily bridged by fibres
fully bonded in the matrix, but some of them might
be debonded and being pulled out already. This phe-
nomenon is not considered in the model.

A stress-displacement curve giving a characteris-
tic material response at this level of observation can
be derived by adding the force contributions of all
fibres bridging the crack using Equation 1 and 2:

P(6)=3R6) ®
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where P = crack bridging force, P; = the carrying
force of i" fibre as a function of dislacement &, and:

o(5)=PO)

A @

where o = tensile stress, A = the cross-section area of
the tensile specimen.

Figure 3 shows a representative stress-
displacement relation obtained using the procedure
described above. The stress-displacement relation is
within expected limits with respect to the tensile
characteristics of the investigated SHCC, see Chap-
ter 2. By varying the number of fibres involved in
crack bridging action, the single-crack behaviour can
be varied. However, no experimental evidence exists
as yet to verify the shape of the curve directly.
Therefore, at the present state of knowledge, a con-
stitutive relationship for the entire tensile specimen
has first to be derived and subsequently compared
with the corresponding experimental results obtained
from uniaxial tension tests on dumbbell shaped
specimens in order to evaluate the accuracy of the
model.
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Figure 3. Modelled stress-displacement relation for one crack
in SHCC (black bold line), approximation function used for
modelling (grey thin line).

Figure 3 presents an approximation function for
the modelled stress-displacement relation as well.
Such a formula is easier to handle when the contri-
bution of many individual cracks to the SHCC bulk
behaviour is considered. The stress-deformation
curve is approximated by using Equation 3:

G(a,ﬂ,yﬁl):%ﬂ-a‘ﬂ-(5l)ﬁ1-8[”‘Ij ()

where o = actual tensile stress, «, f, y = parameters,
a = crack opening deformation during loading (in-
dex I); the function is defined for & > 0.
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The same approach as that used for the derivation
of the stress-displacement relation for monotonic
loading, i.e., adding the force contributions of a
number of fibres involved in crack bridging (see
above), is applied here also to determine the unload-
ing and reloading branches during cyclic loading.
Cyclic loops for individual fibres are created accord-
ing to the force acting on an individual fibre at a
given displacement level. The sum of all cyclic loops
then creates the unloading-reloading response for
one individual crack. Figure 4 shows an example of
calculated unloading and reloading loops for the dis-
placements before unloading of 0.1, 0.2, 0.3, and 0.4
mm, respectively.
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Figure 4. Modelled unloading and reloading branches of stress-
displacement relation for one crack in SHCC (black bold line),
approximation function used for modelling of the loops (grey
thin line).

The cyclic loops derived show similar behaviour
for different stress levels of the stress-displacement
relation. This can be traced back to the cyclic behav-
iour of single fibres during the pullout test: the loops
from pullout tests do not change their inclination or
shape significantly with increasing displacement.
The change in the inclination of loops observed on
macro level (i.e. for an unnotched specimen under
tensile loading), see Mechtcherine & Jun (2007), re-
sults most likely from an increasing number of
cracks with increasing stress level. Equation 4 is
used for the approximation of cyclic loops:

max ! 5u,r ’ a) = O max (5u,r )a (4)

where o = actual tensile stress, omax = maximal
stress before unloading, d,,= unloading (index u),
reloading (index r) deformation, a = parameter.

O'(G

4 DERIVATION OF CONSTITUTIVE
RELATIONS FOR BULK MATERIAL

The overall stress-strain relationships for SHCC un-
der tensile loading result from individual contribu-
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tions of serially interconnected cracks and the con-
tribution of the uncracked matrix. The presented
model is based on an approach introduced by Kabele
(2007). For modelling purposes, the behaviour of the
uncracked matrix is considered to be linear-elastic,
i.e. no irreversible deformations are involved. The
matrix strength at the points of the prospective crack
formation is randomly generated using a constant
probability distribution in the value range provided
by experimental results. Constitutive relations are
derived under the condition of deformation control
during loading, unloading and reloading.

The tensile response of SHCC can be subdivided
into several stages. In the first stage, the material is
loaded until the first-crack stress is reached. This
stress level corresponds to the tensile strength of the
weakest matrix cross-section. Since the behaviour of
the uncracked matrix is considered to be linear-
elastic, Equation 5 is valid also for loading, unload-
ing and reloading of the matrix:

ur(0)=2 (5)

where g, = actual strain, I, u, r are indices for load-
ing, unloading and reloading stage, o = actual tensile
stress, E = modulus of elasticity.

With the opening of the first crack, the fibres
crossing the crack are activated; from this point they
transmit the tensile stresses into the cracked cross-
section. The crack opens to some extent. Taking into
consideration the condition of deformation control,
the deformation just before and just after crack open-
ing has to be the same. Therefore, the actual defor-
mation of the specimen is equal to the sum of the
unloading deformation of the matrix and the opening
of the newly formed crack. Thus, this crack opening
is determined by the unloading of the matrix, cf.
Equation 5, and by the stress-deformation curve for
the crack Equation 3. As a result of the steadily in-
creasing deformation (deformation control), the
overall tensile stress in SHCC drops with the open-
ing of the first crack. The drop can be determined by
solving the system of Equation 6:

_Gl,d(gu)+al,d (51,1):0 (6)

—& g =0, +&l, =0

where o4 = stress after first drop, & = unloading
deformation of the matrix, ¢;; = opening of the first
crack, lp = gauge length of the specimen, &, = actual
deformation after the formation of the first crack.

Equation 5 and 3, the description of matrix
unloading and the particular crack opening behav-
iour are established in Equation 6 and solved using
the Newton-Raphson method.
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As soon as the sudden stress drop is complete and
the stress begins to rise again, the matrix deforma-
tion gradually increases also. Simultaneously, the
newly developed crack continues opening and con-
tributes herewith to the overall deformation. Since
the carrying capacity of the fibres bridging the crack
is higher than the tensile strength of the matrix in the
second weakest cross-section, the scenario carries on
until this strength is reached. The corresponding in-
crease in strain can be described by Equation 7:

()

where ¢ = actual strain, o = actual tensile stress, E =
modulus of elasticity, &, = opening of 1% crack as a
function of stress, lp = gauge length of the specimen.

When the matrix strength in the second weakest
cross-section is reached, a new, second crack ap-
pears. Similarly to the situation after the formation
of the first crack, the stress drops due to the new
crack’s opening. This drop in stress is determined as
described above, with the difference that Equation 6
must be extended in order to take into account the
partial closing of the first crack In general the i drop
associated with formation of i™ crack is determined by
the unloading deformation of the matrix and (i-1)
cracks and by opening of the i " crack. This results in an
increasing number of members of the second equation
given in Equation 6, but in an increasing number of
equations as well. For each additional crack opened one
equation is added to the system in order to describe its
unloading when the next crack is opened, (i- 12 equa-
tions are added in total. The description for i stress
drop is given by Equation 8:

—Oig (&,)+ Oid (5i,| ): 0

—25 -0 ®)

—Oig (£,)+ Oid (5i,u): 0

—& g =0, + &l

where a; 4 = stress after i drop, & = unloadlng de-
formation of the matrix, &, = opening of i " crack, lo
= gauge Iength of the specimen, g = actual deforma—
tion after i crack, oy = partial closing of i crack.

After each stress drop, matrix deformation starts
to increase again, and simultaneously the newly de-
veloped crack is being opened. In addition, all al-
ready existing cracks reopen according to Equation
4. This scenario continues until the previous maxi-
mum stress (equal to the matrix strength at the loca-
tion of the last crack) is reached. From this point, all
developed cracks are being opened according to
Equation 3. The overall strain can therefore be de-
scribed by Equation 9 and 10:
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where ¢ = actual straln o = actual tensile stress, E =
modulus of elast|C|ty, r = reopening of i crack, Al
= openlng of i™ crack, lp = gauge length of the
specimen.

The formation of new cracks carries on until the
strength of the next weakest cross-section is higher
than the carrying capacity of fibres bridging the
crack with the weakest fibre reinforcement. The fail-
ure is then localised due to the exclusive opening of
this particular crack, while the stress level decreases.
Equation 11 describes the material behaviour after
failure localisation:

Ho)=—2 -3 %ul9) O 1)

where ¢ = actual strain, o = actual tensile stress, E =
modulus of elasticity, &, = partial closing of i
crack, I?] gauge length of the specimen, & = open-
ing of i"" crack.

5 RESULTS OF THE MODEL AND
DISCUSSION

Figure 5 shows the modelled behaviour of SHCC
under tension together with the representative re-
sponse obtained from the uniaxial tension tests.
Since the model generates the matrix strengths and
the particular shapes of stress-crack opening rela-
tions randomly and anew every time it runs, each
generated overall stress-strain response is different.
The model does not prescribe the number of cracks,
the procedure runs automatically and the localization
occurs as soon as the corresponding criterion is satis-
fied. This approach enables the generation of origi-
nal stress-strain relations within the limits chosen
according to the experimental findings.

As can be seen from Figure 5, the stress-strain re-
lation provided by the model conforms quite well to
a representative curve obtained experimentally. With
an appropriate choice of parameters, the first-crack
stress and the tensile strength of the composite are in
good agreement with the experimental results. How-
ever, in order to achieve correspondence of both ex-
perimental and modelled tensile strength values, the
assumed behaviour of individual cracks related to
the amount of bridging fibres was modified. The
number of fibres acting in the “weakest crack” was
enlarged by 10% and for the “strongest crack” (i.e.,
the crack with the strongest crack bridging by fibres)
by 40%. However, since the material’s performance
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under tensile load is primarily governed by the
weakest link, the cracked cross-section with the
weakest crack bridging determines the failure. The
cracks with higher carrying capacity influence the
inclination of cracks’ re-opening and opening
branches after cracking and therefore the strain ca-
pacity of SHCC.

The single crack relations were generated to model
the overall SHCC response within these enhanced lim-
its. The need for enhancement can be explained, at least
in part, by assuming a planar cracking surface as the
basis for determining the fibres’ amount. In the speci-
mens tested, however, cracking surfaces were often
found not to be planar but rather of more complex
shapes. Thus, the number of fibres bridging a particular
crack and their combined carrying capacity is likely to
be higher in reality. Furthermore, the approximation
used for the stress-crack opening relation for each indi-
vidual crack weakens the modelled performance to
some extent, see Figure 3.

The curve obtained from modelling reaches ap-
proximately the same strain capacity as measured in
experiment but has fewer cracks than in the experi-
ment. The typical measured density of visible cracks
going through the entire cross-section was approxi-
mately one crack per centimetre in the case of small
dumbbell specimens. For the gauge length used it
means approximately 10 cracks per specimen. On
examining the experimental curve more closely,
more than 10 evident “jumps” can be noted, which
indicates more pronounced multiple cracking. How-
ever, these additional “jumps” are of small magni-
tude so that they likely correspond to formation of
very fine, hardly visible cracks or cracks which
penetrate only a part of a specimen cross-section.
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Figure 5. Modelled stress-strain relation for SHCC under
monotonic tensile loading (black bold line), representative ex-
perimental result (grey thin line).

Contrarily, the modelled relation indicates forma-
tion of only 5 cracks in this particular case. Such
cracking behaviour can be interpreted so if the open-
ing of each modelled crack is accompanied by non-
elastic deformations higher than those observed in
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the experimentation. This phenomenon again partly
related to the approximation formula for stress-
deformation relations used. As can be seen in Figure
3, the approximation curve exhibits a less inclined
(gentler) shape around the point of maximal stress.
The peak also corresponds to a higher deformation
level in comparison to the originally modelled crack
opening relation. The ongoing parametrical study
will provide evidence if these aspects are really deci-
sive with regard to the quality of the description of
SHCC behaviour.

6 SUMMARY

The paper describes the development of constitutive
relations for SHCC under tensile loading. The con-
stitutive relationships derived consider the definitive
physical phenomena investigated at different levels
of observation. The results of single-fibre pullout
tests are used as the basis for modelling of the mate-
rial behaviour on the micro-level. Superimposing the
pullout responses of all fibres involved in the crack
bridging action results in a modelled stress-crack
opening curve for each individual crack, including
unloading and reloading behaviour. The stress-strain
tensile relations for bulk SHCC are based on the joint
action of the uncracked matrix and gradually develop-
ing system of cracks in serial interconnection.

The constitutive relations developed describe
qualitatively and, in part, quantitatively the actual
behaviour of SHCC under monotonic tensile load-
ing. The quantitative description is to be improved
further by performing a parametrical study and ad-
justing the model. Furthermore, the model will be
extended to describe SHCC behaviour under cyclic
loading.
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